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‘Means and Their Inequalities” -Preface 


There seems to be two types of books on inequalities. On the one hand there 
are treatises that attempt to cover all or most aspects of the subject, and where 
an attempt is made to give all results in their best possible form, together with 
either a full proof or a sketch of the proof together with references to where a 
full proof can be found. Such books, aimed at the professional pure and applied 
mathematician, are rare. The first such, that brought some order to this untidy 
field, is the classical “Inequalities” of Hardy, Littlewood & Polya, published in 
1934. Important as this outstanding work was and still is, it made no attempt 
at completeness; rather it consisted of the total knowledge of three front rank 
mathematicians in a field in which each had made fundamental contributions. 
Extensive as this combined knowledge was there were inevitably certain lacune; 
some important results, such as Steffensen’s inequality, were not mentioned at all; 
the works of certain schools of mathematicians were omitted, and many important 
ideas were not developed, appearing as exercises at the ends of chapters. The later 
book “Inequalities” by Beckenbach & Bellman, published in 1961, repairs many 
of these omissions. However this last book is far from a complete coverage of the 
field, either in depth or scope. A much more definitive work is the recent “Analytic 
Inequalities” by Mitrinovié, (with the assistance of Vasic), published in 1970, a 
work that is surprisingly complete considering the vast field covered. 

On the other hand there are many works aimed at students, or non-mathematicians. 
These introduce the reader to some particular section of the subject, giving a feel 
for inequalities and enabling the student to progress to the more advanced and 
detailed books mentioned above. Whereas the advanced books seem to exist only 
in English, there are excellent elementary books in several languages: “Analytic In- 
equalities” by Kazarinoff, “Geometric Inequalities” by Bottema, Djordjevié, Janié 
& Mitrinovié in English; “Nejednakosti” by Mitrinovic, “Sredine” by Mitrinovié 
& Vasi¢ in Serbo-croatian, to mention just a few. Included in this group although 
slightly different are some books that list all the inequalities of a certain type—a 
sort of table of inequalities for reference. Several books by Mitrinovi¢ are of this 
type. 

Due to the breadth of the field of inequalities, and the variety of applications, 
none of the above mentioned books are complete on all of the topics that they 
take up. Most inequalities depend on several parameters, and what is the most 
natural domain for these parameters is not necessarily obvious, and usually it is 
not the widest possible range in which the inequality holds. Thus the author, even 
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the most meticulous, is forced to choose; and what is omitted from the conditions 
of an inequality is often just what is needed for a particular application. What 
appears to be needed are works that pick some fairly restricted area from the vast 
subject of inequalities and treat it in depth. Such coherent parts of this discipline 
exist. As Hardy, Littlewood & Pélya showed, the subject of inequalities is not 
just a collection of results. However, no one seems to have written a treatise on 
some such limited but coherent area. The situation is different in the collection 
of elementary books; several deal with certain fairly closely defined areas, such as 
geometric inequalities, number theoretic inequalities, means. 

It is the last mentioned area of means that is the topic of this book. Means are 
basic to the whole subject of inequalities, and to many applications of inequalities 
to other fields. To take one example: the basic geometric mean-arithmetic mean 
inequality can be found lurking, often in an almost impenetrable disguise, behind 
inequalities in every area. The idea of a mean is used extensively in probability 
and statistics, in the summability of series and integrals, to mention just a few 
of the many applications of the subject. The object of this book is to provide 
as complete an account of the properties of means that occur in the theory of 
inequalities as is within the authors’ competences. ‘The origin of this work is to 
be found in the much more elementary “Sredine” mentioned above, which gives 
an elementary account of this topic. 

A full discussion will be given of the various means that occur in the current litera- 
ture of inequalities, together with a history of the origin of the various inequalities 
connecting these means!. A complete catalogue of all important proofs of the 
basic results will be given as these indicate the many possible interpretations and 
applications that can be made. Also, all known inequalities involving means will 
be discussed. As is the nature of things, some omissions and errors will be made: 
it is hoped that any reader who notices any such will let the authors know, so that 
later editions can be more complete and accurate. 

An earlier version of this book was published in 1977 in Serbo-croatian under the 
title “ Sredine i sa Njima Povezane Nejednakosti”. The present work is a complete 
revision, and updating of that work. 

The authors thank Dr J. E. Peéarié of the University of Belgrade Faculty of Civil 
Engineering for his many suggestions and contributions. 


Vancouver & Belgrade 1988 


l Although not mentioned in this preface the book was devoted to discrete mean inequalities and did 
not discuss in any detail integral mean inequalities, matrix mean inequalities or mean inequalities in 
general abstract spaces. This bias will be followed in this book except in Chapter VI. 
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PREFACE TO THE HANDBOOK 


Since the appearance of Means and Their Inequalities the deaths of two of the 
authors have occurred. The field of inequalities owes a great debt to Professor 
Mitrinovié and his collaborator for many years, Professor Vasic. Over a lifetime 
Professor Mitrinovic devoted himself to inequalities and to the promotion of the 
field. His journal, Univerzitet u Beogradu Publikacije Elektrotehnickog Fakulteta. 
Serija Matematika 1 Fizika, the “4 Fizika’ was dropped in the more recent issues, 
has in all of its volumes, from the first in the early fifties, devoted most of its 
space to inequalities. In addition his enthusiasm has resulted in a flowering of 
the study both by his students, P. M. Vasic, J. E. Pecaric to mention the most 
notable, and by many others. The uncertain situation in the former Yugoslavia 
has lead to many of the researchers situated in that country moving to institutions 
all over the world. There are now more journals devoted to inequalities, such as 
the Journal for Inequalities and Applications and Mathematical Inequalities and 
Applications, as well as many that devote a considerable portion of their pages to 
inequalities, such as the Journal of Mathematical Analysis and Applications; in 
addition mention must be made of the electronic Journal of Inequalities in Pure and 
Applied Mathematics based on the website http: //rgmia.vu.edu.au and under 
the editorship of S. S. Dragomir. This website has in addition many monographs 
devoted to inequalities as well as a data base of inequalities, and mathematicians 
working in the field. Another welcome change has been the many contributions 
from Asian mathematicians. While there have always been results from Japan, in 
recent years there has been a considerable amount of work from China, Singapore, 
Malaysia and elsewhere in that region. 
It was taken for granted in the earlier Preface that anyone reading this book 
would not only be interested in inequalities but would be aware of their many 
applications. However it would not be out of place to emphasize this by quoting 
from a recent paper; [Guo & Qil. 

“It is well known that the concepts of means and their inequalities not 

only are basic and important concepts in mathematics, (for example, some 

definitions of norms are often special means”), and have explicit geometric 


2 More precisely ”... certain means are related to norms and metrics.”. See III 2.4, 2.5.7 VI 2.2.1. 


meanings’, but also have applications in electrostatics*, heat conduction 
and chemistry®. Moreover, some applications to medicine® have been given 
recently.” 


Due to the extensive nature of the revision in the second edition and the large 
amount of new material it has seemed advisable to alter the title but this handbook 
could not have been prepared except for the basic work done by my late colleagues 
and I only hope that it will meet the high standards that they set. 

In addition I want to thank my wife Georgina Bullen who has carefully proof- 
read the non-mathematical parts of the manuscript, has suffered from computer 
deprivation while I monopolized the screen, and without whose support and help 
the book would have appeared much later and in a poorer form. 


P. S. Bullen 

Department of Mathematics 
University of British Columbia 
Vancouver BC 

Canada V6T 1Z2 
bullenQ@math.ubc.ca 


3 See IT 1.1, 1.3.1; [Qi & Luo]. 
& See[Poélya & Szegd 1951}. 
2 See[ Walker, Lewis & McAdams], |Tettamanti, Sdrkany, Kralik & Stomfai; Tettamanti & Stomfail 
6 : 
See[ Ding]. 
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BASIC REFERENCES 


There are some books on inequalities to which frequent reference will be made and 
which will be given short designations. 


[AI] Mirrinovic, D. S., witH VasiG P. M. Analytic Inequalities, Springer-Verlag, 
Berlin,1970. 

[BB] BECKENBACH, E. F. & BELLMAN, R. Inequalities, Springer-Verlag, Berlin, 
1961. 

[HLP] Harpy, G. H., LITTLEwoop, J. E. & Pétya, G. Inequalities, Cambridge 
University Press, Cambridge, 1934. 

[MI] BULLEN, P.S., MiTrinovic, D. S & Vasié P. M. Means and Their Inequalities, 
D.Reidel. Dordrecht, 1988. |The first edition of this handbook.| 

[MO] MARSHALL, A. W. & OLkIN, I. Inequalities: Theory of Majorization and Its 
Applications, Academic Press, New York, 1979. 


Many inequalities can be placed in a more general setting. We do not follow that 
direction in this book but find the following an invaluable reference. Much of the 
material is readily translated to our simpler less abstract setting. 


[PPT] Pecaric, J. E., PROSCHAN, F. & Tona, Y. L. Convex Functions, Partial 
Orderings and Statistical Applications, Academic Press Inc., 1992. 


There are two books that are referred to frequently in certain parts of the book 
and for which we also introduce short designations. 


[B?] Borwein, J. M. & Borwein, P. B. Pi and the AGM. A Study in Ana- 
lytic Number Theory and Computational Complexity, John Wiley and Sons, New 
York, 1987. 

[RV] Roperts, A. W. & VARBERG, D. E. Convex Functions, Academic Press, New 
York-London, 1973. 


In addition there are the two following references. The first is a ready source 
of information on any inequality, and the second is in a sense a continuation of 
[AI] and [BB] above, being a report on recent developments in various areas of 
inequalities. 


[DI] BULLEN, P.S. A Dictionary of Inequalities, Addison-Wesley Longman, Lon- 
don, 1998.” 

[MPF] Mitrinovic, D. S., PEGaRIG, J. E. & Fink, A. M. Classical and New In- 
equalities in Analysis, D Reidel, Dordrecht, 1993. 


There are many other books on inequalities and many books that contain impor- 
tant and useful sections on inequalities. These are listed in Bibliography Books. 


From time to time conferences devoted to inequalities have published their pro- 
ceedings. In particular, there are the proceedings of three symposia held in the 
United States, and of seven international conferences held at Oberwolfach. 


11(1965), I2 (1967), I3 (1969) Inequalities, Inequalities II, Inequalities III, Pro- 
ceedings of the First, Second and Third Symposia on Inequalities, 1965, 1967, 
1969; Shisha, O., editor, Academic Press, New York, 1967, 1970, 1972. 
GI1(1976), GI2 (1978), GI3 (1981), GI4 (1984), GI5 (1986), GI6 (1990), GI7 (1995) 
General Inequalities Volumes 1—7, Proceedings of the First-Seventh International 
Conferences on General Inequalities, Oberwolfach, 1976, 1978, 1981, 1984, 1986, 
1990, 1995; Beckenbach, E. F., Walter, W., Bandle, C., Everitt, W. N., Losonczi, 
L., [Eds.], International Series of Numerical Mathematics, 41, 47, 64, Birkhatiser 
Verlag, Basel, 1978, 1980, 1983, 1986,1987, 1992, 1997. 


Individual papers in these proceedings, referred to in the text, are listed under the 
various authors with above shortened references. 


Finally there are two general references. 


[EM1], [EM2], [EM3], [EM4], [EM5], [EM7], [EM8], [EM9],[EM10], [EMSupp]], 
[EMSuppPI]], [EMSupplIII]; HAZELWINKEL, M., [ED.] Encyclopedia of Mathematics, 
vol.1—10, suppl. I-III, Kluwer Academic Press, Dordrecht, 1988-2001. 

[CE] WEISSTEIN, E. W. CRC Concise Encyclopedia of Mathematics, Chapman & 
Hall/CRC, Boca Raton, 1998. 


” Additions and corrections can be found at http://rgmia.vu.edu.au/monographs/bullen.html. 


XV 


NOTATIONS 


1 Referencing 

Theorems, definitions, lemmas, corollaries are numbered consecutively in each 
section; the same is true of formulse. Remarks and Examples are numbered, using 
Roman numerals, consecutively in each subsection, and in each sub-subsection. In 
the same chapter references list the section, (subsection, sub-section, in the case 
of remarks and examples), followed by the detail: thus 3 Theorem 2, 4(6), or 1.2 
Remark (6). Footnotes are numbered consecutively in each chapter and so are 
referred to by number in that chapter: thus 1.3.1 Footnote 1. References to other 
chapters are as above but just add the chapter number; thus I 3 Theorem 2(a), 
II 4(6), IV 1.2 Remark (6), I 1.3.1 Footnote 1. Although there are references for 
all names and all bibliography entries, in the case of a name occurring frequently, 
for instance Cauchy, only the most important instances will be mentioned; further 
names in titles of the basic references are usually not referenced, thus Hardy in 
[HLP}. 


2 Bibliographic References 

Some have been given a shortened form; see Basic References. Others are stan- 
dard, the name, followed by a year if there is ambiguity, or the year with an 
additional letter, such as 1978a, if there is more than one any given year. Joint 
authorship is referred to by using &, thus Mitrinovic & Vasic. 


3 Symbols for Some Important Inequalities 
Certain inequalities are referred to by a symbol as they occur frequently. 


Can ac Situ ed aie meres iy dee Sates Bernoulli’s inequality 1 2.1 ‘Theorem 1; 
(OV cheotis tot etduet nee nee edhe aah oeeeeean Cauchy’s inequality III 2.2; 
CGA ss cid pain ele gee Geometric-Arithmetic Mean inequality II 2.1 Theorem 1; 
Pde i okcen beee einem ee nae nah ene N aoe eta 4 Holder’s inequality III 2.1 Theorem 1; 
CEA) sctemiid etd aa Harmonic- Arithmetic Mean Inequality I 2.1 Remark(i); 
C) Gere rere ere ere Ten Pe re en ee ree Jensen’s inequality I 4.2 Theorem 12; 
Vota shes disneat ed tee ace asens Minkowski’s inequality III 2.4 Theorem 9; 
RE) Sai mind ecdenes a oeear ncaa canes Sees Popviciu’s inequality II 3.1 Theorem 1; 
CH eteechceaiae teat erenckuun sone eie race? Rado’s inequality II 3.1 Theorem 1; 
CS) Crt wsemta teoda natant Power Mean inequality III 3.1.1 Theorem 1; 


S(r;s)....Hlementary Symmetric Polynomial Mean inequality V 2 Theorem 3(b); 


XIX 


OE sn) er dibeetaeat ue a inch sioner ontiuces aaau au eeee gees Triangle inequality III 2.4 . 


Integral analogues of these means, when they exist, will be written (J)-/, etc; see 
VI 1.2.1, 1.2.2.; and (~B), etc. will denote the opposite inequalities; see 9 below. 


4 Numbers, Sets and Set Functions 

Z,Q,R,C are standard notations for the sets of integers, rational numbers, real 
numbers, and complex numbers respectively. The set of extended real numbers, 
RU {+00}, is written R. 

Less standard are the following: 

N= {n> n-€ Zand 2 0} ={0)1,2,t0,}.. NSN \{Ob= 41,2, .u.) 
R*=R\{0}, R,={2;2¢Randz>0}, Ri =R, \ {0} = {z;2 € Randz > 
O}, 
Q* = Q\{0}, Q. = {xz;7 € Qandx > 0}, QL =Q, \ {0} = {2;2 € Qandz > 
O}. 

The non-empty subsets of N, or N*, are called index sets, the collection of these 
is written Z. 

If p € R*, p #1, the conjugate index of p, written p’, is defined by 


| re | 
= ——, equivalently -+—=1. 


Note that 
(p')’ = p, p>1l< pj >1, p>Oandp’ >0<$p>Ilorp’ > 1. 


A real function ¢ defined on sets, a set function, is said to be super-additive, 
respectively log-super-additive, if for any two non-intersecting sets, I, J say, in its 
domain 


d(IU J) > (1) + o(J), respectively, (IU J) > o(1o(J). 


If these inequalities are reversed the function is said to be sub-additive, respec- 
tively log-sub-additive. A set function f is said to be increasing if I C J => 
f(D) < f(J), and if the reverse inequality holds it is said to be decreasing. 

The image of a set A by a function f will be written f[A]; that is f[A] = {y; y= 
f(x), x € A}. 

A set E is called a neighbourhood of a point x if for some open interval |a, b[ we 
have x € [a, b[C E. 


5 Intervals 

Intervals in R are written [a,b], closed; Ja, b[, open etc. In addition we have the 
unbounded intervals [a, oof, | — co, a], etc; and of course | — 00, co[= R, [—00, oo] = 
R, [0, cof= R,, ]0,oo[= R%. The symbol (a, 6) is reserved for 2-tuples, see the 


ie) 
next paragraph. If J is any interval then J denotes the open interval with the 
same end-points as J. 


6 n-tuples 

If a; € R, C, 1 <i <n, then we write a for the, ordered, real, complex, n-tuple 
(a1,..-,@n) with these elements or entries; so if a is a real n-tuple a € R”. The 
usual vector notation is followed. 

In addition the following conventions are used. 

(i) For suitable functions f,g etc, f(a) = (f(a1),..-, f(@n)), and g(a,b) = 
(4 Gig0i) 2225 g(an; Dy) etc. This useful convention conflicts with the standard 
notation for functions of several variables, f(a) = f(ai,...,@n), but the context 
will make clear which is being used. 

So: a? = (2.414404), @b = (apbi;.<:,@nb,)? but maka = maxcje, aj; and 
mina = mini <i<n Q;- 

(ii) a < 6b means that a; < b;,1 <i<n. In addition m <a < M means that 
m<a;< M,1<i<n. The extensions to the other inequality signs is obvious. 
In particular if a > 0,a > 0 etc, we say that the n-tuple is positive, non-negative 
etc. 

The set of non-negative n-tuples is written R%, and the set of positive n-tuples 
(R4)” 

(iii) An n-tuple all of whose elements are all zero except the i-th that is 
equal to 1 is written e,. The n-tuples e,, 1 <7 <n, form the standard basis of 
R”. As usual if n = 2,3 these basis vectors are written e; = 2, €2 = J, €3 = k. 

(iv) e is the n-tuple each of whose entries is equal to 1 ; and 0, or just 0, is 
the n-tuple each of whose entries is equal to 0. ; 

(v) If 1 < 4 < n then aj denotes the (n — 1)-tuple obtained from a by 
omitting the element a;. 

(vi) a ~ b, a is proportional to b, means that for some A, u € R, not both 
zero, Aa + ub = O; that is the two n-tuples are linearly dependent. 

(vii) If aj =c,1<%i<n, we say that a is constant, or is a constant. 

(viii) For A*a, and see 13.1. An n-tuple is called an arithmetic progression 
if Alay, 1<k<n—1, is constant, equivalently if A?a, =0,1<k<n-—2, 

(ix) For ax b see I 3.2 Definition 4. 

(x) For a < b see I 3.3 Definition 11. 

(xi) Given an n-tuple w we will write W, = wil <4 <n; and if 
necessary Wp = 0. More generally if w is a sequence and J € 7, an index set, see 
4, we write Wy = Doc, Ui- 

(xii) If f is a function of k variables, a and n-tuple, 1 < k < n, then 
dont f(@iz,---+,44,) means that the summation is taken over all permutations of 
k elements from the a,,...,@n. In the case that k = n this will be written as 
do! F(a). 

(xiii) The inner product of two n-tuples, a,b, written (a,b), is )7;_, ai; 
if the n-tuples are real and ame a,b; if the n-tuples are complex. In both cases 
(a, a) = oe az. 

Where appropriate the above notations will be used for sequences a = (a1, d2,...), 
provided the relevant series converge. 


XX] 


7 Matrices 


An m xX n matrix is A = (a;;) 1S8&m j the a,;; are the entries and if they are real, 
complex then A is said to be penn eapiee The transpose of Ais A? = (4ji) 1s 1<i<m j 
j<n 
A* = (4;;) 1<i<m is the conjugate transpose of A. 
1<j<n 


If A= A? then A is symmetric; if A = A* then A is Hermitian; in these cases of 
course m = n and the matrix is said to be square. The family of all nxn Hermitian 
matrices will be written ,; the subset of positive definite n xn Hermitian matrices 
is written H. 

If A,B € H, we write A < B if B—A is positive semi-definite, and A < Bif B—A 
is positive definite. This defines an order on 7, called the Loewner ordering. 

A square matrix D with all non-diagonal elements zero is called a diagonal ma- 
trix; if the diagonal elements are a;; = dj, 1 <i <n, we write D = D(d) = 
D(d,,...,@a). If d = e the diagonal matrix is called a unit matrix, usually written 
I, or I, if it is important to show that it is an n x n unit matrix®. The square 
matrix all of whose entries are equal to 1 is written J, or if the order needs to be 
noted J,. A matrix of any order all of whose entries are zero, a zero matrix, will 
be written O, the order being understood from the context. 

If A € H, with eigenvalues A, then all of its eigenvalues real and A = U*D(A)U 
where U is a unitary matrix, that is VU* = J; so for a unitary matrix U~! = U*. 
If Ac H, and f is a real-values function defined on an interval that contains the 
eigenvalues of A we define the associated matrix function of order n, using the 
same symbol, f : Hn +> Hn by f(A) = UD(f(A))U*; see [MO p.462]. Further 
(f(A)a, a) = d7;_, |bil? f(x) where b = Ua. 


8 Functions 
A function of n variables f is said to be symmetric if its domain is symmetric and 
if its value is not altered by a permutation of the variables. Precisely, if f: Dt R 


and (i) D CR", Wi (a,,.-.,Qn) € D => (a;,,...,a;,,) € D for every permutation 
Cicsiain acy Uae OL CRinie cheng I) a f(aj,,---,@:,,) = f(@1,...,@n) for every permutation 
(Gsnas by HOE (1, ...,n), then f is said to be symmetric. 


A related concept is that of an almost symmetric function: this is a function of 
mn variables and n parameters, defined on a symmetric domain, that is invariant 
under the simultaneous permutation of the variables and the parameters. 


EXAMPLES(i) The arithmetic mean with equal weights, f(a) = (a1 +---+a,)/n, 
is symmetric; the weighted arithmetic mean, f(a) = f(a;w) = (wya, +---+ 
Wn) / (wy +--+ Wp), is almost symmetric; see IT 1.1. 


The Gamma or factorial function is denoted by z!; that is 
x! = T(r +1). 
The identity function is written v, and then the power functions 1°,s € R*. That 
is 
(x)=2; V(x) =2°; 


8 This conflicts with the use of IJ to denote an interval but in practice there will be no confusion. 


XX 


the domain being clear from the context. 
The maximum function is defined as usual by max{f,g}(x) = max{f(z), g(x)}: 
also, 


gt = max{z,0}; 2” = max{—2,0}; r=a2t—a@, |jzrjJ=at+a. 


By analogy if f is any real-valued function then ft = max{f,0} = maxof; when 
faft-f |flaf tr. 

The function that is equal to 1 on the set A and to zero off A, the indicator 
function? of A is written 14. That is 


_ ji, ifeeA, 
Lala) = { 6 ifad A. 


The integral or integer part function [-| : R +> Z is defined by: 


[xz] =n, where n € Z is the unique integer such thatn <a<n+l1. 


9 Various 

Proofs begin with a square, LU, on the left, and end with one on the right. 

If (n) denotes an inequality then (~n) will denote the inequality obtained by 
changing the inequality sign in (n); the opposite, inverse or reverse inequality. 

A different concept is the converse or complementary inequality. Such inequalities 
arise as follows: in general an inequality is of the form F’ > G or equivalently 
F—G>0. Usually both FG are continuous functions and the inequality holds 
on some non-compact set. If now we restrict the domain to a compact set we will 
get that F —G attains a maximum on that set, F —-G < A say. Another form 
arises using the equivalent F/G > 1, giving on the compact set F/G < say. 
The inequalities F —G < A, F/G < X are converse inequalities for the original 
inequality F' > G. 

If lim,+.2, f(z)/g(x) = 0 we say that f is little-oh of g as x — Zo , written f(x) = 
o(g(x)), 2 > xo. In particular f(x) = o(1), « — xo means that limz_,2, f(x) = 0. 
If there is some positive constant M such that for all x in some neighbourhood 
of zo |f(x)| < Mag(a) we say that f is big-oh of g for x as x — 2x , written 
f(x) = O(g(x)) « — ao. In particular f(z) = O(1), x — xo means that f is 
bounded at xo. If f(z) = O(g(a)) and g(x) = O(f(zx)) for z in a given set then 
we say that f(x) and g(x) are of the same order of magnitude for x in the given 
set, written f(z) ~ g(x), > Zo. 

Means are denoted throughout by Gothic letters: 2,6,5... etc. 

Classes of functions are denoted throughout by calligraphic letters; thus C(/), the 
space of functions continuous on J, C"(/), the space of functions with continuous 
nth order derivatives on I, etc. 


: This function is also called the characteristic function of A. 
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A LIST OF SYMBOLS 


The following is a list of the symbols 
used in the text. 


INGINS  Baetaba ces bie hea apeeien ine: xx 
In RSI, Best dactissieen tal ae xx 
MOOT. teeta ete aese Xx 

Pe nt ee tee xX 
: b Baaaseotnra a oistes ine seantates Sacra ae oark xx 
PAW <tvccsie arenes ee etaara peaiatinn ashe xX 
(GOGO CLC see daretaenmca Hisar xx 
(GOOls | OONO), hide eben sa edaws XX 
Te ray oet Sachaeee it aca xx 
FOOD) Grescamuudepaeueads xxi 
MEXO MING cs saccandladedoadacs Xxi 
CSUN OEM. asihicicusis xxi 
IR sedate eeanaeenams xxi 
Cyl jun étncarahutanseeana ns XXI 
e, O- eee ere ere were er XX1 
Ge . agin a Cie aaa isk xxi 
OED: | a reerehampuecncn usar meee XXI 
Aan, Akan, Aan, Aan... . ee ee. xxi 
GO adanet ab ins inte ghey ead kenad XX] 
OO ig atedaaeee seid ee a XXi 
Dee.  aiuaatiaasess xxi 
a) Sete Gelnnaieeaencae oes xxi 
WIVES. sich Sohirenty ee BE dic G gia ote eee xxi 
CC) a ee er eee oe ee xxi 
GF OS is (Giytg Gat] nies 54 
Oe Mesiperhage oun i ies aus: 68 
(| (a eT enn ae 132 
ON eles denue vite Gere hess 357 
TOT | ete ls aaengarss hanasu xxii 
DG Cisawwally) stargaye xxii 
LO ey A oe © eee Ten ea eee xxii 


XXIV 


BS were acta G edna ane nash ealoeaiei he xxii 
OG) tsi th a eeerenteees xxii 
OO Sle oie totes e ce has xxiii 
14(x) a ee ee ee ee ee ee ee XXlll 
Dk. sdicdacu capone ate eesthes hee xxiii 
Puget), Gist sipenenunstd te snteh 51 
Il, Beeqaehelthoontteaenee tenes 350 
FE oo as gates cedagt cnn Seats 381 
PL seabiche wat acediintwsdseund 381 
li en heaa elec hu sha aute at incniaite XX1il 
Pe iuesmays th ten woe aang eee xxiii 
(a), An(a;w), Wa; w)....... 60, 63 
ng 1 1) Qi, cng Og) x OL 
A, —1(a) SER eee ee ee ee ee a 61 
Ay (a; w) eee ee ee ee ee 132 
MeO): naguationiwheabsdateas 132 
GS UNI ack Gicties Susi ath oecnatae 136 
Ao (asw), A ee, 136 
DOR) OO NAD). Ltccewenstnnks eg 
QW (a), 8! (a) ClO). cdbanereaaGven 295 
2) OO (ch Sa er re eae ee 357 
Wha b) CEU) ee ebadvadankaed aennee 374 
ICA. Bt) AGB) ectciin ae ace 429 
Am(Ai,..., Am}; w) ee haa a wiae 8 432 
GN scccenanchns cots ctw naauet 424 
CL) OI “ask caneainsbeeuess xxiii 
CAG, eae ae nec casas 270 
BMG scumstusbaagatedeteteianeee! 341 
chal (GG) Weeeuess elweieiets 350 
DECOY -eeca icky ou meeeddcetion 229 
DOF cattle ccanteteneea hess 316 


GOD). nish arcerernaca eek 316 
BG) as jeearitowaeuauletes 321 
elkial (GG), eaten sean eens 350 
BCL ban oteauiccsas: 393 
EUG): atid dueeracteaaine 428 
CAG W)C, OGw) s.ecc08 65 
BiG) sna vavinnsacebodedts 132 
OOD): 4ohans iain Gemesegetoin: 132 
Gla Ww) Bo Lc ateidosiehontaients 136 
6” '(a;w), @ ee ae or 136 
GG) .peintoteasncetenuns 249 
©ia,b] (f; [) Beckie cst date di ten ote allen ne dag ete 374 
GAB), OA BB) «ecesivsisn 429 
Om (Ay,..-, Am; W) Se ae a eee 432 
(ee ore nee er et ae eee re XXii 
Hn (a; ay HilG) DGD) esecans 65 
GOGO). diac ter rernans 245 
(AG). 4udediaacdvreitestieds 364 
Nia,.b] Ce LL) er Se ee ee er ee ee 374 
Hela, b) Te ee ee ey ee ee 399 
GW Oeb) . crinueccercoumettat 400 
ALB st), QAVB): coeanaicn wits 429 
Hm(Ai,.--, Am; w) iM, Bo Oa de WP Erasee ok 432 
DGD) sdusetinseedoner nite: 167 
DO), Bisgeat rani ein olden 392 
OAD): aeldedeemiiedaemary 2aeg% 167 
EGO G DY incineheenbaqaas 369 
EACH aC) 369, 370 
af (GEO): tered inline edndatienaes 385 
GSO) 2FsSesheda2 391, 392 
GW) wauteaeen teetnnwad aes 391 
maw), ml (a), oe, 175 
st! (a;w), MN (a,b) ee 175 
WS ERG), Bicoes asa dada 254 
Wt) seus okecealnh akin ass 266 
Wi OU) Sogdian iaeeegRtnes hy Sdus 269 
Wr(a;w), Mn(a;ww) ..... 310, 311 
WG) Goreighsssatoueeesaanene 357 
ms b (f; LL) ee ee ee ee ee ee 373 

te ALC 374 
De GLb). cuadhuanatocisnan ss 403 
ee Gb) sseckenaateuseeste: 406 
Mt ® Ma, b), M Ga Nab) ..... 414 


6) ONG). ctaneyeeeeeds A16 


UG). escent atone 323 
O(g(x)),0(g(z)), za ..... xxiii 
3] A) eee ee Peace eer ene 169 
SAGE) dana aon Ge neues 175 
OP FTGEW seta erent aa ategees 229 
O(a) ql) eee, 341 
Sie ih) . Mriutetaeieee stents 374 
Fe a) micuwacnatnateeee nes 7 
Rir, a), Rn(r,a), R(r)....... 185, 186 
TOO DMD) 5 wre bie akc nah Wahid eis 187 
PNGB)” esoncevnkbedoiseonts 409 
1 a Ce) ee ee 410 
S(T); Onl G),O%) “sane 185, 186 
UGG). saeesee hentia aaah 187 
GREG)! sawlSena cole sataaues 270 
SG), . as taehe dee eniet eine 279 
6l"l(a), 5) Ge wieagee bance 322 
AAAI TOG). « iets sac ee Ay cane i 
ths 2 eee Cee ere ee 344 
PICHON scscncinsitunctidadenseiada 350 
ml slia) wl ay oo, 344 


The Gothic alphabet: a, 2, b, 8, c, €, 9, 
D,e,€,f,3,9,6,5,9,1,5,j, 3,88, 6 2, 
m, Nt, n, Wt, 0, O,p, B,q, 0, r, R, 5, G, t, 
Ae u, U, v, U, to, WW, x, x, », 2,3, 3. 

The Greek alphabet: a, 3, 7,1, 6, A, €, 

EC 1:0,0, bt Ais 6, 00; Ll 

W, P, 0,0, 4,T,V, 1,6, 8, y, x,y, Vw, 2 


AN INTRODUCTORY SURVEY 


This book is aimed at a wide audience. For those in the field of inequalities the 
table of contents, and the abstracts at the beginnings of chapters should suffice as 
a guide to the material. However for others it may be useful to indicate the basic 
material so as to allow the avoidance of the specialised sections. 

The basic material can be found in Chapters I, IJ, II] and VI while the remaining 
chapters deal mainly with material that is more technical. However even in the 
basic chapters material of less interest to the general reader occur. Such avoidable 
sections are: J 3.1, 3.2, 4.5.3, 4.6, 4.8, 4.9; II 3.2-3.6, 3.8, 4, 5.4, 5.6-5.9; III 2.3, 
2.5, 3.1.2-3.1.4, 3.2, 4, 5.2.3, 5.4,, 6.2-6.4; VI 1.3, 2.1.4, 2.4, 3.2.2, 4.3-4.6, 5. 
The core of the book is the properties of various means. ‘These means are listed 
in the Index both separately, such as Arithmetic mean, and collectively, Means. 
The simplest means are two variable means such as the classical arithmetic mean, 
5 (x + y) and geometric mean, \/zy, and the less well known logarithmic mean, 
(y — x) /(log y — log); see IT 1.1, 1.2. 5.5, VI 2, 3. 

This leads to the question — what properties should a function f(z, y) have for 
it to be considered as a mean? Clearly we require f to be continuous, posi- 
tive, defined for all positive values of both variables; a little less obvious are the 
properties of symmetry, f(x,y) = f(y,x), reflexivity, f(x,x2) = x, homogeneity, 
f(Az, Ay) = Af(z,y), and monotonicity, x < 2’,y < y’ => f(a,y) < fle’, y’); 
finally there is the crucial property of internality that justifies the very name of 
mean, min{z,y} < f(x,y) < max{z, y}. 

Most of the means introduced are easily defined for n-tuples, n > 2, when these 
various properties are suitably extended; see II 1.1 Theorem 2, 1.2 Theorem 6, 
III Theorem 2(e) and VI 6. Of course there are many other properties of means 
that have been identified as of interest; these are listed in the Index under Mean 
Properties. 

The inequalities between the various means defined form the core material of 
the book. Again the two variable cases are the easiest II 2.2.1, 2.2.2, 5.5, VI 2, 
3.1, 3.2.1. The fundamental result is the inequality between the arithmetic and 
geometric means, (GA), discussed in detail in II 2.4 where well over 70 proofs 
are given or mentioned; most are extremely elementary. The next basic result 
generalizes this and is the inequality between the power means, (r;s), HI 3.1.1. 
Integral forms of these results are also give; VI 1.2.2. 

From Notations 9 we see that every inequality between means of n-tuples can be 
regarded as saying a certain function of n is non-negative. For instance (GA) im- 
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plies that R(n) = n(@n—G,) > 0. A stronger property of this function of n would 
be to show that it increases; stronger because R(1) = 0; a similar discussion occurs 
for related functions that are not less than 1, (%,/6,)" > 1 for example. This 
leads to the so called Rado-Popoviciu type extensions of the original inequality. 
Such are discussed for (GA) in II 3.1; the analogous discussion for (r;s) in III 3.2 
is much more technical as the simplicity of the (GA) case has been lost. 

Finally many well-known inequalities arise from the discussion of mean inequalities— 
in particular the inequalities of Cauchy, (C), Hélder, (H), Minkowski, (M), Cebigev 
and the triangle inequality, (T); see II 5.3, III 2.1, 2.2, 2.4. 
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| INTRODUCTION 


In this chapter we will collect some results and concepts used 
in the main body of the text. There is no intention of being 
exhaustive in any of the topics discussed and often the reader will 
be referred to other sources for proofs and full details. 


1 Properties of Polynomials 

Simple properties of polynomials can be used to deduce some of the basic in- 
equalities to be discussed in this book. In addition certain simple inequalities, 
needed at various places, are most easily deduced from the properties of some 
special polynomials. These results are collected together in this section for ease of 
reference. 

CONVENTION In this section, unless otherwise specified, all 


polynomials will have real coefficients. 


1.1 SOME BASIC RESULTS The results given here are standard and proofs are 
easily available in the literature; see for instance [CE pp.420,1578; DI p.70; EM3 
p.69; EM8 p.175], |Uspensky]. 


THEOREM 1 A polynomial of degree n has n complex zeros, and if n is odd at least 


one zero is real. 


THEOREM 2 [DESCARTES’ RULE OF Sicns] A polynomial cannot have more positive 


zeros than there are variations of signs in its sequence of coefficients. 


THEOREM 3 [ROLLE’s THEOREM] If p is a polynomial then p’ has at least one zero 


between any two distinct real zeros of p. 


THEOREM 4 [INTERMEDIATE VALUE THEOREM] A polynomial always has a zero between 


any two numbers at which its values are of opposite sign. 


THEOREM 5 A zero of a polynomial is a zero of its derivative if and only if it is a 


multiple zero. 
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The following result is basic to a variety of applications; see [BB p.11; HLP pp.104- 
105|, [Milovanovié, Mitrinovié & Rassias pp.70-71; Newton|, [Dunkel 1908/9; 
Kellogg; Maclaurin; Sylvester|. The present form is that given in [HDP pp. 104- 
1085 |. 

THEOREM 6 If f(x,y) = do) czy” has, as a function of y/z, all of its zeros 
real then the same is true of all polynomials, not all of whose coefficients are zero, 
derived from f by partial differentiations with respect to x or y. Further if a zero 
of one of these derived polynomials has multiplicity k,k > 1, then it is a zero of 


multiplicity k +1 of the polynomial from which it was obtained by differentiation. 


C The proof is immediate by repeated applications of Theorems 1, 3, 4 and 5. 
LJ 


CoROLLARY 7 Ifn > 2, and 
Tr TT n 
no) = Doct = 9 (ae : 
1=0 10 

is a polynomial of degree n with co # 0 and all zeros real, then if1 <m<k+m<n 
the polynomial q(x) = \ yy (")dk4iz" has all of its zeros real. 
Let f(x,y) = ey (G)dixty”*. We are given that do 4 0, so (0,y),y 4 0, 
is not a zero of f. Hence, by Theorem 6, (0,y),y 4 0, is not a multiple zero of 
any derived polynomial. This implies that no two consecutive coefficients of f can 
vanish. 
Save for a numerical factor 0"~™ f /O*xd"—*-™y is equal to rng (T) da pizty™, 
which by the previous remark does not have all of its coefficients zero. Hence the 


result is an immediate consequence of ‘Theorem 6. O 


REMARK (i) It follows from the above proof that if p is a polynomial of degree n, 
as in (1), with co £ 0, and if for some k, 2<k <n—1,ch =cyg_, = 0, then p has 


a complex, non-real, zero; [Wagner C |. 


COROLLARY 8 Ifn > 2, and p a polynomial of degree n given by (1) with co # 0 
and all of its zeros real, then fork,1<k<n-—1, 


dj, >de—idg4i, (2) 
ce >Ck—1Ck41- (3) 
The inequalities (2) are strict unless all the zeros are equal. 
L) By Corollary 7 the roots of all the equations 


dp—1 + 2dyx + dp41x" a0). Lk Sie 1 (4) 
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are real; from this (2) is immediate. 
Now from (2) and the definition of d,,1<k <n, see (1), 


(k+1)(n—k+1 
Ci 2 etc > Ck-1Ck+1, 


unless possibly either cx_1 = 0, or cp41 = 0; but then, by Remark (i), c, 4 0; and 
so in all cases (3) is proved. 

Finally, if for any & there is equality in (2) the associated quadratic equation (4) 
has a double root, and so, by Theorem 6, the original polynomial p of (1), has a 


single zero of multiplicity n. Oo 


REMARK (ii) Inequality (2) is sometimes called Newton’s inequality and will reap- 
pear later, Il 2.4 proof (iz), V 2 Theorem 1; [DJ p.192]. A direct proof can be 
found in [Nowicki 2001]. A converse to this inequality has been given; [Whiteley 
1969]. 


REMARK (ili) The above implies that if for some k,1 <k <n—1, c? < ch_ice4i, 


then the above polynomial p has a non-real zero. 
REMARK (iv) By writing (2) in the form d?* > d{_j,di,,,1<r<k<n-1, 


multiplying, and assuming that c, = 1, we get the important inequalities, see V 
2(6); 


aol : 
ie 2 Ce (5) 
similarly, 
1 
= a Crit (6) 
EXAMPLE (i) A very important case of (1) occurs when —aj,...,—a,, are the 


real distinct zeros of p, when p(x) = [[,_1 (2 + ax); then cn = 1 and Cp_~ = 
Ty !@i, igs oS Gy in particular ¢.-5-= So aicec= [ayy see V 
neey 


1.2 SoME SPECIAL POLYNOMIALS (a) [DI p.207], [Bullen 1996a; Cakalov 1963]. 
Define the polynomial p,,n > 1, by 


Dn(x) = at? — (n+ 1)e+n. 


In particular then p;(x) = (x - 1)? > 0,241. 

Clearly x = 1 is a zero of both p, and of p/,. So, by 1.1 Theorem 5, x = 1 is adouble 
zero of py. [This can also be seen from the identity py (x) = (t©—1)? 77) (n—i) 2". | 
This, by 1.1 Theorem 2, implies that x = 1 is the only positive zero of py. 


4 Chapter I 


Since pn(0) =n > 0, and p,(n) = n™t!—n? > Oifn > 1, we have by 1.1 Theorem 


4, and the special case above that: 
if 2>0,241, then 2™*+>(n+1)re~n. (7) 
(b) [DI p.207|. Define the polynomial g,,n > 1, by 
Qn(x) = (x2-+n)"*! — (n+ 1)"*'2. 


Then using an argument similar to that in (a), x = 1 is the only positive zero of 


Gn. Hence 


if 2>0,241, then (x@+n)"** > (n41)"'2. (8) 


2 Elementary Inequalities 


In this section we collect some important elementary inequalities. 


2.1 BERNOULLI’S INEQUALITY Inequality 1.2 (8) leads to one of the basic ele- 
mentary inequalities. 
Take the (n + 1)-th root of both sides in 1.2 (8) and put n+1 = a and y=a2-—1 
to get: : 

if y>—l,y#0, then (l+y)"<14ry; (1) 


This inequality (1), or (~1), can be shown to hold for arbitrary exponents r; [AI 
p.34; HLP p.40|, (Herman, Kuéera & Sima p.109]. 


THEOREM 1 [BERNOULLI’s INEQUALITY] If x > —1,x2 #0, and if0 < a < 1 then 
(L+a)*<1+az; (B) 


if either a > 1 or a < 0, when of course x # —1, then (~ B) holds. 


Oo (i)0<a<1 

Let f(z) = 1+aa—-(1+2)%, 2 >—-1. Then f'(x) = a(1 — (14+ 2)?1). Hence 
f(0) = f’(0) = O and it is easy to see that this point is the minimum of f. 
Alternatively we can look at f(x) = a(1 — a@)(1+2)%~*, which shows that f is 
strictly convex, see 4.1 below for a definition. 

Either argument shows that f(x) > 0,2 40, which is just (B). 

(41) a<Qora>l 

The argument in (7) shows that (~B) holds. 
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(122) Alternatively we can show that the result for a < 0 follows from that for 
a >0 

If 1+az < 0 there is nothing to prove. So suppose that a < 0 and1l+az>0 
and choose § so that G > 1 and 0 < —a/8 < 1. Then from case (7) (1 tg) OP 2 


1 ae or 
B ) 
1+ —2 
i 
Gere i 
1—z 1-2? e 

B 33 

Hence (1+ 2)* > (1+ roe > 1+ a2, by case (it). Oo 


ReMaRK (i) This important result is called Bernoulli’s inequality, although the 
original inequality of this name is (~B) in the case a = 2,3,...; [CE p.111; DI pp. 
98-29]. It is still the subject of study; see [MPF pp.65-81], [Alzer 1990a,1991c; 
Mitrinovié & Peéarié 1990al. 


ReMaRK (ii) (B) is equivalent to many of the fundamental inequalities to be 
discussed; see for instance II 2.2.2 Remark (i), III 3.1.2 Theorem 6. 


REMARK (iii) The history of Bernoulli’s inequality is discussed in |Mitrinovié & 
Peéarié 1993]. 


REMARK (iv) Proofs of (B) that differ from the one above are given later: see 
below 4.1 Example(iii), and [I 2.2.2 Remark(i). 


REMARK (v) (B) can be extended to [[/_(1+2;) > 1+ Sj, a, -l<2<1, 
x # 0; see [AI p.35; DI p.29; HLP p.60| and 3.3 Corollary 19(b). For further 


generalizations see IJ 2.5.3 Theorem 22 and [Peéarié 1983a]. 


(B) is given a symmetric form in the following corollary. 


CoROLLARY 2 Ifa,b>0,a4#band0<a<_1 then 
aa*—*(b~ a) > b* — a® > ab*1!(b—a), (2) 


Or 
a 


b 
qo-l <ab+ (1 oa a)a; (3) 
ifa>1ora< 0 then (~2) and (~3) hold. 


b 

O Substitute 2 = — — 1 in (B) to give the left inequality in (2); interchange a 
a 

and b to get the right inequality. LI 
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REMARK (vi) A direct proof of (2) can be given using the mean-value theorem of 
differentiation!; [Riithing 1984] 


REMARK (vii) For a refinement of an integral form of (B) see [Alzer199 1c}. 


It is possible to obtain more precise inequalities; [HIP p.41]. 


THEOREM 3 Ifx>1, and0<r<1,orifx<1andr>1 then 


1 (x — 1)? a” —1 
Se) ee) : 


72 < (1 ~r)a(x —1)*. (4) 


Ifx<land0<r<lorifx>1 andr >1 then (~4) holds. 
O These inequalities follow using a calculus argument similar to that used to 
prove (B). O 


COROLLARY 4 


(1+2)" =l+rx2+ O(a’), asx — 0; (5) 
(1+ O(r2))‘/" =1+4 O(r), asr 0. (6) 


O = These follow easily from (4); [note that if « > 0, then x” = 1+ O(r) as 
r—0.| 


O 


REMARK (viii) An alternative sharpening of (B) can be found in [Haber]. 


2.2 INEQUALITIES INVOLVING SOME ELEMENTARY FUNCTIONS (a) THE Expo- 
NENTIAL Function [DI pp.81-838] If « # e then 


a (7) 


To see this note that y = w/e is a tangent to the curve y = logaz at the point 
(e, 1). Hence by the strict concavity of the log function, see 4.1 Corollary 3 below, 
z 

—>logx, «+e, which is equivalent to (7). 

e 


REMARK (i) The graphs of e® and x® touch at (e,e°). In general the graphs of 


a” and x*, a > 0, cross at the two solutions of the equation a® = x7, x = a, and 


| The mean-value theorem of differentiation, sometimes named after Lagrange, states: If f is contin- 
uous on [a,b], differentiable on ]a,b[ then there is a c,a<c<b, such that f’(c)= Lb) Sha) . [CE 
p.1158|. We call such a point c a mean-value point of i Further note that the mean-value theorem 
of differentiation can be used to prove that: if f’>0 and every sub-interval contains a point at which 


f'>0, in particular if f’>0 with f’(«)=0 at only a finite number of points, then f is strictly increasing. 
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r=a,say IfTa=e,a=a,ifil<a<ethena > e, while if a > e, then 
1<a<e;fora<1 take a=oo. If J = [a,al, or [a, a], then a® < x ifz eI and 
at > x* if x ¢ I; [Bullen 2000; Qi & Debnath 2000b; Smirnov]. 
If zc #0 then 

ev > 1+a. (8) 
This follows in several ways: (7) the strict convexity of the function e* implies by 
4.1 Corollary 3 that at each point its graph lies above the tangent, and y=2x+1 
is the tangent to the graph at x = 0; 


2 


£ 
2 since e*® =1+a+ ze for some y between 0 and z; 


(ii) by Taylor’s theorem 

(iii) note that f(x) =e” —1—z has a unique maximum at x = 0. 

RemaRK (ii) Of course the Taylor’s theorem argument can be used to prove that 
n 


ef > lt+a+-:-+ =e x > 0. In particular, taking n = 2 and replacing x by x — 1 


1 
we get e?~'/x > 5 +1/ax),x2> 1. 


Another well-known fact is that 
1 n 1 n+1 ie 
(l+—-) <e<(1+-)", neN*. 
n n 


It can be shown that the left-hand side increases to e, and the right-hand side 
decreases to e, as n — 00; see IT 2.5.3(6). 
A simple deduction from these inequalities is a crude estimate for the factorial 
function n!, n € N*; [Klambauer p.410}. 

n nrti 
male 
en—1 en-1 


More generally, [DI p.81], [Wang C L 1989al, if x 0, 


x 1\-« Lyn x * 
e*(1+—) <i) <e", néeN’, 


which shows that limp. él + a =e. 
n 
(b) THe Locarirumic Function [DI pp.159-160] If x > 0,2 #1 then 


—] 
- <logr<a-—1. (9) 


2 Taylor’s theorem states:if f has n,n>0, continuous derivatives on [a,b], and if f("t exists on 
(Ka 
Ja,b[ then f(x)=Tpn41(fja;z)+Rn41(f3a;z) where Tnti(fiaiz)=) 7 _, LS) (a —a)* is the Taylor 


polynomial of order n+1 centred at a, and Rn4i(fiaxr=—qeaay fP@—arzern@ dt is the (n+1)-st 


T cacar\ = fLPED (6) rant 
aylor remainder centred at a; also for some c,a<c<b, Rn41(fja;x)=f (Cc) Tapa The 


expression T,41+Rn+1 is called the Taylor expansion of f. [EM9 pp.1355-136]. 
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4 0} 
; oar l 
The right-hand inequality is immediate because log x = Z ' dt < x—1; or because 


if f(z) = 1—x+log a then f has a unique maximum at x = 1. In addition a simple 
change of variable changes (8) into the right-hand inequality in (9). The left-hand 


inequality follows by a simple change of variable in the right-hand inequality. 


REMARK (iii) For another amusing way of proving (9) see 4.5.3 Example (iv). 


A useful inequality is the following, [Wang C L 1989a\; if x #1 then 
logxz < n(al/™ —1)< a/"logr, neéeN*, 


which shows that lim,_.., n(al/ "_—1)=logg. 


If x > —1 then cl a 
2\x x 
< jlog(1 < ——. 10 
erage llog(1 + z)| i (10) 
r 


2 
Consider the functions f(x) = log(1+2) — 5 _ and g(x) = log(1+z) — Pines 
Then simple calculations show that f(0) = g(0) = 0 and g’ < 0 < f’, which 
implies (10). 
REMARK (iv) For other inequalities involving the logarithmic function see II 5.5 
Corollary 13 and Remark (ii), and [Mitrinovié 1968b). 


(c) THE Binomiay Function [DI pp.35-37| Another useful inequality is the following. 


THEOREM 5 If either (a) x > 0 andO<q<p,or(b)0<q<pand-q<2<QJ, 
or (c)q<p<0and—p>x>0 then 


(1+ ay < (1+ aie (11) 


Inequality (~11) holds if either (d)q<0< pandq>zx>0;or(e)q<0<p and 
—p<x2<0. 


[1 For a simple proof by Bush see [AI p.365], [Bush]. 0 


This inequality is a generalization of (B); for a special case see 3.3 (20), and II 
2.5.3(6). 


In addition there is: 


(tay > tenet + (t)ah (12) 


provided « > 0,0 <k<n,n #1. Inequality (12) and the inequality in Remark 
(ii) are special cases of Gerber’s inequality, | DI pp.101—102], [Alié, Bullen, Pecarié 
& Volenec 1998; Alzer 1990a; Gerber 1968]. 


Means and Their Inequalities 9 


(d) THE CrRCULAR AND HYPERBOLIC FUNCTIONS [DI pp.131-132, 250-252] 


sin x ; T 
cosxz <<—— <1, x40; sinxz <2 < tang, 0<2< 5; (13) 
x 


inh 
calanaus > ieee 0 “tanh < oS siohg,.. 0. (14) 


cosh x > 


REMARK (v) For an extension of the right-hand set of inequalities see II 5.5 
Remark (vi). Further the left-hand side of the first set of inequalities in (14) can 
be improved to (cosh 2/3)°, see VI 2.1.1 Remark (x). 


(e) MAXIMUM AND MINIMUM FUNCTION INEQUALITIES [DI pp.134| If a and b are real 


n-tuples then 


maxa-+minb < max(a+ b) < maxa+ max, (15) 


maxaminb < maxab < maxamaxb. (16) 


The right-hand inequalities are strict unless for some 7, aj = maxa and b; = maxb. 
Similar inequalities hold for sequences or infinite sets of real numbers but in that 
case we usually write inf and sup for min and max respectively. 


(f) A SimpLE RaTIONAL Function Let a,b > 0 and put 


1 
Noting that f’(z) = —;(x” — ab) we see that f has a unique minimum at x = 
ax 


to = Vab and that f(zo) = yo = 2,/b/a. In particular f is strictly convex, strictly 
decreasing on the interval |0,zo0], and strictly increasing on the interval [zo, cof. 


Alternatively the equation f(x) = y has two roots, 21,%2 say, and 2122 = ab, 


b b 
euhe > af? (17) 
a 4 bs a 


with equality if and only if x = Vab; 
further if x > x3 > Vab then 


2, +22 = ay. So 


b b 
~f—>—4—, (18) 


Z Qa £3 
with equality if and only if x = 23; 
and finally if 7; <a < x2 then 


b b b b 
afb <2y ee eee (19) 


i a £4 a £9 
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with equality on the left if and only if x = xo, and on the right if and only if 
201 6 te, 
Some special cases are of some interest. 


(i) If a = b = 1 inequality (17) gives the familiar 
1 
B+—>2, 021. (20) 


A direct proof follows immediately on noting that for x # 1 (20) is equivalent to 
(x — 1)* > 0, or by noting that (x — 1)(1 —1/z) > 0. 
(ii) Ifa = as <1,b=1 then zp = oe < 1 So taking x3 = 1 in (18) we get that if 
x > 1 then 

1 


with equality if and only if zg = 1. This is an inequality due to Chong, |Chong kK 
M 1983], A direct proof can be given as follows: 


1 1 
ice = 
om + — (a jet (e+ —) 
>(a—1)e+2, by (20), 
Sati. 


For equality at the first step we need x = 1, and then there is equality at the 
second step. 
Inequality (21) can be written in an equivalent form: put a = u/v, u >vu > 0 
then 

ur+— >uty, (22) 


with equality if and only if x = 1. 
(iii) Given m, M, 0 < _m< M choose x1 = m,22 = M and a=b= VmM then 


from (19) 
x mM M m m+ MM 
2 ae a iV Apes Warmers ; 23 
VmM x m M JVmM ( 


with equality in the left inequality if and only if c = VmM, and in the right 


inequality if and only ifz=morzx=M. 


Inequality (20) has been generalized by Korovkin; |[Korovkin p.8]. 


Lemma 6 If z is a positive n-tuple, n > 2, then 


— f$~4-.-4-= 4 Sn, (24) 
L3 wb 
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with equality if and only if x is constant. 


O The proof is by induction, noting that the case n = 2 is just (20) with 
a=b=x2 and x = 2. So assume (24) holds for integers less than n, and that 
z, = ming. Then the left-hand side of (24) is equal to 


Ly — In—1 sb (= ce in - =aat | 
In, Ly Ly 
In—1 In In-1 
y+ (Mb Ea 
In Ly Dy 


: by the induction hypothesis, 


(In pe Gy) tn = £1) SH 
L1Ln 


The case of equality is immediate. q 


REMARK (vi) For further generalizations see II 2.4.5 Lemma 19 and II 2.5.3 (¢) 
Theorem 25. 


3 Properties of Sequences 


3.1 CONVEXITY AND BOUNDED VARIATION OF SEQUENCES Let @ = (aj, a2,...) 


be a real sequence and define the sequences A*a, k € N*, by recursion as follows:° 
Atlan = AGn = Gn — Gn41, n © N*; Ma, = A(A*~ta,), neEN*,k>2. 


Then it easily follows that 
n ke 
Man = Y-v' (Fans neN*, (1) 
i=0 i 
and that if1< 7 <k, 


) — fitk—j—2 
Aion = Y>( ae AF astm (2) 


11 


CONVENTION Throughout this section we assume that: 
= —2 
( j)=hand, ifm>2, that (" =o. 


3 We will also use the notation BG: where Aan=—Aan=4n41—Gn, A* an=A(A*-an), nEN*, k>2. 
So A¥a,=(—1)* Aan, k,n€N*. 
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DEFINITION 1 (a) A sequence a is said to be k-convex, k € N*, if the sequence A*a 
is non-negative. 


(b) A sequence a is said to be of bounded k-variation, k € N*, if 


oy (’ 7 : |\A*a;| < 00. 


t=1 


EXAMPLE (i) A sequence that is 1-convex is exactly a decreasing sequence; a 2- 
convex sequence, usually called a convex sequence, has an ~—24n41+an42 >0,n > 
1. 


EXAMPLE (ii) A sequence a is of 1-bounded variation, or just bounded variation, 
if \o-°, lai — ai41] < 00. Clearly the sequence of partial sums of a series is of 


bounded variation if and only if the series is absolutely convergent. 


REMARK (i) If f is a convex function, see 4.1 Definition 1, then a, = f(n),n = 
1,... 1S a convex sequence; more generally if f is k-convex, see 4.7, then a, = 
(—1)"f(n),n =1,... is k-convex. [DI pp.64-65, 191, EM2 p.419}. 


REMARK (ii) If the sequence —a is convex, k-convex we say that a is concave, 


k-concave. 


REMARK (iii) The definition of a k-convex n-tuple, n > k, is immediate. 


The partial sums of a series can be written as the difference of the partial sums of 
two positive termed series, By = >~j_, bn = oj, OF — Oy, bf = Pa — Nnj and 
the series )*b, is absolutely convergent if and only if both of the series }*;__, bf 
and )\."_, b> converge. This can be expressed in terms of the present. concepts as: 
if a sequence is bounded then it is of bounded variation if and only if it can be 
written as the difference of two bounded decreasing sequences. The main result 
of this section, Theorem 3 below, is a generalization of this result due to Dawson, 
[Dawson]. 


First we prove a basic lemma 


LEMMA 2. Ifa is a sequence that is bounded and k-convex, respectively of bounded 


k-variation, k > 2, then: 


(a) @ is p-convex, respectively bounded p-variation, 1 <p<k-—1; 
a a 
(b) lim fs )%ay =0, 1<j <= 1 
TU—+ 00 7 


(c) ‘3 ew AJa; =a, — lim an, 1 <j <k 
G24 ) 1 es re aus 


t=1 
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O (i): k=2 and ais bounded and convex. 

This implies that Aa is decreasing and so limp... Ady exists. Further the as- 
sumption that @ is bounded implies that this limit is zero; hence Aa > 0. 

This is (a) in this case. 


Now ee 


a1 — Anyi = a Aa; = yz iA*a; + nan, (3) 


i=1 

and noting that Aa > 0, A’a > 0, and that a is bounded, the series in (3) con- 
verges, which implies (c). 
Hence limn—+oo Gn exists and is finite, which from (3) and the convergence of the 
series shows that limn_.. nAa@,, exists and is non-negative, and so is zero. 
This gives (b) and completes the proof of this case. 

(a): k= 2 and a is bounded and of bounded 2-variation. 
From (3) the sequence nAa,,n € N*, is bounded and hence }7;", |Aa;| converges, 
which is (a) in this case. 
Further limy—soo @n exists, and so from (3) lim; +. nAa, exists, A say, and assume 
that A #0. Then for some no € N*, 


a - Stes — Aas 
Ye | — Sette] < 5 efx ~ Att 
1=No 1=No 

= 3 i|A2a;| < 00. 
1=No 


A 
Hence | 1 (=) converges absolutely to some non-zero limit. This contradicts 
aj 
t=nNoO 


the convergence of )>;”, |Aa,|, and so A = 0. 
The lemma in this case now follows from (3). 
(112): k > 2 and a is bounded and k-convex. 
Since A*a = A? (A*2a) the sequence A*~*a is convex and bounded. Hence (a), 
in this case, follows by induction. 
In particular a is convex and so (b) and (c) hold with 7 = 1, and 7 = 1,2 respec- 
tively. 
Suppose that 1 < jo < k and that (c) holds for 7 = jo. Then since 


n n—l , : : 
pds ae eel ae , 
A?°a; <= AJ° a; “f A?°a 4 
» ( jo = 4 , ‘Ss Jo Jo nm @) 


Teall 4==1 


~ fitgo-1\,; a (6 cea, 
this implies 2 ( ue Jara, < oo, and lim ( : ) ara, exists, 
. Jo eee 0 
1 
A say; assume that A # 0. 
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Since 


A Tm ‘ ‘ 
oe ~ ») a Es (> We 7 *)) ara, < ne *) aan, 
Jo ; jo— 1 ~ jo —1 


t1 


it follows that there is an no € N* such that if n > no then 


2n 7 71 40 


tJjo= 2 


[e.@) 
This contradicts the convergence of ) ( peti 
— 


1=1 


) ara so we have (c) in the 


case k = jo. 
Hence A = 0; that is (b) holds with 7 = jo and so, from (4) and (c) with j = jo, 


OO . . (o.@) . . 
ae | ae 9... 
Ea Janna (ahem ie 
i=1 Jo ee 20 

that is to say we have (c) with 7 = jo + l. 

This completes the proof of this case. 


(iv): k > 2 and a is bounded and of bounded k-variation. 
n+k—2 
k—1 
Then for some no € N* and A > 0 we have that 


Suppose that no subsequence of ) ah ann € N* converges to zero. 


AS aig1 aa i+tk—- pea — AB a4 
Ay |t = 1q, —S (’ k-—1 "ia | |4 Ak-la, 
1=N09 t=TLO 
= —2 
= (GA )ata 
41=T0 
Hence by arguing as in (iz), 
lim Aa, =A 0. (5) 
Since a is of bounded k-variation, and 
= k — 
SAA AS * aj Ke *) [asl < 00 
i=l 


we have that A*~?q is of bounded 2-variation. 
So, by the case k = 2, A*~°q is of bounded variation; that is )\°°, |A(A*~?a,)| = 


Yop |A*7*ai| < 00, which contradicts (5). Hence there is a strictly increasing 
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1—+ 00 


eh 2 eee 
sequence 24 © N*,7 € N*, such that lim (" : Jahon = 0, which implies 


netk—-2 
that for some m, ( Po yas tan,| < M. Now, 


ot fi tk—3\ KA < ean Z oe 2) Ak-1, 
31 ere ec ze *Viatal+ (" F*>?)ia 


4==1 
nj-l 


itk—2 
23 ( ae tata 
w=1 

Since a is of bounded k-variation this last inequality implies that a is also of 
bounded (k — 1)-variation, and a simple induction completes the proof of (a) in 
this case. 


stk—-2 
The two series in (4) with jp = kK—1 converge, and lim (" 7 a Jahon, = 0; 
k-—2 
oe Jato, = 0, and (b) follows by induction. 


k-1 


A (itk—2 ae ee ee 
Finally, from (4) with jo = k—1, S- a 7 af )ata = S> (’ 2 - Jabra, 


Eat (1 


and (c) follows by induction, and (5) is already proved when k = 2. Ey 


so from (4), Jim ( 


We can now prove the main result of this section. 


THEOREM 3 Ifa is bounded then it is of bounded k-variation if and only if it is 


the difference of two bounded k-convex sequences 


CL] We may assume k > | as the case k = 1 is well known, see the comments 
preceding Lemma 2. 

(1) Assume that a = b — c, where b and c are bounded and k-convex. 

Then, 


itk— k — fitk— k itk—2 k 
Dy ig ae *) [Nas > 3 aia 1) it + 2h en Teer 
by Lemma 2(c) with 7 = k. 

(12) Assume that a is bounded and of bounded k-variation. 
Then by Lemma, 2(c) limp. Gn exists, A say. 
t+k 


From a simple extension of Lemma 2(c), S- ( I 


—2 
1 ) Basen = An4+1 — A. 
i=1 


Now define 


ay es ee 
bavi = Do ( 4 )ld*airnh neN. 


i=1 
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Then 6 is bounded and 


Se fi eo ~ fitk-2 
Ab => (TE?) iaFaun-al- (P87?) Face 


aa (4 
=r Ajtn— 1| = : (ex sca 3 a (’ : 7 *)) Aten 


i+k—83 
=| ain Peace ain 


i+tk—3 
=> ( k 9 [Aran > 0, 


so, by an obvious induction, 


— (itk—-j-2 k ; 
Ajb, = aie NSO. eee 
b ( eae ) Giga 0, eX oe 


4=-1 


showing that 6 is k-convex. 
Now define c = 6 — a when, using (2),we have for 1 <j < k that, 


M3 cy =AJbn — Aan 


itk— — fitk-j-2 
“(yt or 77 *)ia" Qiin- I-o( es )Ataisnt > 0. 


w=1 
This completes the proof. C 


REMARK (iv) More results on convex sequences can be found in the following 
reference, where further references are given; |Pecarié, Mesihovié, Milovanovié & 


Stojanovic]. 
3.2 LOG-CONVEXITY OF SEQUENCES 


DEFINITION 4 Given two real sequences a = (do,@1,...) and b = (bo, bi,...) the 


sequence c = ax b defined by 
on = S_ Arbn_r, NEN, (6) 
r=0 


or by the product of the formal power series 


its (>: oa (>: na") | (n 


reN reN reEN 
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is called the convolution of a and 6. 


DEFINITION 5 (a) If0 <a < ow then the positive sequence c = (co, C1,...) is said 


to be a-logarithmically convex, or just a-log-convex, if for n € N*, 


atn—-1 nm+1 
(| ( ) enttenaa if a la OO; 


a+n n 


n+1 ; 
( = ) Cr Cris ifa=o. 


When a = 1 we will just say log-convex, and when a = oo we will say weakly 


(8) 


2 
Cs 


log-convex. 

(b) If inequality (~8) holds then we say that the sequence is a-log- 
concave; or just log-concave if a = 1; if a = oo we say the sequence is strongly 
log-concave. [DI p.163]. 


ReMARK (i) In the convex case the smaller a the stronger the condition to be 


satisfied, while in the concave case the larger a the stronger the condition. 


ReMaRK (ii) The sequence c is log-convex if and only if 


2 
CoO diya, aweN (9) 
equivalently if and only if 
Cc Cc Cc Cc 
eS Sti se i ag, TEN (10) 
Co C1 Cm+1 Cmt+n+1 


in the case of log-concavity the inequalities (~9) and (~10) hold. 


EXAMPLE (i) The sequence a defined by 


,nEeN* it) 


An = (—1)” a) _ a(a+1)...(a+n—1) 


n ni 


is a’-log-convex, respectively concave, if a’ > a, respectively a’ < a. 


1 

EXAMPLE (ii) The sequence b, = —,n € N%, is 0-log-concave and so a-log-convex 
n 

for alla > 0. 


a 1 
EXAMPLE (iii) The sequence cp = ne N*, is weakly log-convex and so a-log- 
n! 


convex for all a@ < oo. 


EXAMPLE (iv) From 1 Corollary 8 we see that if a polynomial has all of its roots 
real then its coefficients are log-concave; in particular Gear 0<k < n} is log- 


concave. 
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REMARK (iii) It is useful to notice that ¢ is a-log-convex, respectively concave, if 
and only if € is log-convex, respectively concave, where for n € N* , é, = c/Qp if 
0<a< oo, G =nec, ifa = 0, and c, = nic, if a = oo; where a, is defined in 
(11). 

The results of this section show that the property of log-concavity is preserved 
under the operation of convolution. Not all the results are needed in the sequel 


but are included for the sake of completeness. 


THEOREM 6 Ifa and 6 are log-convex, respectively log-concave, so is c where 


ot (") Orbn—r, NEN, (12) 


r=0 
0 (i): a and b are log-convex; [Davenport & Polya]. 
The proof of inequalities (9) is by induction on n. 
The case n = 1, cocg — c? = ad(bobe — b7) + b2 (apa — a?) > 0, follows from the 
log-convexity of a and b. 
Now assume that (9) holds for alln, l1<n<k-—1. 


— 1 k-1 
Then, noting that (") = (* ) “fb ( > we can write ch, = C5 a C4 
r 


r r—l 
where the sequences c’,c”’ are defined using (12) with the sequences a’, b, and a, b” 
respectively; where a’ = a} = (a1,@2,...) , b’ = bp = (b1, ba, ...). 
Hence, 


2. suf ot " es Ae / 4) 2, 
Ck = (Cy + Cea)” = Chia + 2Cg_1Cg—1 + CK-1 


<i, aioe 49 Vom ae ae Ch-2Ckes by the induction hypothesis , 


<ch_oCy + Ch_ote + cH_oc, + Ch_oc,, by (GA), see II 2.2.1 (2), 
=Ck—1Ck+1, 


as had to be proved. 
(22): a and 6 are log-concave; [Whiteley 1962b, 1965]. 


nm—1 


—] 
Rewrite definition (12) as: cp = 3S (" : } (6744 One Gp Una) 
r= 


So: 


2 
Cn Cn-10n41 = 


bs (") arbn—+| bs (" : ‘) (Qn41bn—r—1 + aednar) 


r=0 r=0 
1 


— (n~-1 “ (n 
LEC o EC nt 


r=0 
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where 


Tr Tm 
A= S_ (bs Onaga — br+5bs—1) ((, is igs .) (, cee .) On—r—s+14n—s 


r,s21 
n n—1l 
Ss (, _ :) (, ene .) anaetidnars)) 


r+s<n+l 
and B is obtained from A by interchanging a and b. 


The log-concavity of 6 shows that the first bracket in A is non-negative, (10); 


n n—1 n n—1 
further, since (4 oe J (’ 2 ') > (, _ 3 (" a my} the second bracket 


n n—-1l 
s—l/\r+s-1 
negative by the log-concavity of a, (10). 


in A exceeds Oj gh Opn lg Oreo), which is non- 


A similar argument shows that B is non-negative and completes the proof. C 


REMARK (iv) It is not difficult to see that there is equality in inequalities (9) for c, 
defined by (12), if and only if equality occurs in all the corresponding inequalities 


for a and 0. 


Noting that if d, = c,2", n € N, then c and d are a-log-concave together leads to 


the following generalization of ‘Theorem 6. 


Coro.tiary 7 If If a and 6 are log-convex, respectively log-concave, so is c(x, y) 


where 
nm 


CG) Ss” (") Gpbnagt yo he Nya > Oy > 0. (13) 


r=0 
THEOREM 8 (a) If If a and b are log-concave, so is ax b. 
(b) If If a is a-log-convex, and 6 is (1 — a)-log-convex, 0 < a < 1, 


then ax b is log-convex. 
O (a) [Menon 1969a] If c= ax b then, 


n+1 


n n—1 
ce — €Cn—-1Cn4+1 = > a ae a ( S- bigest) ( ye Orbn—p41) 
r=0 r=0 r=0 
n 


-( % tk » ie oye (y aa 


r=0 
n n—1 
F An bo ( S- Gy Die) = An+10( >: Gi Viite4) 
r=0 r=0 


=A+B+C, 
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say, where 
nm-1 n nm—-1l 71 
A=) _ > Grae (bn—rOn—k ~ bn~r—tbn—h+1) = > >” dry Say; 
r=-0 k=1 r=0 k=1 
n—1 
B= ae ar ag (asyiba = byt Ona) 
r=0 
nr nm—i1 
C' =an bo S- Arbn—p — An4199 De, Arbn—r—1 
r=0 r=0 


T™ 
=Anbnagbo + bo > On—r (An Gr mn On+14r—1) . 
T=1 
B and C are easily seen to be non-negative by the log-concavity of a and b. 


Since, in A, d,,41 = 1 we get on combining d,_; 4 and d,_1,, that, 


A= S- (dp—1,4 + de—1,r) 


1 
1 


ae. 
Fs 
II 


< 


Cw 
+ 


(Q,a%—1 oe Or—1Ak) (Onpbyapes re es bak) 


| 
Ma 


1 
1 


3 


ik 
<k 


+ 


4 


which is non-negative by (10). 
(b) [Davenport & Pélya] Using (11), Example (i) and Remark (iii), and letting 
B =1- a, 


Cr = tense = ys ORG iar O Deas: (14) 
r=0 r=-0 
Simple calculations from (11) lead to: 


ft (er r= Deana = 1)! 
OrPa—r -(*) ni(a — 1)'(B —1)! 


Substituting in (14) and using the notation of (13) 


Ch = 


1 
(a— WE =1)! i ee oe 


1 1 
<-DNe—i! | ees (lk are Cn—1(t, 1— t€n+4 (t, 1 — t) dt, 


by Corollary 7 and (9). 
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A simple application of (C)-f, see VI 1.2.1 Theorem 3(b), gives (9) and completes 
the proof. O 


RemaRK (v) In the proof of part (a) of this theorem C' > 0, and so the inequalities 
(9), for c, are strict. In part (b) however these inequalities can be equalities, and 


are so if and only if all the inequalities for a, and for 6 are equalities. 


Remark (vi) The results in (b) is best possible in that the analogue of (a) is in 
general false; further the result does not hold in general if a = 1. The following 


examples illustrate this. 


EXAMPLE (v) Ifa, 8 be two sequences defined as in (11); then ax = a+ and 


so if a+ > 1 the convolution is not log-convex but only a’-log-convex, a’ > a+f3. 


1 
EXAMPLE (vi) Let a, = ei b, = 1,n € N%*, then a is 0-log-convex, see Example 
(ii), and b is log-convex; but ax b=c where c, = ear 1/r, n € N*, which is not 


log-convex. 
3.3 AN ORDER RELATION FOR SEQUENCES 


DEFINITION 9 Ann Xn matrix is S = (s;;)1<i,j<n With non-negative entries is 


called doubly stochastic if 


n n 
\ pS eta, and » yp 4, eee (15) 


4q=1 t=1 
If in addition in any row or column all elements except one are zero the matrix 
is called a permutation matrix; equivalently a doubly stochastic matrix is called a 


permutation matrix if each row, and column, contains an element equal to 1. 
[CE pp.1349,1743; EM9 p.9; MO p.19] 


EXAMPLE (i) Ifq,g; € R4 and qgi+q, = 1, 1 <i <n, then the following matrices, 


alln x n except the Q,, are doubly stochastic: 


1 ; / Ti-1 O O 
1; =i a=(4 eae O Qi O A ee is a 
nr qq, O Oe Tes, 
Qn O G, n 
P,=|O Ing O|): P=) P 
qd, O dn 11. 


DEFINITION 10 A real n-tuple b is called an average of the real n-tuple a if for 


some doubly stochastic matrix S, b= aS. 


REMARK (i) ‘To say that b is an average of a is a statement that does not depend 


on the order of the elements in either of the n-tuples, and is a transitive relation 
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on the set of n-tuples; that is if a@ is an average of b, and b is an average of c then 


a is an average of c. 


REMARK (ii) To say that 0 is an average of a is to say that each element of b is a 


weighted arithmetic mean of the elements of a; see II 1(3). 

REMARK (iii) If} is an average of a and a is an average of b then b is a permutation 
of a; conversely 6 is a permutation of a then 0 is an average of a and a is an average 
of b. 

REMARK (iv) If 1 <m<nand b= (po) p)) where 5) — (Dip. ees Org) ond 
po) = (bm+1;---,6n) , with a = (a), a)) defined analogously; then b® an 
average of a), i = 1,2, implies that 0 is an average of a. 

DEFINITION 11 (a) If a,b are decreasing real n-tuples we say that b precedes a, 


b X a, if: 
Bn Agi 


By, <Ap, 1 <k <n. 
(b) Generally if a,b are real n-tuples we say that b < a if when the two n-tuples 


(16) 


are arranged in decreasing order they satisfy (16). 


REMARK (v) ‘This relation is an order relation on the set of decreasing real n- 


tuples, and a pre-order on the set of real n-tuples. 

EXAMPLE (ii) If @ is an n-tuple witha; +---+a, = 1, then (1/n,...,1/n) <a < 
(1,0,...,0); use (16) and (1/n,...,1/n) = a(—J), see Example (i). 

EXAMPLE (iii) If cis a constant real n-tuple and b ~ a, respectively b is an average 
of a, then b+c~<a-+e, respectively b+ c is an average of a+c. 


REMARK (vi) A full discussion of this concept can be found in [MO], and an 
introductory survey is given in the article [Marshall & Olkin 1981]; see also [DI 
pp.198-199]. 


LEMMA 12. 06 is an average of a if and only if it lies in the convex hull of the n! 
points obtained by permuting the elements of a 


O This follows from a theorem of Birkhoff; see [MO p.19], [Marshall & Olkin 
1964]. [A definition of convex hull is given in 4.6 Definition 35(b) below]. O 


LEMMA 13 [MurrHEaAp’s LEMMA] If b < @ then b = aT)TJ>---T,_-1, where T; is an 
n Xn matrix of the form XI + (1 — A)Q;, where Q; is a permutation matrix that 


differs from I in just two rows, or equivalently just two columns, 1<i<n-—1. 


ei See [MO pp.21-22). CJ 
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THEOREM 14 [Harpy, LITTLEwoop & Porya] A real n-tuple b is an average of a if 
and only if 6 < a. 


al See (HLP p. 49; MO p.22], [Rado]. a 
REMARK (vii) If (16) is replaced by 
By < Ap, 1 Sk <n, (17) 


we say that b weakly precedes a, b x” a; [MO pp.9-11]. 


A simple but useful idea is given in the following definition. 


DEFINITION 15 ‘T'wo n-tuples a,b are said to be similarly ordered when, 
(a; — ax)(b; — be) > 0, ey Be ee (18) 


if this inequality is always reversed then the n-tuples are said to be oppositely 


ordered. 


REMARK (viii) Clearly a and 6 are similarly ordered if and only if a simultaneous 
permutation of them both leads to decreasing n-tuples; and they are oppositely 
ordered if and only if a simultaneous permutation leads to one increasing n-tuple 
and one decreasing n-tuple; see [AJ p.10; HLP p.43; MO pp.189-140]. 

A very simple but useful result is the following; see [DI pp.222-228; HLP pp.261- 
962|, |Herman, Kuéera & Simsa pp.145-148], [Vince]. 


THEOREM 16 If two n-tuples a and 6 are given except in arrangement then the 
sum ) a,b, is greatest if they are similarly ordered and least if they are oppositely 


ordered. 


O It is sufficient to note that (a;b; +a%b;) — (a;b, + a4b;) = (a; — ax) (b; — bx); 


for full details see the references above. LC] 


REMARK (ix) If any of the inequalities in (18) is strict then the resulting inequal- 
ities in Theorem 16 are also strict; so there is equality if and only if either a or b 


is constant. 


CoROLLARY 17 Ifa’ is a rearrangement of the positive n-tuple a then 


n 
rai 


~~ 


& 


L>n. (19) 


a 
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Further the inequality is strict unless a’ = a. 


— 


LJ It is sufficient to remark that a and a~' are oppositely ordered and the 
1 
right-hand side of (19) is just )77_, (a:—). The case of equality is immediate. O 


REMARK (x) This result of Chong K M, [Chong K M 1976c], has been generalized; 
see [Ioanoviciul. 

The following theorem is a simple application of these concepts due to Chong K 
M; [Chong K M 1976c]. 


THEOREM 18 If b <a then [J;_, bi > []j_, a: 


O Suppose that b = Aa + (1 — A)a’, where a’ is a permutation of a. Then, 
% 
If =I (0+ 0-3) 
“Seu De 


Ai, . 


k=0 1<11<:<tp<nj=1 
nr 
> ar’ — a)* a by Corollary17, 
k 
k=0 
=i, 
The general case follows using Lemma 13. , 


COROLLARY 19 (a) If x > —1 then for n > 2, 


i+)" <0+2)", (20) 


(b) If either a; > 0 or -1 <a; < 0,0 <i<n then 


1 +a < Ie + aj). (21) 


1=1 


O (a) Use Theorem 18 and the fact that: 


(1t+2a/n,1+2/n,---,1+2/n) 
<(1+2/(n—1),1+2/(n—1),---,1+2/(n—-1),1). 


(b) Use Theorem 18 and the fact that (1ta1,...,1+an) < (14+)77,, ai, 1,...,1). 
LJ 


REMARK (xi) (20) is a special case of 2.2(11). 
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REMARK (xii) The order relation discussed in this section has been extended to 


functions, see VI 1.3.4. 


4 Convex Functions 

The concept of convexity is very important for this book. However this subject 
receives full treatment in several readily available sources and so this section will 
merely collect results. For further details and proofs the reader is referred to the 
following books: [AI pp.10-22; HLP pp.70-83; RV; PPT], [Aumann & Haupt; 
Popoviciu], and for general information see [CE p.326; DI pp.61-64; EM2 pp.415- 
416]. The basic reference for all the topics of this section is |RV] where full proofs 
and many references can be found. As the topic is one of active research the more 
recent [PPT] contains much of this newer material as well as an extensive and 


up-to-date bibliography. 


Figure 1 Graph of convex function graph of f 


(1-A)f(x)+ f(y) 
f( [1- Ax + bu 


[1- Alx+Ay x [1- Alx+Ay y [l-Ajx+hy 
(A< 0) (0< A< 1) (A>1) 


4.1 CONVEX FUNCTIONS OF A SINGLE VARIABLE 


DEFINITION 1 (a) Let I be an interval in R, then f : I +> R is said to be convex, 
on J, if for all x,y € I, and for all A,O<A< 1, 


f(dw + Ty) <Af(@) + (1 )FW). (1) 
If (1) is strict whenever x # y and X # 0,1, then f is said to be strictly convex, 
on I, 
(b) If in (a) inequality (1) is replaced by (~1) then f is said to be concave, strictly 


concave, on I. 


REMARK (i) If f is both convex and concave then for some m and c, f(x) = mz+c; 
that is to say, f is affine. 
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REMARK (ii) The graph of a (strictly) convex, concave, function is also said to be 


(strictly) convex, concave. 


REMARK (iii) The simple geometric interpretation of (1) is that the graph of f 
lies below the chords of that graph; see Figure 1. 


REMARK (iv) If x;,1 <i < 3, are three points of I with x; < x2 < 23, then (1) 


is equivalent to: 


(x2) < v3 7 22 
Z3—- Dj 


Z2—- 21 

a 2 
flai)+ ie f (x3), (2) 
or more symmetrically, 


f (21) f(@2) f(s) 


foe e) GoGo Giaeam-) «> 
or even 
1 Ly f (x1) 
1 a f(xe)|>0. (2**) 
1 a3 f(x) 
LEMMA 2. If f is convex on I and if 
n(z,y) = ee eyel,c#y 


then n is increasing in both variables and strictly increasing if f is strictly convex. 


U Another way of writing (2) is: fla) ~ Fea) < flea) = Fes) So, if 


Y1—-22Q - Lg —- 23 
©1, 41,02, y2 Ef with v1 < yi, 22 < yo, 
f (x2) — (v1) < F(y2) — flys) (3) 
LQ — L) Y2— Yl 
The lemma is an immediate consequence of (3). O 


REMARK (v) In other words the slopes of chords to the graph of a convex function 


increase to the right; further these slopes increase strictly if f is strictly convex. 
This has some interesting implications. 

COROLLARY 3 (a) At any point on the graph of a convex function where there is 
a tangent the graph lies above the tangent. 


(b) If f is convex on I but not strictly convex then it is affine on some closed 


sub-interval of I. 


REMARK (vi) The property (a) is illustrated in Figure 1. 
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REMARK (vii) The intervals where a convex, not strictly convex, function is affine 


can be dense as the integral of the Cantor function*shows. 


THEOREM 4 Let f be convex on I then: 

(a) f is Lipschitz on any closed interval in I : 

(b) fi, exist and are increasing on I and fi < fi; further if f is strictly convex 
these derivatives are strictly increasing; 

(c) f' exists except on a countable set, on the complement of which it is continuous. 
(d) If f and g are convex then so is Af + yg if A, p > 0. 

(e) If f and g are convex, increasing (decreasing) and non-negative then fg is also 
convex. 

(f) If f is convex on I and g is convex in J, f[I] C J, g increasing, then go f is 


convex on I. 
O See [RV pp.4-7, 15-16].° q 


Remark (viii) If f is an affine function then (f) holds without the assumption 


that g is increasing. 


CorOLLARY 5 (a) f is convex, respectively strictly convex, on ja, b[ if and only if 
for each x9, a < Xo < b, there is an affine function S(x) = f(xo) + m(x — xq) such 
that S(x) < f(xz),a<a2 <b, respectively S(x) < f(x),a<x<b, x F# 240. 

(b) If f is differentiable and strictly convex on an interval I and if for c € I we 
have f’(c) = 0 then f(c) is the minimum value of f on I and this minimum is 


unique 


L (a) If f is convex, respectively strictly convex, take in S any value of m such 
that m € [f" (xo), fi. (xo)]. 

Conversely suppose that such an S' exists at xo and let 9 = Ax + (1 — A)y where 
x,y Ela, bl, O<A<1. Then f(x) = S(zo) = AS(z) + (L—A)S(y) < Af(x) + (1- 
r) f(y), showing that f is convex. The strictly convex case is similar. 

(b) This is an immediate consequence of Theorem 4(b) and Corollary 3(a); see 
[Tikhomirov, p.117). O 


REMARK (ix) The affine function S is called a support of f at xo; its graph is a 
line of support for f at xo; [RV p.12]. 


: The Cantor function is continuous, increases from 0 to 1, and is constant on the dense set of intervals 
[1/3,2/3],[1/9,2/9],[7/9,8/9],.... where it takes the values 1/2,1/4,3/4,...; see [CE p.187; EM2 p.13; 
Pélya & Szegé p.206]|. A set, or a set of intervals, is dense if every neighbourhood of every point meets 
the set, or the set of intervals; [CE p.416; EM3 pp.46,484]. 

5 A function f is Lipschitz if for some M>0 and all z,y, |f(y)—f(z)|<M|y—z|; then M is called a 
Lipschitz constant of the function; [CE p.1091; EM5 p.532). 
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THEOREM 6 (a) f : [a,b] +> R is (strictly) convex if and only if there is a (strictly) 
increasing function g :|a,b|— R and ac,a < c < 0, such that for alla,a< az <b, 


H 0 


f(a) = f(c) + | g. 


(b) If f” exists on Ja, b[ then f is convex if and only if f” > 0; if every subinterval 


contains a point where f"” > 0 then f is strictly convex. 


O See [RV pp.9-11]. O 


REMARK (x) For applications to inequalities the conditions of (b) usually suf- 
fice; that is we are dealing with functions that are twice differentiable, with 
second derivative positive on a dense set°— usually the complement of a finite 
set; see [Bullen 1998]. It might be noted that, using the mean-value theorem 
of differentiation’, we can, deduce from the last property that the chord slope 


increases strictly; see Lemma 2. 


Corotuary 7 (a) Ifr >1 orr <0 and f(z) = 2",xz > 0, then f is strictly convex; 
if0<r<1, f is strictly concave. The exponential function is strictly convex and 
the logarithmic function is strictly concave. 

(b) If f € C?(a,b) with m = min f”,M = max f” then both of the functions 


— 2 f(a) and mf (x) _ = are CONVex. 


O Simple applications of Theorem 6(b). O 


EXAMPLE (i) Other examples are: x log x, x > 0 is strictly convex; if f is (strictly) 
convex, twice differentiable on I and if f < 1 then 1/(1—f) is also (strictly) convex 
on I. These simple examples and those in Corollary 7(a) are used in many places 


to prove various inequalities; |Abou-Tair & Sulaiman 1999}. 


EXAMPLE (ii) The factorial function z!, x > —1, is strictly convex but more is 


true in this case; see 4.5.2 Example (i). 

EXAMPLE (iii) From Corollaries 7(a) and 3(a) we have: if x > 0, x # 1, then 
xz” <,(>],l+r(a@—1), if0<r<1,[r>1, orr <0]. This, with a simple change 
of variable and notation is just 2.1 Theorem 1, that is (B), [(~B)] . 


REMARK (xi) Corollary 7(b) has been used to extend many of the inequalities 
implied by convexity; [Andrica & Raga; Rasa]. 


6 See Footnote 4 
v See Footnote 1. 
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A simple property of convexity and concavity, that we will use later, is given in 


the following lemma. 


LEMMA 8 [Kuanc] If f : [0,1] + R is strictly increasing and either convex or 


concave, then for all n 2 1, 
1 n ‘ 1 n+1 ; 1 
nt (n) ie ae [s 


0 The last inequality holds since f is strictly increasing. 


Suppose then that f is convex and that 1<i<n+1, then 


0-S)G) 


a—1l,2 a—1,\2 
ot (=) ea) be) 
i(n —1)4+1 
=f( n? ) 
>f (— a since f is strictly increasing andi<n+1 


Summing we get that 


LS (¢- (4) + 0-14 OD) )) > ¥4(4). 


t=1 


So 


n+i1 


\ ey ~)) += =F (1 cp Belews f(1). 


1 n—-1 
po 
=1 
This on simplification gives the first inequality. 
1 
A similar argument, starting with f ( is ) f. (1 eee ) f (—) leads 


nti \n+i1 n+l 
to the same inequality when f is concave. LJ 


REMARK (xii) This result is a special case of a slightly more general result; 
[Kuang; Qi 2000a]. 
Another useful result is the following; see [DI pp.122-128]. 


THEOREM 9 [HADAMARD-HERMITE INEQUALITY] If f : [a,b] +» R is convex and if 
ax<c<d<b, then 


(S*) <5 mf p< LO+M® Hot T@) ) (4) 
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and 


LS (ar tyo-0) <4 fs ) 


1=0 


REMARK (xiii) Inequality (4) attributed Hadamard, and often called Hadamard’s 
inequality, is actually due to Hermite®; see [Mitrinovié & Lackovic] for an inter- 
esting discussion of this. Recently much work has been done on generalizations of 
this inequality; see| PPT p.137|, |Dragomir & Pearce|, |Lackovi¢é, Maksimovié & 
Vasi¢]. 

REMARK (xiv) The left-hand side of (5) increases with n, having the right-hand 
side as its limit; see |[Nanjundiah 1946]. 

Finally mention should be made of the important connection between convexity 


and the order relations of 3.3. 


THEOREM 10 (a) [Karamarta] If a,b € I”, I an interval in R, then b < a if and only 


if for all functions f convex on I, 
nr nr 
VIS D> Fa): 
t1=1 71 


(b) [Tomé] If a,b € I”, I an interval in R, then b <” a if and only if for all 


functions f convex and increasing on I, 


Yo f(b) < dD F(a). 


4=1 1=1 
O See [MO pp.108-109). O 


COROLLARY 11 Ifa and 6 are decreasing non-negative n-tuples such that 


k k 
[Ja < [[%. l<k<n, 
1=1 1=1 


then for all p, p > 0, a? <¥ bP 


L) We can without loss in generality assume that the terms in the n-tuples are 
all greater than 1. Then apply Theorem 10(b)with function f(x) = e?® and the 
n-tuples log a, log b. LJ 


4.2 JENSEN’S INEQUALITY One of the most important convex function inequal- 


ities is Jensen’s inequality; in fact it is almost no exaggeration to say that all 


= It is sometimes called the Hermite-Hadamard inequality 
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known inequalities are particular cases of this famous result. It has been the ob- 
ject of much research full details of which can be found in the various references; 
[AI pp. 10-14; CE p.958; DI pp.189-141; EMS pp.234-235; HLP pp.70-75; PPT 
pp.48-57; RV p.89). 

THEOREM 12 [JENSEN’s INEQUALITY] If I is an interval in R on which f is convex, if 


n > 2, w a positive n-tuple, a an n-tuple with elements in I then: 


_— qe ee 
= 5 } eee Wee 5 } y. 
f (Fi L- ws) = We L wif (ai) (J) 
If f is strictly convex then (J) is strict unless a is constant. 


0 It should first be remarked that the left-hand side of (J) is well defined since 
the argument of f is the arithmetic mean of a with weight w and so its value is 
between the maxa, and mina, in particular it is in [; see II 1.1(2). Following later 
usage we will refer to w as the n-tuple of weights. 

(i) This proof, by Jensen, is by induction on n and the case n = 2 is just the 
definition of convexity, 4.1 (1); see for instance [Hrimic 2001]. 

Suppose then that (J) holds for allk,2<k<n-1. 


ar =f at quid : saa 
i. W,, i 404 | = W,, n W,, Wr-1 = 444 


Wn Wnr-1 1 — 
<—f(a,)+ f S > wiai , by the casen = 2, 


— Wr Wr 


1 n 
SW du wif (a;), by the induction hypothesis. 
The case of equality is easily considered. 

(it) A very simple inductive proof for the equal weight case has been given by 
Aczél, [Aczel 1961a,b; Peéarié 1990c]. Assume that n > 2 and that the result is 
known for all k, 2<k <n. 


i 1/1 a 1 
(230) =1(3( Amt 4 at Sa) 


by the casen = 2, 


<5( (Fyne + S324) +E re), 


4t=1 


by the case n = 2, and the induction hypothesis. 
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On rearranging this gives 


(117) A simple geometric induction can be given if we take as the definition of 
strict convexity that f” > 0 and in every sub-interval there is a point where f” is 
positive.; see 4.1 Theorem 6(b), Remark (x). 

First we must prove (J) in the case n = 2; that is, show that 4.1 (1) holds strictly 


ifa~y,rA40,1. 
With a slight change of notation we can rewrite (J) in this case as: 


f(i1—sat+sy) <(1-s)f(z)+sf(y), 0<s<1, (Je) 


with equality only if x = y. To prove (J2) consider the following function obtained 


from the difference between its two sides 


D2(x, y; 8) = Do(s) = (1—s) f(x) + sf(y) — f(1—sx-+4 sy) 


where 0 < s < 1 and, without loss in generality, x < y. 
Then (J) is equivalent to Do(s) >0,0<s<1. 
Since D2(0) = D2(1) = 0 for some 89, 0 < 89 < 1, D§(s9) = 0; then 1 — sp r+ soy 
is a mean-value point for f on [z, y]?. Further 

D3(s) =f(y) — f(z) -y-a)f'(1—sa + sy) 

D3(s) =— (y— 2)? f" (1 — sx + sy) 
By our assumption and Theorem 6(b), D is strictly concave and Dj is strictly 
decreasing. Hence so is unique, with D§ positive to the left of the mean-value 
point, and negative to the right. Since then D2 is not constant we have that it is 
positive except at s = 0,1, which proves (J2), and that f is convex in the sense of 


4,1 Definition 1. 


The case n = 3 of (J) can be written as, 
f(T-s—ta+ sy+tz) <(1—s—tHf(a)+sfy)+tf@), (Js) 


where 0 < s+t<1,0<s<1,1<t< 1 with equality only if x = y = z. To prove 
(J3) we, by analogy with the above, consider the function, 


D3(z, y, 2; 8,t) = D3(s,t) = (1—s—t) f(x) +sf(y)+tf(z)-f(1 —s— ta+sy+tz) 


9 See Footnote 1. 
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where without loss in generality we have x < y < z, and 
O<s<10<t<1,0<s4t<l. ae 


Since D3 is continuous it attains both its maximum and its minimum on T and if 


this occurs in the interior of T then it occurs at a turning point. Now 


0 es 

5-Da(s,t) =f(v) ~ f(a) ~ f'(T=8= te + sy + tz)(y—2), 

< Ds(s,1) =f(z) — f(a) — f(T eta + sy + tz)(2—2). 
So for a turning point at (s,t) we must have that 


fy) -f@) _ f@)-s@) 


"(7 —~35—t = 
f(a S tx+ sy +tz) —— oer 


By a 4.1 Lemma 2, (f(y) — f(x))/(y—2) < (f(z) — f(z))/(z— 2). So Ds has no 
turning points in T and attains its minimum on the boundary of T. 

However on a side of T the problem reduces to the previous case; for instance 
when t = 0, D3(z, y, 2; 5,0) = Do(a, y;s). Hence D3 attains its minimum value of 
zero at the corners of T, the points (0,0), (0,1), (1,0), which proves (Js). 

Now it is clear that this argument easily extends to the general case. O 


Remark (i) Of course D2(s) is defined for all s € R for which (1— s)z+sy EI 
and the argument given above shows that Dé is strictly decreasing for all such s. 
This implies that D2 is negative outside (0, 1]; that is 


=0 ifs = 0,1; 
bats) | >0 if0<s<1,; 

<0 ifs<Oorl<s. 
So in the case n = 2, (Jz) only holds for positive weights. If n > 3 the situation is 
more interesting, see the Jensen-Steffensen inequality, see below 4.3 Theorem 20. 
More precisely if n = 2 then (~ J) holds if either s < 0 or s > 1, see Figure 1; in 
the case n = 3 (~J3) will hold if either (i) s+¢>1,t> 1, (ii) s+t>1,t <0, 
(iii) s+ ¢<0,t <0, or (iv) s+t¢<0,t>1. 


REMARK (ii) Proof (2), as well as other proofs, can be found in [PPT p.43; RV 
p.189|, [McShane; Mitrinovié & Mitrovié; Pop; Zajta]. Proof (iii) is in [Bullen 
1994b, 1998] See also [CE p.959; DI pp.129-141; EM5 pp.234-235]. 


REMARK (iii) It is immediate that (J) is equivalent to (1) and so to convexity. 


REMARK (iv) Another form of (~J) can be found in III 2.1 Theorem 1 Proof (iii). 
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A completely different proof of the equal weight case of (J) has been given in 
the interesting paper by Wellstein; [Wellstein]. Given an c > 0 define H,(c) as 
Hy(c) = {a; a € R" and 77, a; = nc}; further if p is an n-tuple define gq and q’ 
by gi = pi/(Pit+ Digi), 1<t<n, q’ =1—qQ, where p,,, = p,. Using this notation 
and that of 3.3 Example(i) we have the following result. 


THEOREM 13 If IJ is an interval in R and if f : I" 0 Hy(c) + R is continuous at c 
and for allt, 1 <i<n, f(a) > f(aP;) with equality if and only if aj4, = a; then 


f(a) > f(ce), 


with equality if and only if a is constant. 
CJ The proof depends on certain properties of doubly stochastic matrices. In 
particular, again using the notation of 3.3 Example(i) and that in Notations 7, 


jim P* = —J. Details can be found in the reference. | 
—00 Nn 


Taking p = e and f(a) = >> ;-1 9(ai), where g is convex this theorem gives a proof 


of the equal weight case of (J). 


As has been suggested (J) includes many of the classical inequalities as special 
cases, and many other inequalities are often a much disguised form of (J); see [He 


J K]. For instance we have the following. 
COROLLARY 14 If w is a positive n-tuple then 
n 
wi > lI w;*. 
i=1 
LJ Use the concavity of the logarithmic function. L] 


The following interesting refinement of (J) has been given in [Vasié & Mijalkovi¢]. 
Let I € TZ, an index set, we extend the notation introduced earlier, Notations 6(xi), 


by defining the following function on T: 
1 
F(w; I) = FU) = Dd wif (as) = Way (Fee) 
tEl how 
Using this notation Theorem 12 can be expressed as follows. 


If f is convex then F is non-negative, and if f strictly convex F is positive unless 


a is constant. 


In fact more is true, as the following theorem shows. 
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THEOREM 15 (a) If f is convex then F is super-additive as a function of I, that 
is if Ty, Le ET with hah = 0, 


P(i) + FU2) < Fh VU Ja). (6) 


If f is strictly convex then (6) is strict unless 


(b) If f is convex then F' is super-additive as a function of w, that is if u,v are 
n-tuples, then 

F(u;I)+ Fu; < Fut+y9;D) 
Oo (a) As remarked above (J) implies that F'(J; U Iz) > 0. In this inequality 


replace a; by 6; where 


1 re 
S- wja;,, Wie h, 
Wh fa 
b; = ; 
W > wja;, ift€ Io. 
Ip i€I2 


Then (6) is immediate and the case of equality follows from that for (J). 
(b) See [Dragomir, Pecarié & Persson]. O 
Since (6) gives a lower bound for F(J; U Iz) that is in general positive it ex- 


tends (J). This is made more precise in the following corollary. In the case 
I, = {1,2,...,k}, 1 <k <n let us write FU) = F(a; w; f) 


COROLLARY 16 If f is convex then 
Fy, (a; w; f) > Fr_1(a;w; f) >--- > Fo(a;w; f) > 0. (7) 


In particular F,,(a;w; f) > F(a; w; f), or more generally 


F(a; w; f) > max { wif) + wz f(a;) — (wi + ws) f (Per aes | } . (8) 
agty” : 


Ll (7) is an immediate consequence of (6) and the rest follows noting that 


F(I,) is unchanged if the elements of a and w are simultaneously permuted. O 


REMARK (v) Further extensive study of the function F' can be found in [Dragomir 
& Goh 1997al]. 


Another very simple lower bound for F,,(a;w; f) in the case of convex functions 


with continuous second derivatives is given in the following theorem; [Mercer A 
1998}. 
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THEOREM 17 If I is an interval in R on which f is convex, f € C(I), n > 2, w 
a positive n-tuple with W, = 1, a an n-tuple with elements in I then for some 


€, mina < € < maxa, 
1 2\ 
Fr (a; w; f) = 5Fn(a; wie") f° (€) 2 0, 
where 17(x) = 2”. 
1 n 
LJ Let @ = Ww S> w,a; then, by Taylor’s theorem, see 2.2 Footnote 2, for some 
” j=1 


€; between a; and a, f(a;) = f(@) + (a; — a) f’(@) + $ (a; — a)? f"(&), l<i<n. 


Multiplying by w; and summing over 2 gives 
1 Tr 
F(a; w; f) =5 Y> wi(as — 2)? f" (Gi) 
t=1 
i; nr 
=5(Dwilai — a)*) f"(€), mina<€<maxa, by the continuity of f”, 
41 


=5 Fala w; 7) f"(6). 
LO 


REMARK (vi) If in this theorem f is strictly convex then for some m > 0 we have 
that f” > m so that 


Se) —f (Fr Sm] 2 > So wi(ai — A)* >0, 
i=1 ae ok i=1 


giving an improvement for (J). 
Mitrinovié & Peéarié proved the following theorem; for a proof of a more general 
version see [PPT pp.90-91|. 


THEOREM 18 Let f be convex on the interval I, with A,B and r € R, r being in 
an interval J such that if x € I then both of ((1— A)z + Ar)A+ (1—A)(r —2)B 
and X(r — x)A+ (Ax + (1—A)r)B are in I. If 
g(x) = Af ((1 — A)w + Ar)A+(1 — A)(r — x)B) 
+ (1—A)f(A(r — ze) A+ (Av (1 —A)r)B), 
then g is convex and if xy > 0 and |z| < |y| then g(x) < g(y). 


Finally we give an extension of (J) due to Rooin, |Rooin 2001b]. 
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THEOREM 19 Let I be an interval in R on which f is convex and p be a matrix of 
affine functions, p;;(t) = (1 — thay + t8i;, 1 <i,7 <n, 0O<t< 1, with 


i=1 


mT Tr Tm mr 
7,04 20, 1S tj Sn,and ) ag =) ag= > Bye) Be =, 
j=l i=1 j=l 
and for a given n-tuple a with elements in I we define 
1 n n 
F(t) = =" DF (L Pis(as): 0<t<l. 
‘= j=1 


Then F is convex on (0, 1] and if w is a positive n-tuple, t an n-tuple with elements 
in (0, 1] 


f(— > 4) < F(5- > witi) = (ert) < — >> F(a) 
j=! 1=1 41 gay 


in particular 


REMARK (vii) The last inequality is a discrete version of the Hadamard-Hermite 


inequality, 4.1 Theorem 9. 


4.3 'THE JENSEN-STEFFENSEN INEQUALITY The inequality (J) is not generalized 
if we allow the weights w to be non-negative, with of course W, #4 0. For if k 
elements of w are zero, 0 < k < n then (J) becomes the same result but for an 
(n — k)-tuple; the case of equality when f is strictly convex has “all elements of 
a that have non-zero weights are equal” instead of “ a is constant”; we then will 
say that a is essentially constant as it is convenient to call the elements of a that 
have non-zero weights the essential elements of a for the given weights 

Also in the case n = 2 if we allow negative weights (J) does not hold, see 4.2 
Remark (i). However if n > 3 real weights are possible as the following extension 
of (J) due to Steffensen shows; see [DI p.142], |Steffensen, 1919]. 


THEOREM 20 [JENSEN-STEFFENSEN INEQUALITY] If J is an interval in R on which f 
Is convex and if a is a monotonic n-tuple, n > 2, with elements in I and if w is a 


real n-tuple satisfying 


Ea Da A eng, (9) 


Wr, 40, and0< w,* 


38 Chapter I 


then (J) holds; further if f is strictly convex (J) is strict unless a is essentially 


constant. 


REMARK (i) Condition (9) is equivalent to 


W, — W; | 
Oe eee 
We ct ae 


W, #0, andO< 
In addition there is no loss in generality is assuming W,, > 0 when (9) is equivalent 


to 


0<W;<W,, or to 0<W, -Wi<W,, 1<i<n. 


a In this proof we will assume, without loss in generality by Remark (i), that 
a is increasing. 
As some of the weights may now be zero or negative it is not as obvious as in 4.2 
i 
Theorem 12 that the left-hand side of (J) is well defined. However Ww S> Wa; = 
ve) 


1=1 
n—1 n 


W; 1 
An + » Ta and so by (9), and the hypothesis on a, a; < 7 eS Wa; < an, 
i=1 ” i 


11 


. i 
in particular then Ww e wa; EI. 


ae 
(4) The first proof is by inancuod on 7 so let us assume the result for all k, 3 < 
k <n, and assume without loss in generality that W,, > 0; this implies that 
W1,Wn > 0. Further if w > 0 the result reduces to (J) with a value of n the 
number of non-zero elements in w; so assume there is a k,1 < k < n, such that 


w; >0,1<i<k, and wz; < 0. Then: 


— = ee ee eee ey . ° — . . 
Ws wif (ai) =a Ce sa) +i D, wif (ai) (10) 
k-1 n 
Wre-1 ] 1 
> 4a4q t a} 5) 
2a (we Ls) +A mad, bw) 


k-1 
_ We-1 1 Wee 
pa Wr f Ce yw) W,, f (ax) 


W, 1 
+ fon) +a De msl). AD 


Now the coefficients Wz, Wr41,---,Wn Satisfy condition (9) and so we can apply 
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the induction hypothesis to the last two terms of (11) to get 

2 oe Sn 

Wr = 4 4j/ Wr Wr_1 ak) 
Mssayt s (Bagh $ onl) 


i=k+1 


Now the three coefficients Wy_1/Wn, —Wk_1/Wn, 1 also satisfy (9) and the result 
follows by the case n = 3. 

It remains to consider the case n = 3. In this case we can assume without loss 
in generality that W3 > 0,wi,w3 > 0,we < 0 and a, < a2 < az; all other cases 
either contradict (9) or reduce to (J) in the case n = 2. 


Consider then (10) and (11) with k = 2; there is no need to apply (J) so they are 
Wea + w3a3 


equal. Then, putting a = , we get that 
W3 
3 
j ee Wo f (a2) + w3f (as) 
Wig De WS (i) = — Fy (Nas) — flea) + 


~ Fe (@) - Fla)) +F@, by(D) 


3 
1 
Hence, putting a = Ws a WA; 


3 


me F (ax) —F(@) > —yp-(F(a2) — F(a) + F@ — F@ 
= ig (a)~f(@) — f(a2) — f(ar) 


W3 a-—@a a2 — a4 


>0, by 4.1 Lemma 2, since ag <a< az, anda, <@G < ag. 


This completes the proof of the case n = 3. 

(it) Proof (viii) of 4.2 Theorem 12, gives a particularly simple geometrical induction 
of the Jensen-Steffensen inequality. 

While Do(s), using the notation of that proof, is positive precisely on the interval 
]0, 1[, see 4.2 Remark (i), the function D3(s,t) is positive on a region larger than 
the interior of the triangle T. This is because D3 is continuous and positive on the 
whole of T except for the corners. 

Precisely D3 > 0 in the region bounded by the 0O-level curve of Dg that passes 
through the corners of T. The region bounded by the 0-level curve depends, in 
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general, on the values of z,y,z. Thus if x = y it is the strip 0 < t < 1, while if 
y=zitisthestripO<s+t< 1. 

The question to be taken up is to find, if possible, a region larger than T that 
does not depend on z,y,z, as I’ does not so depend, and on which D3 > 0. The 
region we are looking for is 9 = (Vy(o 9,2)-ncy<z} (St); Da(2, y, 2; 8,¢) > O}. If T is 
a proper subset of S then Jensen’s inequality will hold for certain negative values 
of the weights. This is just what Steffensen proved. 

It follows from the above that S is a subset of the parallelogram common to the 
two strips 0 <t<1and0<s+t< 1; that is the region: 


0<s+4+t<l, O<t<l. P 


Note that this parallelogram P, unlike the triangle T, is not symmetric with respect 
to the variables s,t and so the condition x < y < z used to prove Steffensen’s 
extension is necessary.. 

Since, as we have observed, D3 reduces to a D2 on each of the sides of T it 
follows from the observations made about D2, 4.2 Remarks (i), that D3 < 0 on 
the extensions of these sides; that is D3(s,t) < 0 if (i) t=O ands <Oors>1; 
(ii) s=Oandt<Oort>1 (iii) s+t=landt<Oort>1. 

In addition considerations of the partial derivatives of D3 at the corners of T show 
that D3 < 0 in the regions containing the external angles of T; that is the regions 
bounded by two rays on which we have just seen that Dg is negative. 


The tangent to the 0-level curve at the origin makes an angle 6; with the positive 
0D3/0s (0,0) _ _ (y— 2) (Fe) — f'(2)) 


~ OD3/0t (0,0) (2-2) (F(a) — f"(x))’ 
r<ce<y,x2<d< _z; asa result we have that —1 < tan@, < 0. This implies that 


s-axis where tan6, = here as below 


the line s + t = O crosses the O-level curve at the origin, being on the side of T 


when s < 0. 
Similarly the tangent to the 0-level curve at the (0, 1) makes an angle 02 with the 


(y— x) (f'(c) — f(z) 


positive s-axis where tan 92. = —-——_——-—___.—, ,,, and so —1 < tan@2_ < 0. 
(z — 2) (f'(@) — f’(z)) 

This implies that the line s + t = 0 crosses the 0-level curve at this point, being 

above the curve when s < 0. 

A similar discussion at the point (1,0) leads to an angle with a tangent that is 


sometimes positive and sometimes negative depending on the values of z, y, z, since 
(y — x) (f'(e) — f(y) 
(z — x) (f(a) — f’(y)) 


and so as is to be expected this corner is of no interest to us. 


there we have, with the obvious notation that tan@3 = — 


At the first two corners we have locally that D3 is positive on the sides of P. 


We now show that in fact Dg is positive on these two sides of P. 
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Put $(s) = Ds3(s,1) when ¢'(s) = f(y) — f(x) — f’(-sx + sy + z)(y — x) and 
¢"(s) = —f" (—sxz + sy +z)(y —2)*. So ¢ is concave, zero at s = 0, with a unique 
maximum at so < 0, where —sox + soy + z is a mean-value point of f on |a, y]. 
Now consider y(s) = D3(s,—s). A similar argument shows that is concave, zero 
at s = 0 with a unique maximum at s; < 0 where x + s ,y — 81z is a mean-value 
point of f on [y, 2] 


So finally consider 


D3(—1,1)=f(@)—f(y)+f(z)-fla@—-yt+z) = (F(x) — Fle + h))—-(F(y) — Fy +A), 


where h = z — y. Hence by the convexity of f, we get that D3(—1,1) > 0. 
So D3 is positive on the sides of P except at the corners of T and so by the general 
properties of D3 we have that Dg > 0 on P, being zero only at the corners of T ; 
in addition D3 attains its maximum value on one of the sides of P. 
In particular we have, on rewriting the inequalities that define P, that ifa<y<z 
then (J3) holds, if 

O0<1-—s-t<1,0<1-¢<1l, 


with equality only if x = y = z. This is Steffensen’s extension of Jensen’s inequality 
in the case n = 3. 

Since, as we have seen, there is no Steffensen extension in the case n = 2, the 
preceding result is the first step in an inductive proof of the Steffensen theorem. 
As a result, to see how the induction proceeds we will consider the case n = 4. 


Here the function to look at is, 


D4(w, 2, y, 2; 8,t,u) = Da(s,t,u) = (1-s —t —u) f(w) + sf(w) + tf(y) + uf(z) 
—~f(l—s—t—uwt+sr+ty+uz), 


with w<a<y<zand 
0<s+t4+u<l, 0<ttiu<l, 0<u<l. S 


As before the function D4, attains both its maximum and minimum values on S on 
the boundary of S. Unlike the case of T’, and its higher dimensional analogues, the 
fundamental simplices, the restriction of D4 to a face of S does not immediately 
reduce to a case of the Steffensen inequality for a lower value of n. However as we 
will see, it is possible on each face to make this reduction in at most two steps. 
There are six cases to consider: 

(I)u=0; (D)u=1; (I) t+u = 0; (IV) t+u=1; (V)s+t+u=0; (VI) s+t+u= 
1. 
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Case (I) Here a simple reduction occurs: D4(w,2z, y, z;s,t,0) = D3(w,z,y;8,t), 
andO0<s+t<1,0<t<1. Soon this face Ds > 0 by the caseen=3. 

Case (II) In this case 0 < —s —t < 1, 0 < —t < 1 and we have to show that 
Da(w, 2, y, 2; 8,t, 1) > 0. Now, 


(—s —t) f(w)+sf(x) +tf(y) + f(z) 
=(—s —t)f(w) + (s+ t) f(x) — tf(x) +tfy) + f(z), 
>(—s —t)f(w)+(s+t)f(x) + f(-ta + ty+ z), by the casen = 3, 
>f (—s—tw +s+tax+ [-ta + ty + 2]) , by the case ,n = 3, 
=f (-s—twtsr+ty+z), 
which gives this case. 
Case (III) Here 0 < s < 1, 0 < —t < 1 and we consider D,(w, 2, y, z; s,t, —t). 
Now 
(1 —s)f(w) + sf(z) +tf(y)-tf(z) = f—sw+ sx) +tf(y) —tf(z), by (Je), 
>f(i—sw+sz|+ty—tz), by the case n = 3, 
=f(l—sw4saz-+ty — tz). 
So D4(w, 2, y, z;8,t, -t) > 0. 
Case (IV) Now 0 < —s <1, O0<t <1 and we must prove D4(w, 2, y, 2; 8, t, 1—t) > 
0. Now, 
—sf(w) + sf(x) +tf(y)+(1 — t) f(z) 
> —sf(w)+sf(x) + f(ty+1—tz), by (Ja), 
>f(—sw + sx + [ty) +1—t2]), by the case n = 3, 


which gives this case. 
Case (V) Here 0 < —s <1,0<—s—t<1land 


f(w) + sf(@)+tf(y) + (-s — )F(2) 

=f(w) + sf(x) — sf(y) + (s+ t) fly) + (-s — t) f(z), 
>f(w+ sx — sy) +(s+t)f(y) + (—s — t)f(z), by the case n = 3, 
>f([w + sx — sy] +s+ty+—s—tz), by the casen=3, | 
=f(w+ sx —sy+ty+—s—tz), 

which shows that D4(w, x, y, 2;s,t, -s —t) > 0. 

Case (VI) Like Case (I) this case reduces directly to a case where n = 3 as 

Da(w,z,y,z;1-t—u,t,u) is just D3(z,y,z;t,u) andO<t+u<1,0<u<1. 
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These arguments can be extended to higher values of n 
KJ 


REMARK (ii) The above inductive proof and the geometric proof are due to Bullen, 
[Bullen 1970a, 1998]. ‘The geometric proof shows that the domain of weights 
defined by (9) is best possible. 


REMARK (iii) Note that as the domain defined by (9) is not invariant under 
permutations of the order so that the condition that a be monotone is necessary; 


see the comment in proof (72). 


REMARK (iv) <A different proof can be found in [MT] ; see also [PPT p.57], [Lovera; 
Magnus; Peéarié 1981b, 1984a, 1985a]. 


REMARK (v) It was shown in the proof of the last theorem that condition (9) on 


ee ae Le ice 
the weights implies that if a in increasing then W So wig; lies in the interval 
" j=1 
[a1,@,]. The converse is also true as choosing for a the n-tuples (—1,0,...,0), 


(G10. 0) ag SU Sioa 0) Ect 1) showe: 


REMARK (vi) For an application of the argument in proof (77) see II 5.8 Remark 


(v). 


4.4 REVERSE AND CONVERSE JENSEN INEQUALITIES We have seen in 4.2 Re- 
mark (i) when (~ Jo) or (~ J3) holds. Various reverse inequalities have been 


proved for general n; we just mention two of these. 


THEOREM 21 [REVERSE JENSEN] If J is an interval in R on which f is convex, if 

n > 2, w areal n-tuple, with W, > 0, wi > 0,w; < 0,2 <i<n, a an n-tuple 
1 n 

with elements in I and with G@ = We. So wias € I then (~J) holds. If f is strictly 


” ji=1 


convex then (~J) is strict unless a is constant. 
O This is a particular case of 4.2 Theorem 1; use the n-tuple (@, a2,..., an), 
and weights (W,,, —we,...,—Wn). 

a 


REMARK (i) This is is given in [PPT p.83], [Vasié & Peéarié 1979a]; these authors 
have given similar reversals for 4.2 Theorem 15 and 4.2 Corollary 16. A special 
case of this result is that of the inequality between the pseudo-arithmetic and 
pseudo-geometric means discussed in II 5.8, and a related topic is the Aczél-Lorentz 
inequality, III 2.5.7. 
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THEOREM 22 [REVERSE JENSEN-STEFFENSEN] Let a,I,n, be as in Theorem 21 with w 
a real n-tuple with W,, > 0. Then (~J) holds for all functions f convex on I and 
for every monotonic a if and only if for some m,1 <m<n,W, <0,1<k<m 
and W, -W;, <0,m<k<n. 


0 See [PPT pp.83-84], |PeGarié 1981a, 1984b]. O 


The following upper bound for the right-hand side of (J) was proved in [Lah & 
Ribarié] but the proof given is in |[Beesack & Peéari¢]; see also [PPT p.98], |Peéari¢ 
1990b]. 


THEOREM 23 If f is convex on the interval I = [a,b| and a and n-tuple with 


elements in I, and w a positive n-tuple, and if @ is as in Theorem 21 then 


o> wif (ai) < 


The right-hand side of (12) increases, respectively decreases, as a function of b, 


(12) 


respectively a. In addition if f is strictly convex, there is equality in (12) if and 


only if a is constant. 


Ol From 4.1 (2) we have that f(a;) <7 
clearly implies (12). 


—f (a) + 


),1<i<n. This 


The case of equality is easily deduced and the monotonicity follows by writing the 
pacuan menyIOESIC on fO=L0), 

right-hand side of (12) as f(a) + (@ — a) —~———— or f(b) — (8 — @) ——— 

and using 4.1 (3). A 


It should be noted that (J) and Theorem 23 can be interpreted as follows,’° see 
[Lob]: 


THEOREM 24 If f is convex on the interval I = |a,6|, a an n-tuple with elements 
in I, and w a positive n-tuple then the centroid G of the points (ai, f (a;)) with 
weights w;,1 <i <n, (@,@), lies above the graph of f and below the chord AB 
where A = (a, f(a)),B = (6, f()); further if f is strictly convex and a is not 


constant these inclusions are strict. 


This simple geometric fact has been used by Mitrinovic & Vasié to obtain an 
extension of (J); see [Mitrinovié & Vasié 1975]. Interesting comments on the 
history of this method of proof, the so-called centroid method, can be found in 
an earlier paper, |[Mitrinovié & Vasié 1974]; see also |MPF pp.681-695], |Aczél & 
Feny6 1948a; Beesack 1983; Beesack & Peéaric]. 


ue The centroid of the points a,,...,a, is (a,+-:-a,)/k; the centroid of the points a,,...,a, with weights 


W1,..-,Wk, Where wj>0,1<j<k, is (wia,+---wra,)/Wer. In particular a=W ar wif (az). 
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THEOREM 25 [CONVERSE JENSEN INEQUALITY] If J = [a,b], and if the function f is 
positive, strictly convex and twice differentiable on I, a an n-tuple with elements 


in I,n > 2, and w a positive n-tuple then 


= > wif (ai) <Af (Fe ym] (13) 


where if 
b= Gy. L= A ths es Ait) ~ of) 


then A is the unique solution of the equation 


? 


by py | 
FOO a SO) es: (14) 


L] Noting by Theorem 4.1 Theorem 4(d) that if f is convex so is 


Figure 2 


g = Af, > 0, choose A so that the graph of g touches AB. Then AB lies below 
the graph of g as also does the centroid G; see Figure 2. 

This gives (13), except for the determination of 4. 

The equation of AB is y = wx + vy and this line is tangent to y = g(x) = Af (a) if 
Af (x) = px +v and Af’ (x) = p. 

Solving these two equations for x leads to the equation F(x) = 0 where F(z) = 
uf (x) — f'(x)(ux +v). The graph of F' cuts the axis in exactly one point in J 
since F'(a)F(b) < 0, and F is strictly decreasing. Hence there is a unique \ that 
is given by (14). D 


REMARK (ii) There is equality in (13) if and only if the point of contact of y = g(x) 
with AB coincides with the centroid G. Now for G to lie on AB is is both necessary 
and sufficient that there is an S C {1,2,...,n} such that a; = b,i € S,a; =a,i ¢ 


S. If then = So wi = 6 there is equality if and only if f (b0 +a(1— 0)) = 
nm 


f()0 + (1-8) f(a). 
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Using the curves y = y+ f(x) Mitrinovié & Vasié have used the centroid method 


to obtain the following converse inequality, |Mitrinovié & Vasié 1975]. 


THEOREM 26 Under the same conditions and notations as in Theorem 25 


1 i 
117 j i) <S Tay a47 | 5 i 
ire Sette) <7 4S (spe oes (15) 
where 1 = pb(u) + v — fo (1). 
REMARK (iii) Similar considerations to those in Remark (ii) can be used to obtain 


the cases of equality in (15). 


REMARK (iv) A particularly simple application of this method is Doéev’s inequal- 
ity, I] 4.2 Theorem 4. 


Pecari¢é & Beesack have noted that Theorem 23 can be used to generalize Theorems 
25 and 26. 


THEOREM 27 Let I, f,a,a,w be as in Theorem 23, and let J be an interval con- 


taining the range of f, F : J? +> R increasing in the first variable, then 


F (Ge Delon To) <max{F (F==s@) +F=210)), s@}. 06) 


The right-hand side of (16) is an increasing function of b, and a decreasing function 


of a. 


REMARK (v) Theorems 25 and 26 can be obtained from Theorem 27 by taking 
F(z,y) =x/y, x — y respectively. 
The second proof of Jensen’s inequality, 4.2 Theorem 12 proof (7), gives a natural 


proof of a converse of (J); [Bullen 1998]. 


THEOREM 28 [CONVERSE JENSEN INEQUALITY] If f : [a,b| +> R is twice differentiable 


with f” > 0 and if on every subinterval there is a a point where f"” > 0 then 


1 nm 1 nm 
Wi, 2 wif (as)— Fa, Lima) 7) 
< (1 —to) f(a) + tof(b) — f(1—toa+ tod), 


where a,b are, respectively the smallest and the largest of the a; with associated 
non-zero w;, and where 1 — tp a+tob is the mean-value point for f on |a,b|. There 


is equality in (17) only if either all the a is essentially constant or if all the w; are 
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zero except those associated with a and b, and then these have weights 1 — to, to 


respectively. 


O From 4.1 Theorem 6(b) f is strictly convex on [a,b]. For the rest of the 
proof we use the notations of 4.2 Theorem 12 proof (12). 

Clearly the argument in that proof shows that Do(s) attains a unique maximum 
at s = 89, so that Do(s) < Deo(so) with equality only if s = sp. Soif0<s <1, 


0<(1-s)f(a) + 5fly) — f(T 82+ sy) 
< (1 — so) f(x) + sof(y) — f(1 = soz + soy) 


with equality on the left, (J2), only if z = y , or on the right, a converse of (Jo), 
if =y or if s = so. Since D4(s) = f(y) — f(z) —- (y—a)f'(1—sa+ sy) and 
D2(so) = 0 we see that 1 — so x + soy is the mean-value point of f on [a,b]. This 
gives (17) in the case n = 2. 

Similarly the argument in the same proof shows that D3(s) attains its maximum 
value on the boundary of 7’, and not at the corners where it attains its minimum 
value, 0. As pointed out in that proof on each edge of 7’ the problem reduces 
to a case of n = 2. So from the above Dz has a local maximum on each edges 
and the question is, which is the largest of the three? If 0 < s < 1 and we 
considerD2 as a function of x then D(x) = (1 — s)(f’(x) — f/(1—saz+sy)), 
which is negative; while if we consider D2 as a function of y then Di(y) = 
s(f'(y) — f'(1— sa + sy)), which is positive. Hence if a’ < ¢ <y < y’ with 
not both 2’ = a and y’ = y then Do(2’,y’;s) > Da(z,y;s), O< s < 1; in 
particular the maximum value of Do(z’,y’;s) is larger than that of Do(z, y;s). 
Hence the maximum of D3 occurs at (0,to) where 1 — tg x+1toz is the mean-value 
point for f on [x, z], since we have taken x = min{z, y,z},z = max{z, y, z}; that 


isifO<s<1lil<t<1,0<s+t<1 then 
(1—s—t)f(x) + sf(y) +¢tf(z) — f(1—s—ta+t sy+ tz) 
<(1 — to) f(z) + tof(z) — f(1—to x + toz), 
with equality only if s = y = z, or s = 0,t =to. This gives (17) in the case n = 3. 
Clearly the method extends readily to general n. LJ 


REMARK (vi) (J), as well as a converse of Giaccardi, |Giaccardi 1955], have been 
used by several authors to obtain bounds for various functions; see for instance 
[Afuwape & Imoru; Keckié & Vasi¢]. 


REMARK (vii) For a different kind of converse to (J) due to Slater see [PPT pp.63]; 
[Slater]. 
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REMARK (viii) Inequality (J) and its converse have been objects of much re- 
cent study. Interesting generalizations can be found in [DI pp.139-142; MPF 
pp.1-20; PPT pp.48-106|, |Peéaric|, where there are further references and many 
details, and in [Abou-Tair & Sulaiman 1998; Alzer 1991g; Barlow, Marshall & 
Proschan; Dragomir 1989a,b, 1991, 1992a, 1994a, 1995b; Dragomir & Goh 1996; 
Dragomir & Ionescu 1994; Dragomir & Milosevié 1992, 1994; Dragomir & Toader; 
Dragomirescu 1989, 1992a,b, 1994; Dragomirescu & Constantin 1990, 1991; Fu, 
Bao, Zhang Z & Zhang Y; Gatti 1956a; Imoru 1974a, 1975; Lin Y; Marshall & 
Proschan; Mitrinovié & Peéarié 1987; Mond & Peéarié 1993; Needham; Nishi; 
Peéarié 1979, 1987c, 1990a, 1991la,b; Pecarié & Andrica; Peéarié & Beesack 1986, 
1987; Pecarié & Dragomir 1989; Petrovic; Pittenger 1990; Rusinov; Schaumberger 
& Kabak 1989,1991; Sirotkina; Takahasi, Tsukuda, Tanahashi & Ogiwara; Vasié 
& Peéarié 1979c; Vasié & Stankovié 1973, 1976; Vincze I}. 


4.5 OTHER FORMS OF CONVEXITY 
4.5.1 MID-POINT CONVEXITY 


DEFINITION 29 If J is an interval in R then f : I ++ R is said to be mid-point 


convex, or J-convex, on J if for all x,y € J, 


(#5) BEA (18) 


REMARK (i) Since (18) is easily seen to imply (1) for a dense subset of X it is 
immediate that a continuous mid-point convex function is convex; the converse 
is false, see [RV p.216|. However very mild restrictions on a mid-point convex 


function do imply its convexity; see [RV p. 215].+? 


THEOREM 30 If f is mid-point convex on I and bounded at one point of I then it 


is convex. 


4.5.2 LOG-CONVEXITY 


DEFINITION 31 If TJ is an interval in R, then a function f : I ++ R% is said to be 


log-convex or multiplicatively convex on I if logof is convex, or, equivalently if 
for all x,y € I and all A,0O<A< 1, 


f(A t+1—dy) < f(a) fi (y). 


EXAMPLE (i) The function z!,x2 > —1, is strictly log-con vex; see [Artin]. 


11 See Notations 9. 
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LEMMA 32 (a) A log-convex function is convex 
(b) If f > 0 then f is log-convex if and only if g(x) = e°* f(x) is convex for all 
aeER. 


O (a) This is an immediate consequence of 4.1 Theorem 4(f). 
(b) See [AT p.19]. 0 


EXAMPLE (ii) The converse of (a) is false as f(x) = 23/2, x > 0, shows. 
REMARK (i) See also [DI p.163; RV pp.18-19], [Artin pp.7-14]. 
4.5.3 A FUNCTION CONVEX WITH RESPECT TO ANOTHER FUNCTION 


DEFINITION 33 If J C R is an interval and f,g : I ++ R are continuous, and g 
strictly monotonic, J = g{I], also an interval, then f is said to be (strictly) convex 
with respect to g if any of the following equivalent statements hold: 

(a) fog”? is (strictly) convex; 

(b) for some function k (strictly) convex on J, f =kog; 

(c) the curve x = g(t), y= f(t), t € I, is (strictly) convex. 


REMARK (i) Note that the curve in (c) is actually a graph; see 4.2 Remark (ii). 


REMARK (ii) This idea is a convenient way of expressing a property that occurs 
naturally; see [HLP p.75|, [Cargo 1965; Mikusitiski]. 


EXAMPLE (i) In this terminology f is log-convex if and only if log is convex with 
respect to f~+; or in the terminology of the 4.5.2 Definition 31 we could say f is 


1 


convex with respect to g as g~ is f-convex. 


EXAMPLE (ii) ff is convex if and only if it is convex with respect to a non-constant 


affine function; see 4.1 Remark (viii). 


EXAMPLE (iii) f is convex with respect to g on J if and only if for all 7;,1 <7 < 8, 


three points of I with 11 < x2 < 2&3, 


This is a natural extension of 4.1 (2**). 
Although the conditions for f to be convex with respect to g follow from conditions 
for convexity the following condition has been obtained by Mikusinski, and in a 


different way by Cargo. 
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THEOREM 34 Ifg € C?(J), and f € C?(J), where I, J are as in Definition 33, and 
if f’,g’ are never zero then a sufficient condition for f to be convex with respect 


to g is that 


REMARK (iii) A geometric interpretation of this property is given in |[Mikusiriski]. 
If f is convex with respect to g on J = [a,b], g strictly increasing, and f(a) = g(a), 
f(b) = g(b) then f(x) < g(x), a < x < 0; see IV 2 Corollary 8. This extends the 
property of convex functions in 4.1 Remark (iii); see also [RV pp.240-246]. 


1 


EXAMPLE (iv) It is easy to check that log x is convex with respect to 1 —x~* and 


using the previous remark this implies the left-hand side of 2.2 (9). 


4.6 CONVEX FUNCTIONS OF SEVERAL VARIABLES ‘To extend the concept of 
convex function to higher dimensions we need to make the nature of its domain 


more precise. 


DEFINITION 35 (a) A set U C R", n > 1, is said to be convex ifa € U andbec U 
implies that (1—A)a+ Abe U for allX,O<A<1. 
(b) IfU CR", n > 1, then the convex hull of A is the smallest convex set that 


contains A. 


EXAMPLE (i) If U is a finite set U = {a,,...a,}, say, then the convex hull is the 
set {a3 z= yo wia;, w > 0, W, = 1}, the set of all convex combinations of the 


points of U. 
EXAMPLE (ii) In R a set is convex if and only if it is an interval. 


EXAMPLE (ili) If f : J +» R then f is convex if and only if the set E C R’, 
E = {(2,y);2 € I,y > f(x)} is convex. This set is called the epigraph of f, 
and the definition easily extends to real-valued functions defined on subsets of 
IR 2 2: 


By replacing the interval J in R by a convex set U in R",n > 2, and the points 
x,y of I by points u,v of U we can easily extend 4.1 Definition 1 to functions 
f :U —R, and 4.5.2 Definition 31 to functions f : U — R4; [DI p.63|. Jensen’s 
inequality, 4.2 Theorem 12, and ‘Theorem 18 extend to this situation with the same 
proofs, and 4.1 Theorem 4(a), (b) is valid in the following form; see [RV pp.93, 
116-117); and 4.5.1 Theorem 30 has a natural extension. 
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THEOREM 36 If f : U ++ R is convex on the open convex set U in R",n > 2, then 
f is Lipschitz on every compact subset of U and has first order partial derivatives 


almost everywhere that are continuous on the sets where they exist. 


There is no single criterion for investigating the convexity of functions of several 
variables. It is therefore useful to define some ideas that will help in special 


situations, and to list several criteria for convexity. 


DEFINITION 37 (a) A set U in R” is called a cone if u € U implies that for all 
A > 0, we have Au € U. 

(b) A function f defined on a cone is homogeneous of degree a if for all A > 0 we 
have f(Mu) = r%F(w). 

(c) If f is twice differentiable the matrix H = (fj; )1<i,j<n is called the Hessian 
matrix of f. 


(d) The directional derivative of f at up in the direction v is 


when the limit exists. 
ReMARK (i) A function f that is homogeneous of degree 1 is just said to be 
homogeneous. 


REMARK (ii) If f is homogeneous of degree a and is differentiable then the partial 
derivatives of f are homogeneous of degree a — 1 and we have the Euler’s theorem 


on homogeneous functions : uif;(u) +--:+ Unf), (u) = af(u). 
EXAMPLE (iv) The sets R%, (R4)” are cones. 


EXAMPLE (v) If f is differentiable at uy, then 


f'. (ug; v) = VF (uo).v. 


THEOREM 38 A homogeneous function is convex on the cone U if and only if for 
allu,v € U, 


f(ut+v) < flu) + flv), (19) 
and is strictly convex if and only if (19) holds strictly for all u,v € U,u & v. 


THEOREM 39 If f is convex on the open convex set U then f', (ug; u— Ug) exists 


and 
f(u) > f(uo) + fi. (uo; u — Uo). (20) 
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If f is strictly convex and homogeneous then there is equality in (20) if and only 
if U~ Up. 
Conversely if f is differentiable on U and (20) holds, strictly, for all ug,u € U then 


f is convex, strictly convex. 


THEOREM 40 (a) A function is convex if and only if its epigraph is a convex set. 
(b) If f and g are convex, strictly convex, then so is af + (§g for all a, B > 0. 

(c) If fa,a € A, is a family of functions convex on U then f = supye, is convex 
on {u; u € U, f(u) < co} 

(d) If f is convex and monotone in each variable on the parallelepiped m <u < M, 
and if each function g;, 1 <1< n, is convex if f increasing for the ith variable, 
and concave if f is decreasing for the 1th variable, and ifm; < 9g; < Mj, 1<i<n, 
then f(g1,.--9n) is convex. 

(e) If f is convex, strictly convex, and homogeneous of degree a, a > 1, and 
positive except possibly at the origin then f'/% is convex, strictly convex, and 
homogeneous. 

(f) Suppose that f is a homogeneous function on a cone in the set {a; a, > 0} and 
convex as a function of (u1,...,Un—1,1) then f is convex. 

(g) Let f € C?(U), U an open convex set in R",n > 2. A function f is convex 
on U if and only if the Hessian matrix H of f is negative semi-definite; if H is 


positive definite on U then f is strictly convex. 


Proofs of the Theorems 38-40 can be found in the standard references; [RV pp. 
94-95, 98, 103, 117], |Rockafellar pp.28-27, 30, 32-40, 218-214], |Soloviov}. 


REMARK (iii) It is easy to state an analogous result for concave, strictly concave, 


functions. 
/} /t 


REMARK (iv) If nm = 2 then H = ( a ‘ae and it is non-negative definite if 
12 22 


and only if 
t, > 0, [or fg > 0], and fi foo — AF > 0; (21) 


H is positive definite if the inequalities (21) are strict; see [HLP pp.80-81]. 


The following examples are important for later applications. 


EXAMPLE (vi) Let w € (R*.)" and p > 1 then ¢(a) = )>\_, wia? is strictly convex 
on (R4_)”. This follows from the strict convexity of f(z) = z?, « > 0, p > 1, and 
Theorem 40 (b). 


EXAMPLE (vii) If w and p are as in then previous example then y(a) = ¢1/?(a) = 
(So yar) UP ig strictly convex on (R%_)”. This follows from Example (vi) and 


Theorem 40 (e) since ¢ is homogeneous of degree p.. 
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EXAMPLE (viii) If w is as in then previous examples then x(a) = [[j_, awl Wn) 
is concave on (R*_)”, strictly ifn > 1. The concavity is trivial if mn = 1 so suppose 


that we have concavity for n — 1 and write 


x(a) = aler/Mn) (TT q(es/Wa-n) 


t=) 


oe (22) 


Now g(x) = givn/Wn) ¢ > 0 is strictly concave, by the induction hypothesis 


5 (eae asad) Wa 


is concave, and h(x) = 2-1/Wn is strictly concave. By Theo- 


rem 40 (d) the second term on the right-hand side of (22) is strictly concave. So 
using Theorem 40(f) x is strictly concave on A; see also |Rockafellar pp. 27-28). 


EXAMPLE (ix) A further example of a concave function is p(a!/™), where p is a 


polynomial that is homogeneous of degree m; see III 2.1 Remark (iii). 


Inequality (20) can be extended in the case of homogeneous convex functions to 


the following inequality that is called the support inequality; [Soloviov]. 


THEOREM 41 [Support INEQquALITY] If f is a convex homogeneous function of the 
cone U then for all u,v € U, 


fm) = Aww); (23) 
if f is strictly convex then there is equality in (23) if and only ifu~ v. 
LJ First note that 


flu+rA(u—v)) >f(u+Au) — f(Av), by convexity, 
=f(vu+ Au) —Af(v), by homogeneity. 


So 


—0+ a 
A—0+ nN 


=fi.(u;u) — f(v). 
Then (23) follows from (20). 
The case of equality follows from that in Theorem 39. L 


REMARK (v)_ If f is concave then (~23) holds. Further if f is differentiable then 
(23) is just 
f(u) = VF(v)-u. (24) 
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4.7 HIGHER ORDER CONVEXITY Let a;,0 <i< n,n > 0, be (n+ 1) distinct 


points from the real interval J then if f : J +» R the n-th divided difference of f 


at these points is +” 


(ee ieatre |e pore ea ’ 


where w(x) = w,(x; a) = [];_,(z — ai). 


REMARK (i) It is worth noting that 


an an ae 
det : 
1 1 1 
[a; Dn i. ar an an ) (25) 
_ a ar qa 
€ : 
1 1 it 


see for instance [Popoviciu 1934al]. 


EXAMPLE (i) 


ain f(ai) — F{ao) 


a1 — ao 


f (ao) f (a1) f (a2) 


(ao my a1)(ao a2) (ay = a2) (ay = ao) (ag ae ao) (a2 = a1) 


(a; fle = 


REMARK (ii) The last expression shows that the left-hand side of 4.1(2*) is just 


[v1, £2, 2X3; fla. 


EXAMPLE (ii) If f(a) = 2?,p = —1,0,1,2,... then 


0, if pp =0,1...,n—1; 
[a; fn Be Ss (ah at as ifp=nt+1,n4+2,...; 


kot: +tkn=p—-—n 
(—1)" 


i pL, 
Q9Q1.-.AaAn 
See | Milne-Thomson pp.7-8]. 


12 Note that in this context a is an (n+1)-tuple. 
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LEMMA 42 (a) 


[ao, a1, a2; fgl2 = g(ao) (ao, a1, a2; fl2 + [a1, a2; f]1[a0, a1; gli + f (a3) (a0, a1, a3; gle 


(b) ifn > 1 then 


An — ao 


[a; fJn = (0; fln—1 — fan; f]n—1 (26) 
C Simple calculations prove these identities. CO 


REMARK (iii) If f and g have second order derivatives then on taking limits the 
identity in (a) reduces to (fg)” = gf’ + 2f'9' + fg”. 

The definition of [ag,..., @n; f] can be extended to allow for certain of the points to 
coalesce, the so-called confluent divided difference, provided we assume sufficient 
differentiability properties for f so as to allow the various limits to exist. Ifn;+1 


of the elements of the n-tuple a are equal to a;, 0 <7 <m, then 


1 Qnot-nm 


[a; f] 


= anon AL (20 + + + 1 Om; 
‘’ ol... Tm! Daas. PRG. oF 5) ane Re 


EXAMPLE (iii) For instance it can easily be checked that 


[a, a,b, b; f] Gap | 


See [Milne-Thomson pp.12-19]|; [Horwitz 1995]. 


DEFINITION 43 If J is a real interval then f : I ++ R is said to be n-convex on J, 
n > 0, if for all choices of (n+ 1) distinct points from I. 


la; f\n 2 U: (27) 


If instead (~27) holds we say that f is n-concave on I. Further if (27), respectively 
(~27), is always strict we say that f is strictly n-convex, respectively strictly n- 


CONnCave. 


REMARK (iv) If n = 2 then, by Remark (ii), Definition 42 is equivalent to 4.1 
Definition 1 so 2-convex functions are just convex functions. Also from Example 
(i) 1-convex functions are just increasing functions; and, since [a; flo = f(@o), 


0-convex functions are just non-negative functions. 
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THEOREM 44 (a) A function is both n-convex and n-concave if and only if it is a 
polynomial of degree at most (n — 1). 
(b) A function f is n-convex, n > 2 if and only if f‘"~) exists and is convex. 


C] A proof of this theorem together with many other details can be found in 
[Aumann & Haupt pp.271-291]. O 


REMARK (v) In particular if f is n-convex, n > 2, and if0 <k<n-—2 then f‘*) 


is (n — k)-convex; aie exist, are increasing and port < fv a) 


Lemma 45 (a) If f(™) > 0 on the interval I then f is n-convex on I, and if every 
subinterval of I contains a point where f‘™ > 0 then f if strictly n-convex on J. 
(b) If f is n-convex, n > 2, and if a,b are n-tuples with distinct elements and such 
that a < b then 

[as Mn—1 S [8 fln—1; 


when f is strictly n-convex this inequality is strict. 

(c) If f is n-convex, n > 2, it is strictly n-convex unless on some sub-interval f is 
a polynomial of degree at most (n — 1). 

(d) If f is a polynomial of degree at least n and if f(™ > 0, then f is strictly 
n-convex. 

(e) If for all h # 0 small enough and all x,a < x < b, we have for a bounded 
function f that 


[c,a+h,...,0+nh: fn = aa LY i" “(Os f(x+ih) > 


then f is n-convex on |a,b|. If the inequality is always strict then f is strictly 


n-convex on |a, DI. 


0 (a) This follows from Theorem 44(b) and the case n = 2, 4.1 Theorem 6(b); 
[Bullen 1971al. 

(b) This is a consequence of (26); see [Bullen 1971al]. 

(c) and (d) follow from (b) and Theorem 44(a); [Bullen & Mukhopadhyay p.314]. 
(e) Since f is bounded then it is continuous, |RV p.239]|, and for the rest see 
[Popoviciu pp.48-49]. O 


EXAMPLE (iv) Using Lemma 45(a) we easily see that e” is strictly n-convex for 


all n, and log x is strictly n-convex if n is odd, and strictly n-concave if n is even, 
EXAMPLE (v) Similarly x", x > 0, is strictly n-convex if sign ( |]? oe (r —i)) =1. 
In particular this function is 3-convex if r > 2 or 0 < r < 1, and is strictly 


3-concave if 1 <r<2orr <0. 
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REMARK (vi) The property in (b) generalizes 4.1 (3). 


REMARK (vii) The property in (e) generalizes J-convexity, 4.5.1, and a function 
with this property is said to be n-convex (J), or weakly n-convex. Part (e) extends 
4.5.1 Theorem 30. 


REMARK (viii) An extensive study of higher order convexity can be found in 
[Popoviciu]; see also [DI pp.190-191; PPT pp.15-17; RV pp.2387-240). 


4.8 SCHUR CONVEXITY 


DEFINITION 46 A function f : I" ++ R, where I is an open interval in R,, is said 


to be Schur convex on I” if for alla,b EI”, 
b<a==> f(0) < f(a); (28) 


if the inequality is always strict when b < a and a is not a permutation of b then 


f is said to be strictly Schur convex on J”. 


ReMaARK (i) If —f is Schur convex, strictly Schur convex, on J” then f is said to 


be Schur concave, strictly Schur concave on J”. 


REMARK (ii) In proving Schur convexity we can often assume that n = 2. This 
follows from 3.3 Lemma 13; see [MO p.58]. 


Lema 47 (a) If f is Schur convex on I" then it is symmetric. 

(b) If fi, 1 <4 <™m, are all Schur convex on I” and h: R™ + R is increasing in 
each variable then h(fi,..., fm) is Schur convex on I”. 

(c) In particular with the assumptions in (b) min{f,,..., fm}, max{fi,..., fm}, 
and [|;_., f; are Schur convex on I". 

(d) If f is Schur convex and increasing, in each variable, on I" and ifg: Rt I is 


convex then f(g(a1), ...,g(@n)) is f is Schur convex on I” 
LJ All the proofs are straightforward; see [MO pp.60-63| LJ 


THEOREM 48 [ScHuR-OstrowskI!] If f : J” +> R, where I is an open interval in R_, 
has continuous derivatives and is symmetric then f is Schur convex on I” if and 
only if for alli #9 


(a; — a3)(fi(a) — fi(a)) > 0 for alla € I” 


O See [MO pp.56-57]. a 
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THEOREM 49 If f :I™ ++ R, where J is an open interval in R,, is symmetric and 


convex then it is Schur convex. 


O By Remark (ii) we can assume that n = 2 when for some 1,0 < A < 1 
by = (1 — A)az + Aag, be = Aa; + (1 — A)ag; see for instance 3.3 Lemma 13. So 


f(b) =f((1 — Ajay + Aaa, Aai + (1 — A)az) 
=f((1 — A)(a1, a2) + A(a2, a1)) 
< (1—A)f(a1,a2) + Af(a2,a1), by convexity. 
=f(a), by symmetry. 


2) 


There is an extensive literature on this subject; see in particular [AI pp. 167-168; 
BB p 32; DI pp.228-229; EM6 p.75; MO pp.54-82; PPT pp.382- 836]. 


4.9 MATRIX CONVEXITY If J is a interval in R then a function f : J > R is said 
to be a increasing matrix function of order n if for all A, B € H* with eigenvalues 
in I and A < B we have that f(A) < f(B)*®. 


REMARK (i) The usages decreasing matrix function and monotone function are 
easily defined and if a function is monotone for all orders it is said to be operator 


monotone. 


EXAMPLE (i) If f(z) = 2”, 0 <p <1 or g(x) = logaz then f and g are operator 
increasing on R; see [DI p.182; MO pp.463-467; RV pp.259-262). 


REMARK (ii) The above definition can be made without the restriction to positive 
definite matrices but the examples given above need positive semi-definiteness for 
f, and positive definiteness for g. 

If J is a interval in R then a function f : J ++ R is said to be a a convex matrix 


function, of order n, if for all A,B € H> with eigenvalues in J and all A,0 < A <1, 


fl —AA+AB) <1 —AF(A) +AF(B). (29) 


REMARK (iii) If the opposite inequality holds then the function is said to be a 
concave matrix function, of order n. A function that is convex, concave, of all 
orders is said to be operator convex, concave; [DI p.64; MO pp.467-474; RV 
pp.259-262]. 


+3 The various matrix concepts are defined in Notations 7. 
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EXAMPLE (ii) If f(z) = 2?,27',1/./x then f is operator convex ; if f(x) = /x 


then f is operator concave. 


REMARK (iv) The comments in Remark (ii) apply here as well. 

The topic of operator monotone and operator convex functions has a large lit- 
erature; in addition to the above references see [Furuta], [Ando 1979; Kubo & 
Ando]. 


ll THE ARITHMETIC, GEOMETRIC 
AND HARMONIC MEANS 


This chapter is devoted to the properties and inequalities of the 
classical arithmetic, geometric and harmonic means. In particular 
the basic inequality between these means, the Geometric Mean- 
Arithmetic Mean Inequality, is discussed at length with many 
proofs being given. Various refinements of this basis inequality 
are then considered; in particular the Rado-Popoviciu type in- 
equalities and the Nanjundiah inequalities. Converse inequalities 


are discussed as well as Cebigev’s inequality. Some simple prop- 
erties of the logarithmic and identric means are obtained. 


1 Definitions and Simple Properties 
1.1 THE ARITHMETIC MEAN 


DEFINITION 1 If a= (a,,...,@n) is a positive n-tuple then the arithmetic mean of 
ais 

M,(a) = PE en (1) 

n 

This mean‘ is the simplest mean and by far the most common; in fact for a non- 
mathematician this is probably the only concept for averaging a set of numbers. 
The arithmetic mean of two numbers a and }, (a + b)/2, was known and used 
by the Babylonians in 7000 B.C., |Wassell], and occurs in several contexts in the 
works of the Pythagorean school, sixth-fifth century B.C. For instance in the idea 
of the arithmetic proportion? of two numbers, a,b, 0 < a < b, the number zx such 
that s-~a:b—a2z :: 1: 1, when of course x = (a4 b)/2.° Aristotle, also in 
the sixth century B.C., used the arithmetic mean but did not give it this name. 
Another interpretation arises from the picturing of addition as the abutting of 


two line segments. One then asks what line segment when abutted to itself will 


1 More precisely called the arithmetic mean with equal weights; see Remark(x) below. 

S The notion of a proportion, between four positive numbers, lengths, areas etc. is somewhat archaic 
but has a long history, see[Huclid Book V, Heath vol 1.pp.84-90, 384-391]. If A,B,C,D are positive 
numbers then A:B::C:D, read A is to B as C is to D, is equivalent to A/B=C/D. 

2 In this form the arithmetic mean is one of the ten neo-Pythagorean means; see VI 2.1.4 and 1.2 


below. 
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produce the same length as the abutting of two given line segments.The idea of 
arithmetic mean is also found in the concept of centroid used by Heron, and earlier 
by Archimedes in the third century B.C; |Heath vol. IT p.350]. 


In the notation introduced in Definition 1 the n-tuple may be replaced by some 
specific formulation such as %,(a1,...,@n), or Ay» (aj, 1 <i <n). Further ifn = 2 
the suffix is omitted unless it is needed for clarity*; thus we will write (a; w) etc., 
when mn = 2. When there is no ambiguity either a, or the subscript n, or both may 
be omitted. 

CONVENTION 1 If ais an n-tuple, n>2, and if 1<m<n, we 
will write, whenever there is no ambiguity, 


Ap (a) = AA 


CONVENTION 2 The various notations introduced above will 


apply in various contexts throughout this work. 


Clearly (1) does not depend on a being positive, and many of the properties of 2 
can be deduced without this assumption, see below Remarks (v), (x), 1.3.3, 1.3.4, 
1.3.9 and 2.4.5 Remark (v). In fact the whole discussion can take place in a very 
general context, see for instance VI 5 and [Anderson & Trapp]. 

However we have the following convention that will hold throughout the rest of 


this book unless otherwise indicated. 


CONVENTION 3 All n-tuples and sequences will be positive 
unless specifically stated otherwise; that is if ais an n- 
tuple then unless otherwise stated, a€(R})”. 

The question of more general n-tuples will be discussed in various places later; for 
a situation where the elements of a are complex see [Majo Torrent].° 

If the elements a are in Q then A,(a) € Q, and because the above definition is 
so elementary there is a certain point in using only the simplest tools to deduce 
properties of this mean. Of course non-elementary proofs besides having an interest 
in themselves suggest methods of generalization, and are often simpler than the 


more elementary approaches. 


Some elementary properties of 2 are listed in the following theorem; they are all 


obtained by easy applications of simple properties of positive real numbers. 


. There are many means that are only defined when n=2, see VI 2, and dropping the suffix makes 
comparisons easier to read. However the usage with n=2, or even n=1, is useful from time to time in 


inductive arguments. 


? Convention 3 will not apply in Chapter IV. 
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THEOREM 2 If h is a real n-tuple, a,a+h,b n-tuples, and if \ > 0 then: 
(Ad) [Appitiviry] 
A, (a =F b) = 2, (a) = 2, (b); 


(As)m [M-ASSOCIATIVITY] 


21S G9 ean Oo). Oinremee>: Meters oes eens Poa © liom<cn; 


(Co) [Continurry] 
lim %n(a + h) = %n(a); 


(Ho) [HOMOGENEITY] 
An (Aa) = AAm(a), A> 0; 


(In) [INTERNALITY] 
mina < A,(a) < maxa, (2) 


with equality if and only if a is constant; 
(Mo) [Monotonictry] 
a<b => A,(a) < An (b), 


with equality if and only if a = 0; 
(Re) [Rertexiviry| If a is constant, aj =a, 1<i<n, then A,(a) =a; 


(Sy) [Symmetry] 2,(@1,...,@n) is not changed if the elements of a are permuted . 


REMARK (i) When m-associativity holds for all m, 1 <m <n, as it does for the 


arithmetic mean, we call it the property of substitution. 


REMARK (ii) Clearly it is inequality (2) that justifies the name of mean, see [B? 
p.230|. While (2) will be called the property of internality the full property given 


in (In) will be called strict internality. 


REMARK (iii) The word monotonic used in (Mo) is sometimes replaced by mono- 
tone, or by isotone, see [B* p.230]. The concept can also be considered in a strict 


form, strictly monotonic, etc. 


REMARK (iv) The properties listed in Theorem 2 are not independent. For in- 
stance (In) is implied by (Mo) and (Re). 


REMARK (v) It is useful to note that these properties of the arithmetic means 
hold if the n-tuple a is allowed to be real. 
Almost all the means we will discuss in this book satisfy some or all of these 


conditions. The properties (Co), (Re) and (In) are so basic that we would consider 
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them essential in any possible definition of a mean; the property (Ho) is a very 
common property but does not always hold; for examples see [V. Others, such as 


(Ad) are in some sense characteristic of the arithmetic mean; see VI 6. 


REMARK (vi) While (Ad) gives a simple relation between 2, (a), %,(b) and Ay (a+ 
b) it is much more difficult to obtain one between A, (a), U,(b) and 2,(ab), but 


one is given later, see 5.3, and is known as Cebisev’s inequality. 


A very natural extension of Definition 1 is suggested when some of the elements of 
a occur more than once or, from a practical point of view, if some are considered 


more important than others. 


DEFINITION 3 Given two n-tuples a, w, the weighted arithmetic mean of a with 


weight, or weights, w is 


Way <= Wyre Le 
2, (a; w oe eS W;Q;. 3 
wa w) wyt-:-+tun Wi, a (3) 
It is easily checked that this more general mean has all the properties listed in 


Theorem 2 except (Sy). Instead this more general mean has the following property: 


( Sy*)[Atmost Symmetry] 2,,(a,w) is not changed if the a and w are permuted 


simultaneously. 


REMARK (vii) The name arithmetic mean will normally refer to (3), and if we wish 


to specify (1) it will be referred to as the arithmetic mean with equal weights. 


REMARK (viii) Using this notation Jensen’s inequality, I 4.2 (J), can be written 


as: 
f(A, (a;w) < A, ( F(a); w). (4) 
A refinement and strengthening of inequality in (2) is given in the following result 


LemMA 4 (a) Ifa,6 and w are n-tuples, then 


-i, — An(a; w) a 
min (ab ) << eh) < max (ab i: 


(b) IfW,, = 1 and n > 2, then 


° 


(ae 5)”. 


1<t<g<n 


max a — %,(a;w) > 


O (a) Let m = min (ab) and M = max fab). then m < - <M,1<i< 


4 
n, or mw;b; < ajw; < Mw;b;, 1<%a< n; summing over 2 gives the result. 
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(b) Let S(a) denote the difference between the left-hand side and the right-hand 
side of the inequality in (b); we have to show that S(a) > 0. Put w = minw, and 


assume without loss in generality that a is decreasing. Now, 


S aot ee 


1<i<j<n i=1 1<i<j<n 
(n — 1) Y a; — 2 ) min(a,, a; ) 
1<i<j<n 


a0 +1 — 2i)a;. 
i=1 


So S(a) = a; —An(a;w'), where wi = wj+ —————u, 1 <i<n, and Wi= 
1. Hence by (2) S(a) > 0 as was to be shown. O 


REMARK (ix) Result (a) is due to Cauchy, see [AJ p.204], and analogous in- 
equalities can be given for the geometric and harmonic means defined in the next 


section. 


REMARK (x) Part (b) is due to Alzer and can be extended to real n-tuples a; 
[Alzer 1997d]. 


REMARK (xi) Another generalization is given in [Bromwich pp.242, 418-420, 473- 
474), [Bromwich]. 


REMARK (xii) For an amusing discussion of weighted arithmetic means see [Falk 
& Bar-Hillel]. 


1.2 THE GEOMETRIC AND HARMONIC MEANS _‘T'wo other means of a very ele- 
mentary nature have been in use for a long time. Like the arithmetic mean they 
arise naturally in many simple algebraic and geometric problems, some of which 


are to be found in Euclid and in the work of the Pythagorean school. Thus in that 
2ab a+b -b: fu 
r- 
a+ b a 
ther in Euclid we have the study of the proportions 7—a: b—x::a:x when x = Vab, 


school’s theory of harmony study is made of the proportions a: 


the geometric mean of a and b, and x—-a:b—«2::a:b when x = 2ab/(a+)), the 
harmonic mean; see also 1.1 Footnote 3. The name geometric is probably based 
on the Greek picturing of multiplication of two numbers as the area of a rectan- 
gle. One then asks what number multiplied by itself will produce a square of the 
same area as the rectangle obtained by multiplying two given numbers; [Aumann 
1935b}. 
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DEFINITION 5 Given two n-tuples a, w, the weighted geometric mean, respectively 


—) 


harmonic mean, of a with weight, or weights, w is 


en(asu) = (Tar), (5) 


respectively 


Hn(a; w) = = (6) 


REMARK (i) The other variations of notation introduced for the arithmetic mean 
will be used here, and with other means introduced later. Thus if w is constant 
we get the means with equal weights, written 6,,(a),Hn(a); and note should be 


made of 1.1 Conventions 1, 2 and 3. 


REMARK (ii) The replacement of the arithmetic means in inequality 1(4) by other 
means has been used by some authors to define another form of convexity; thus we 
would say that a function f : Ri + R is convex relative to the geometric mean, 


or just geometrically convex, if for all n-tuples a and w; 


f(Gn(aw)) < Gn(f(a);w). 
A function f is geometrically convex if and only if f oexp is log-convex; [Jarcazyk & 
Matkowski; Kominek & Zgraja; Matkowski & Ratz 1995a,b; Niculescu; Thielman; 
Toader 1991b]; see also III 6.3 . 


REMARK (iii) The harmonic mean of two numbers with equal weights was origi- 
nally named the sub-contrary mean; it was renamed by Archytas and Hippasus; 
see [Eves 1976; Heath vol.I p.85)°. 

The following simple identities should be noted. 


n(asw) = (Mala tsw)) or STA = (7 
Gn (a; w) = exp (2n (log a; w)), or log (Gn (a; w)) = Ay (log a; w). (8) 


Because of the particular simplicity of (7) the properties of the harmonic mean 
will often not be investigated in detail. In any case all of these means turn up 


again later as special cases of the more general power means; see III 1. 


REMARK (iv) For other relations between the arithmetic and geometric means 


with some geometric interpretations see [Jecklin 1962a; Usai 1940al. 


° The frequency of the octaves being in the ratios 1,2,3... the harmonic mean of 1 and 2, namely 4/3, 
gives the frequency of the fourth, that of 1 and 3, namely 3/2, gives the frequency the fifth etc. Further 
8, the number of angles in a cube, is the harmonic mean of the number of edges, 12, and the number 
of faces, 6. All good reasons for the name change; see [Heath vol.1 pp.75- 76, 85-86], |Wassell]. 
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THEOREM 6 ‘The geometric and harmonic means have the properties of (Co), 

(Ho), (Mo),(Re), (Sy*), (Sy) in the case of equal weights, strict internality, and 
(As),, for all m, the property of substitution. Further 

Gn (ab; w) =Gn (a; w) Gn (0; w); (9) 

(G,(a;w))’ =6,(a";w), TER. (10) 


REMARK (v) A relation between 6, (a+; w) and 6,(a;w) and 6,(b; w) is more 
difficult to obtain and is proved later, III 3.1.3 (10) and is sometimes called Hélder’s 


inequality; see also 1.1 Remark (vi). 
REMARK (vi) A particularly simple case of (9) is : 
Gn(a~*;w) = (x(a; w)) 


REMARK (vii) While it is clear that the definition of the geometric mean requires 
the n-tuple a to be positive, and the definition of the harmonic mean requires that 


no element of a be zero extensions have been considered; [Asimov]. 
1.3 SOME INTERPRETATIONS AND APPLICATIONS 


1.3.1 A GEOMETRIC INTERPRETATION If 0 < a < b let ABCD be a trapezium 
with AB, DC the parallel sides and AB = b, DC = a, K the intersection of AC 
and BD, see Figure 1. 


Figure 1 


B 
. b 


IJ,GH and EK F are parallel to AB; IJ bisects AD and BC; GH divides ABC D 
into two similar trapezia. Then IJ = (a, b),GH = G(a,b), EF = H(a,}). 
The above diagram suggests the following inequality that can be checked in a few 


numerical cases by the reader; 


a = min{a,b} < (a,b) < G(a,b) < A(a, b) < b = max{a, db}, (11) 
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with equality if and only if a = b. This is an important result, a case of the 


geometric mean-arithmetic mean inequality; we will return to below in section 2. 


REMARK (i) That EF lies above IJ, so that §(a,b) < (a,b), can be seen as 


follows: consider what happens to EF’ as DC increases in length from 0 to a. 


An extremely interesting series of applications of averages in graph theory and 


combinatorics is to be found in | Wilf]. 


1.3.2 ARITHMETIC AND HARMONIC MEANS IN ‘TERMS OF ERRORS 

Given two positive numbers a,b with a < b, and some number x witha< az <0), 
if we guess y to be the value of x then the error in making this guess is € = |y — z|, 
while the relative error is p = |y — x|/z. 

How should y be chosen so as to minimize the possible error, respectively relative 
error? A classical theorem of Cebigev gives a method for such problems: choose 
y so that the errors, respectively the relative errors, in the two extreme positions 
are equal. 

In the first case € = Ming<y<p MAXa<z<p { ly — x} occurs for the y such that 
ly — al = |y — b|. That is y = (a+ b)/2 = A(a, d). 

In the second case p = ming<y<p MAXa<z<p 4 |y —x|/x > occurs for the y such that 
ly — al/a = |y — b|/b. That is y = 2ab/(a+ b) = H(a, B). 

In words: 

the approximation that yields the minimum for the greatest possible value of the 
error, respectively the relative error, committed in approximating an unknown 
quantity between two known positive bounds is the arithmetic mean, respectively, 


harmonic mean, of these bounds. 


REMARK (i) This idea, first found in |[Pdlya], has been investigated in detail; see 
[Aissen 1968; Beckenbach 1950; Metcalf; Mon, Sheu & Wang C L 1992al. 


REMARK (ii) A similar discussion for a different mean can be found in HI 5.1 
Remark (i). 


Given n real numbers a = (a1,...,@,) we can ask for the value of x such that the 
quantity )~"_, (a; — x)? is minimized. Using calculus, or the fact that a quadratic 
attains its minimum at the mid-point of its zeros, we see that the required value 
of x is 2%,(a). If the numbers a,;,1 <7 <n, are observations that are given weights 


w;, 1<i<n, then the best possible value for x is 2,(a; w). 


1.3.3 AVERAGES IN STATISTICS AND PROBABILITY ‘The use of averages in statistics 
and probability is too well known to need elaboration; see for instance [Moroney 
Chap.4], [Norris 1976], and an article by the Moroney in [Newman J. p.1457]. 
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The Italian school of statisticians has made an extensive study of this subject as 
the many articles in the Bibliography show; see |Barbensi; Bonferroni 1923-4; Gini 
1940, 1949, 1952; Gini, Boldrini Galvani, & Venere; Gini & Galvani; Roghi|, and 
all the issues of the journal Metron founded by Gini, the most prolific member of 
this school. 

If we write G@ = 2,,(a) then the variance of a is A, ((a — ae)*); the square root of 
this, the standard deviation more properly fits into the section on power means, 
III 1 being in the notation defined there Q,,(a — Ge). 

Another property of the arithmetic mean is as follows: the normal distribution 
is the only probability distribution P such that D(x) = [["_, P(a; — x) has its 
maximum at 2,,(a) ; see [Rényi p.311] and for an extension see [Hosszui & Vincze]. 
In this application a need not be positive. 

Gauss stated that the most probable value of a series of numerical observations 
was their arithmetic mean and proofs of this from more basic hypotheses about 
probability have been given by various authors; [Bemporad 1926, 1930; Broggi; 
Schiaparelli 1868,1875, 1907; Schimmak; Tissérand]. The proof given in | Whittaker 
€§ Robinson pp.215-217| was disputed by Zoch although his objections have in turn 
been disputed, | Wertheimer; Zoch 1935, 1937]. While this statement of Gauss was 
made as a postulate, the arithmetic mean of any number of observations tends to 
the true value as the number of observations increases although this is a property 
of many other means; | Whittaker & Robinson p.215). 


Other uses of these ideas are made below, see 2.5.4. 


1.3.4 AVERAGES IN STATICS AND Dynamics __ If the n-tuple a denotes the coordinates 
on a line of n particles whose masses are given by the n-tuple w, then 2,,(a; w) 
is the coordinate of the centre of mass; A, (a7; w) is the square of the radius 
of gyration of the system about the origin; the radius of gyration itself is more 
properly considered as the power mean py! (a; w) defined in III 1; see for instance 
[Fowles, Chaps.7,8]. 

In this application a need not be positive, in fact if we allow the particles to be 


situated in space a can be an n-tuple of vectors. 


1.3.5 EXTRACTING SQUARE Roots’ A very ancient use of the arithmetic and har- 
monic means is Heron’s method of extracting square roots; |Heath vol. II pp.323- 
326], |Chajoth; Pasche 1946, 1948]. 

Suppose we wish to find the square root of the positive number x; choose any two 
numbers a,b withO0 <a < bandab= vz. Putting ap = a, bo = b define inductively, 
An = 9(An—1,On—1), bn = A(Gn—1, bn-1), n € N*. It is easy to check that for all 
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n€N,anbn = x and, using (11), that an < Qni1 < bn4i < bn. nm EN. Farther 


es ee b—a 
a a ee < OS ; 
2 Qn 


So Mitiass5 0 ni si On Sa 

This result can be expressed as follows: the iteration of the arithmetic and har- 
monic means of two numbers converges to their compound mean, the geometric 
mean. 

The iteration of means and compound means are discussed in more detail later; 
see VI 3. 


REMARK (i) Heron’s method has been extended to roots of higher order; see VI 
3.2.2 (e), [Georgakis; Nikolaev; Ory]. 


REMARK (ii) A discussion of this topic and other simple concepts associated with 
means can be found in [Bullen 1979; Carlson 1971]. 


REMARK (iii) An iterative method for approximating higher order roots by using 
geometric means, that is, in effect using square roots to obtain higher order roots, 


has been given; see [ Vythoulkas]. 


1.3.6 CesARO MEANS’ ‘The famous Cesdro means used to sum divergent series, in 
particular Fourier series, are examples of arithmetic means; | Hardy 1949, p.96]. 

Thus, given a sequence a = (ao,@,...) define A¥,k,j € N as follows:’ A? = 
Ay is 9 EN; A® = A k € N*. Then the k-th Ceséro mean of the se- 


quence a is defined by 


[Note that if a = e, then Ak = (" - *) | 


Simple calculations lead to, 


where A = (Aj,...),W= (" 


R ; ‘ ; : —1 
: Remember that the sequence starts with ap so, with the notation of Notations 6(xi), An=) 0 Qj. 
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By analogy we can use the geometric or harmonic means in a similar manner; 

[Pizzetti 1940]. For instance: let G} = a;, 7 © N; G} = J]i_, Ge-', k © N*, and 
n+k 

DE (a) = (GH)CE). 


1.3.7 MEANS IN Fain VoTING A very interesting application of the three elemen- 
tary classical means has recently been made to the problem of the fair distribution 
of seats in the U.S. House of Representatives amongst the fifty states. This prob- 
lem and this use of these means is discussed in [Sullivan], where other references 
are given. After this paper the whole area of fair voting has received considerable 


attention; see for instance [Balinski & Young; Saari]. 


1.3.8 METHOD OF LEAST SQUARES Given a set of data r; = (uj;,v;), 1 <i <n, we 
can ask for the best line v = mu+c that fits this data in the sense that the sum 
yo (vi — mu; — cc)? is minimized. That is the squares of the vertical distances of 
the data points from the line is minimized. This procedure goes under the name 


of the method of least squares. A simple application of calculus shows that 


fore 2, (uu) o A, (u)An (wv) get 2, (u?)Ap, (uv) ka 2, (WU) An (uv) 
An (u?) — An (uw)? —’ U,,(u?) — An (u)? 


where of course u = (Uj1,...,Un), U = (U1,---,Un). See (EMS pp.376-380; Whit- 
taker € Robinson pp.209-259], |Encke}. 


1.3.9 THE ZEROS OF A COMPLEX POLYNOMIAL The following are interesting results 


on the zeros of a complex polynomial. 


THEOREM 7 If f(z) = a9 +---+@n2” is a complex polynomial of degree n, an £ 0, 
with zeros z = (21,...,2n) and if z’ = (z}....2,,_,) are the zeros of f’ then 


Qin (z) = Ay 1 (z') . 


LI Elementary algebra tells us that 21 + ---+ 2, = —(@Qn_1 ij An). 


Since f’(z) = a, +++: +7a@nz"—", we have by the same reasoning that zj + 
set hy = —((n— l)an_1/nan). 
The result is now immediate. UO 


THEOREM 8 If f(z) = ag +-::+@n2” is a complex polynomial of degree n, ay, # 0, 
with zeros z = (21,...,2n) then for each zero of f’, z’ say, there are non-negative 


weights w such that 2’ = A,(z; w). 


UJ The result is trivial if z’ is also a zero of f, and in this case we have all 


weights except one zero. 
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Assume that this is not the case, z’ is not a zero of f, f(z’) #0. Then: 


-F8->(@tay)- i oe 


k=1 
; Pos ; 1 
Solving for z’ gives the result with weights w, = hae 1<k<_ n, and the 
z& — zk 
weights are all positive in this case. L 


This result is known as the Gauss-Lucas theorem and geometrically says: if the 
zeros of f are the vertices of an n-gon then any zero of f’ lies inside this n-gon; 
[Milovanovic, Mitrinovié & Rassias pp.179-183}. 


REMARK (i) For a different result involving the zeros of f and f’ see 5.6 below. 


REMARK (ii) There are of course many other applications of the arithmetic mean 
in the literature; [Dorrie; Jecklin 1971; Martins]. 


2 The Geometric Mean-Arithmetic Mean Inequality 


2.1 THE STATEMENT OF THE ‘THEOREM Although the inequality between the 
arithmetic and geometric means® in its simplest form, 1.3.1(11), was probably 
known in antiquity, the general result for weighted means of n numbers seems to 
have first appeared in print in the nineteenth century, in the notes of Cauchy’s 
course given at the Ecole Royale, [Cauchy 1821, p.315], although certain results 
of Newton are related to this inequality, see I 1.1 Remark(ii) and V 2 Remarks 


(ii), (v). 


THEOREM 1 [THE GEOMETRIC MEAN-ARITHMETIC MEAN INEQUALITY] Given two n-tuples 
a and w then 


Gn(a;w) < An (a; w), GA) 
with equality if and only if a is constant. 


This section is devoted to proofs of (GA); proofs giving sharper results that imply 


(GA) will be given in later sections, or chapters. 


COROLLARY 2. Given two n-tuples a and w then 


Hn(a;w) < Gn(a;w) < An(a;w), (1) 


S This result is named in various ways; the arithmetic-geometric mean inequality, the arithmetic mean- 


geometric mean inequality, etc. We will usually refer to it as (GA). 
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with equality if and only if a is constant. 
0 (i) Using the first identity in 1.2(7) and (GA) we have that 
| 2a 
Sin (a; w) = (2,(a7*; w) = (Gn (a~*; w)) = 6, (a; w). 


(i2) Alternatively following Transon, [Transon], we can use the second identity in 


1.2(7). This on rewriting and using (GA) gives: 


- T]i= % S,(a; w) 
The case of equality is also an easy deduction from that of Theorem 1. O 


REMARK (i) The apparently weaker inequality 

Hn(a;w) < An(a; w), (HA) 
implies (GA); see 2.4.3 Proof (aziz). 
REMARK (ii) If we consider all the n-tuples with given harmonic and arithmetic 
means we can ask for the range of possible values of their geometric means. In the 
case of equal weights Post has shown that the extreme values are attained when 
we choose the n-tuple to have only two values, and one of them is taken (n — 1) 
times; |Post]. 
REMARK (iii) For another form of (GA) see II 2.1 Remark (vii). 


2.2 SOME PRELIMINARY RESULTS Before proving 2.1 Theorem 1 we will consider 


some results that help to simplify later work. 


2.2.1 (GA) wiTH n = 2 AND EQuaL WEIGHTS We first consider (GA) in its 
simplest form, 1(11), and give several proofs of this very elementary result; there 


are no doubt many more. 


LEMMA 3 Ifa and 6 are positive real numbers then 


b 
vab < | | (2) 


with equality if and only if a = 6. 


REMARK (i) First note the interesting fact that when n = 2 the geometric mean 


is itself the geometric mean of the arithmetic and harmonic means; that is 


6(a, b) = /A(a, b)H(a, b). 
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Using this we can write inequality (2) in any of the following forms: 


6(a,b) <Al(a,b), H(a,b) < G(a,b), H(a,b) < A(a, b). 


O (1) The result is immediate from the identity (a + 0)? = 4ab + (a — b)?. 


This identity is illustrated by Figure 2, in which 0 <a < b. 
a b 


Figure 2 


b a 


(ii) The result follows by noting that |Vb— ,/a| > O > a+b-—2Vab>0 

(iii) Since (2) is homogeneous? there is no loss in generality in assuming ab = 1, 
or equivalently that b = 1/a when Lemma 3 is equivalent to: a+ — > 2 with 
equality if and only if a = 1, which is just I 2.2 (20). 

(iv) A variant of the the previous proof is to note that if ab = 1,0 <a < b, then 
0<a<1< band so (b—1)(1 —a) > 0; expanding this last inequality leads to 
a+b>1+ab=2. 

(v) The first geometric proof is in [Heath vol. I pp.363-364; Pappus Book 8, p.51| 
and is illustrated by Figure 3. 


F 
C 
The angles ADC, DEC Figure 3 
and DOF are right 
angles 
A D O B 


DO=1/2(b-a) 


2 An inequality P>Q is said to be homogeneous when the function P—Q is homogeneous. 
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Take any point D on the diameter AB of a semi-circle of centre O, let AD = 
a, DB = b. Construct the right angle ADC, then CD = Vab, and CO = (a+b)/2. 
The shortest distance from C to AB is the perpendicular distance so CD < CO 
with equality if and only if D = O. 

If DE is perpendicular to CO it is not difficult to check that CE = 2ab/(a+b) = 
(a,b). So using a similar argument to the above some have proved that if a 4 b 
then (a,b) < G(a,b); see [Ercolano 1972, 1973; Gallant; Garfunkel & Plotkin; 


Grattan-Guinness; Schild; Sullivan]. 


(v1) A similar proof can be found in [Ercolano 1972] but using Figure 4. 
C 


Angles CON, ONT, OTD 
are right angles 


Figure 4 


A O N B D 


Here AD = b,BD = a; and then OD = (a+ 6)/2,ND = 2ab/(a + b), and 
ED SA) ab: 


(vit) Another geometric proof is given in Figure 5. 


D C 
b-a 
Figure 5 
E Pe F 
. 
A b B 


Let ABCD be a square of side b, and let ABFE be a rectangle of sides a and b. 


‘Then 
area ABFE =area AGE + area ABFG 


<area AGE + area ABC; 


that is ‘ , 
a b 

fix a 

a get 
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which is equivalent to (2). Further equality occurs only when ABC and ABFG 


have the same area, that is if and only if a = b. 


Figure 6 


GS 2 


(viit) The arithmetic mean of a and b is the common value of the co-ordinates of 
the point where the level curve of f(x,y) = x+y passing through the point (a, 6) 
meets the line y = x. This simple observation, together with a similar one for the 
geometric mean that is obtained when f is replaced by g(x,y) = ry gives a simple 
proof of Lemma 3 base on the geometry of these curves. 

Assume that 0 < a < b and let OGA, PGQ, PAQ be the curves y = z, ry = 
ab,x+y = a+b, respectively, see Figure 6. Then G = (G(a, b),(a,b)) and 
A= (A(a, b), W(a, b)). 

Since the function f(x) = abx~', x > 0, is convex, I 4.1 Corollary 7(a), the chord 
PQ, that is the line x + y = a+ 8, lies above the graph of f, I 4.1 Remark (iii), 
that is above xy = ab, and so the point G is to the left of the point A; that is 
(a,b) < Aa, b). 

Alternatively consider the fact that the two curves PAQ,PGQ only meet at P 
and @, and that at P the slope of the first is —1, and that of the second is —a/b. 
Since —a/b > —1, the curve PGQ lies to the left of PAQ between P and Q. 

(iz) The exponential function is strictly convex, I 4.1 Corollary 7(a), so by (J), 


exp ( oar 2) a cas Ui as with equality if and only if x = y. Putting a = 
e”,b6 = e¥ and noting that the exponential function is strictly increasing completes 
this proof. 

(xz) A simple proof is given in {Hast6]. 

If0 <a<b then putting u? = b/a then u > 1 and a = sia = 5 (= + u) 
which is not less than 1 by I 2.2 (20). 


(xi) See 5.5 Remark (ii); [Burk 1985, 1987]. O 


REMARK (ii) Proofs (iz), (iv)and (ix) will be adapted to prove (GA); see 2.4.2 
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proof (ai), 2.4.3 proof (rriz), 2.4.2 proof (v7). 


REMARK (iii) Proof (77) which is in [Eves 1980 p.14| can be elaborated to give a 
further inequality; see VI 2.1.4 Theorem 22. 


REMARK (iv) Proof (z) is an elaboration of proof (tii) and proves a little more; 
not only is 2(a, b)/G(a, b) bigger than 1, but if a < b the ratio is increasing as a 
function of b and decreasing as a function of a. A similar proof can be given by 
considering the difference 2(a, b) — G(a, b) = 5 G(u) where G(u) = 1+ 2u(u — 1). 


2.2.2 (GA) WITH n = 2, THE GENERAL CASE We now consider (GA) in its next 


simplest form, part (a) of the following lemma. 


LEMMA 4 (a) If a,b,a@ and £ are positive real numbers with a + G = 1 then 
ab’ < aa + Bb, (3) 


with equality if and only if a = b. 
(b) If either a <0 ora > 1 then (~3) holds, with the same case of equality. 


0 (a) We give eleven proofs of this result. 

(i) Inequality (3) can be written as Ga <1+ a(> — 1), which follows from 
(B), I 2.1, on putting a/b =1+4 2. 

(12) It follows from a simple case of 2.2.3 Lemma 5 below that we need only 
consider a and @ rational; the following proof using that assumption is given in 
[Aiyar]. 

Let a = p/(p+q), 2 = a/(pt+q), p,q € N* and, assuming that 0 < a < b, subdivide 
[a,b] into p+ q equal sub-intervals, each of length (b — a)/(p+q), by the points 
xji,0<i<p+q, putting ro = a, 2%p4_ = b. Then: 

i — a1 = (b—a)/(pt+- gq), lSi<ptg, tiq1 = (Bi 4+ 2442)/2,0<i1< pt+q—2, 
and so by (2) 


OT oe Etat 
L1 £2 b 
Now pute =(G/0y, 01) £9055 38 gd] eq) OS (Ge) Beate sig Bp eg-1/ 0). Then irom 


the above and the internality of the geometric mean, 1.2 Theorem 6, G,(c) < 


6,(b); that is 
ey eG 


Lq b 
; pa + qb ; ne eee 
Simple calculations show that x, = aaa, 6 which on substituting in the last 
q 


inequality gives the desired result. 
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A similar proof can be given using 2;/2;_1 = (a/b)/@+9 4 < i < pt+q, and 
/rixtit2 = T+41 to obtain the sub-intervals, 

(722) The method of proof (viii) of Lemma 3 can be adapted to this more general 
situation. The weighted arithmetic mean, respectively geometric mean, of a and 
b is the common value of the co-ordinates of the point where the level curve of 
f(z,y) = ax + By, respectively g(x,y) = x*y?, through P(a,b) meets the line 


eee 


Figure 7 


Let OGA, PGQ, PAQ be y = 2, 2%y? = a%b®,ax + By = aa+ fb respectively, 
where we assume that 0 < a < b, see Figure 7. Then G = 6(a,b;a,8),A = 
(a, b;a, GB), and it is not difficult to check that PGQ@ is convex or that it is to 
the left of PAQ at A, that is G(a,b;a,8) < A(a,b;a,B). In this case however 
we must verify that the two curves meet as shown in a point Q(a’,b’). Simple 
calculations show that the two curves meet in points (x,y) where h(x) = 0, with 
h(x) = ax'/8 — (aa + Bb)x%/8 + Bar/b. Clearly h(0) > 0, h(a) = 0, and for large 
x, h(x) > 0; further h has a unique negative minimum at x = (a,b). So h has 
two zeros a,a’, with a < (a,b) < a’. 

(iv) The strict convexity of the exponential function can be used as in proof (iz) 


of Lemma 3; see [Mullin]. 


(v) Consider the function t(z) = ax’ +@x~%. Differentiation shows that if x > 0 
then t(z) > t(1) = 1. Substituting x = a/b, gives (5), and the case of equality. 
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(vi) The method used in proof (vii) of Lemma 3 can be generalized. 


Figure 8 


O=A b B 


Assume that AB, AD are the co-ordinate axes and that AGC is the curve y = pol 
see Figure 8.. Then, as in the proof mentioned, if AB = b, AE =a, 
area ABFE =area AGE + area ABFG 
<area AGE + area, ABC; 
or, by simple calculus 
ab < aal/® + pbl/F, (4) 
and a simple change of variable completes the proof. 


Substituting a = 1/p, 8 = 1—1/p =1/p’, in (4), where p’ denotes the conjugate 


index, see Notations 4, gives: 
a / 

ab < — + — 5) 
(5) 


a form of (3) used later; see [II 2.1. Inequality (5) is sometimes called Young’s 
inequality, although it is really a very special case of that inequality, | AI pp.48-49; 
MPF pp.379-389]|. 


(vit) This is another proof of the case of rational weights; [Brown]. 


Let m,n be two positive integers and 0 < c < d, then 


cm — qm cm-l ne cm—2d le ie it qr-1 mem} mc™ 


On multiplying this gives: nd”(d™ — c”™) > mc™(d” — c”). On rewriting this 
inequality we get mc™*" + nd™*™” > (m+n)c™d”. Now in this last inequality put 
a=c™t" 6 = d™*" to get (3) in the case of rational weights. 

(viii) The restriction to rational weights in the previous proof can be removed, 
see [Bullen 1997]. 
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Consider the distinct power functions ¢1(%) = x”, ¢o(x) = x”; where u F v, 
u,v >1and2z2>0. Applying the mean-value theorem of differentiation, see | 
2.1 Footnote 1, to both of these functions on the interval |c,d], c > 0, we get, on 
cancelling the common factor d —c, 


d&™—c —uet? 


= _7? 
dv — cv vey 1 


for some €1,€2, with c < e1,e€2 < d. Using the last condition and u ¥ v, u,v > 1, 
we get that 

d™—c% uct ucy 

d®&—c’~ vd¥-1" yd’ 


or on multiplying out vd’ (d% — c“) > uc“(d” — c’). We have assumed that u #4 v 


but it is easy to check that the last inequality remains valid when u = v. The 
proof now proceeds as in proof (vii) with u,v instead of m,n respectively. 


10 is used we can take e; = e) and then we 


If the Cauchy mean-value theorem 
need only take u,v > 0, although given the fact that we only really use the ratios 
u/(u+v),v/(u+ v) the initial restriction, u,v > 1, is unimportant. 

(iz) The method used in proof (ii) of (J), 14.2 Theorem 12 , can be adapted to 
give a proof of (3); [Bullen 1979, 1980]. | 


Changing notation by putting z= a,y = b,t = 8,1 —t =a, (3) becomes 
G(t) =a2'ty’ > A(t) =(1-de+ty, O<t<1. (6) 


Further since the equality is trivial if z = y we can, without loss in generality, 
assume 0 < x < y. 

It is easy to see that both of the functions A and G strictly increase, from the 
value x when t = 0 to the value y when t = 1. 

Simple calculations give: A(t) = y—a, G’(t) = (log y—log x) G(t); and A" (t) = 0, 
G"(t) = (log y — log x) G(t). Then clearly A’ > 0 and G’ > 0, which confirms the 
above remark. Further however G” > 0 so G is strictly convex. Since A is linear 
and A(0) = G(0), A(1) = G(1), we see that the graph of A is a chord to the graph 
of G; and G being strictly convex it has a graph that lies below this chord, which 
is just (6). 

An alternative method for this proof is given below in the discussion of (b). 

10 The Cauchy, or extended, mean-value theorem states: if the functions f,g are continuous on [a,b] 
and differentiable on ]a,b{, with g’ never zero, then there is a point c,a<c<b, such that SEES 


u Cc 
IGE [CE p.598]. 
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(z) The following is a variant of proof (v); [Maligranda 1995] 
If p > 1 and a,b > 0 consider the function 


1 Ps cad 
f(t) =-t-V/P a+ —t/?b, t>0, 
p p 


where p’ denotes the conjugate index. Simple calculations show that 


p-G1/P) 


fC) ae | eee 
f'(é) eras aa 
so that f(t) > f(a/b), with equality if and only if t = a/b, that is 
t/ppi/p’ < 1y-1/p'g a Ayal 
alPpiP < tPF a+ —t Pb, 
P p' 


& 


- = (2 in the last 
p 


1 
with equality if and only if t = a/b. Now putting t= 1 ,—- =a, 
p 
inequality gives (3), and the inequality is strict unless a = b. 


(zi) See also the proof of VI 5 Theorem 2 (a). 


(b) We divide this part of the lemma into two cases. 

Case (i): a<0 

Put a’ = a8, 0! = v8, a' = —a/B, B' =1—a' = 1/8. Now apply (3) to a’,b’,a’, 8". 
Case (ti): a> 1 

In this case @ < 0 so the previous argument can be easily adapted. 

Alternatively we could use (B). 

The proof (iz) of (a) gives both cases immediately. With the notation of that 
proof write D(t) = A(t) — G(t),t € R. Then we have D(0) = D(1) = 0, and 
D"(t) <0. Hence D(t) > 0,0<t< 1, and D(t) <0,0>t,ort >1. 0 


REMARK (i) It follows from proof (i) of (a), and (b) that Lemma 4 and I 2.1 
Theorem 1 are equivalent. In particular proofs (ii)—-(vi) of (a) can be used to 


give alternative proofs of (B). 


2.2.3 THE EQUAL WEIGHT CASE SUFFICES We now show that 2.1 Theorem 1 can 


be deduced from its equal weight case. 
LEMMA 5_ It is sufficient to prove Theorem 1 for the case of equal weights. 


L] Once Theorem 1 has been proved for constant w, simple arithmetic argu- 
ments lead immediately to the case of rational weights; then (GA) for general real 
w follows by a limit argument. 


To complete the proof it must be shown that if a is not constant then (1) is strict. 
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Suppose that not all of the weights are rational and write w; = u; + v;, where 
u; > 0 and uy, € Qi, 1 <i<n. By (GA), 6,(a;u) < An(a; wu); also since a is not 
constant we have by Theorem 1 with rational weights, 6,(a;v) < %,(a; uv). So 


ak wee 


6,,(a; w) =(6n(a: u)) 
< (2, (a; u)) 
< FE Mn(0 u) + XC v), by (8), 


=A, (a; w). 


6, (a; v) 


ees ae 


2,(a; uv) 


O 


REMARK (i) This result seems to appear for the first time in [HIP p.18]; see also 
[Herman, Kuéera & Simga pp.148, 170-171]. Another proof is given later; see III 
3.1.1 Remark (v). The result is generalized in 3.1 Lemma 2. 


2.2.4 CAUCHY’S BACKWARD INDUCTION We now give a famous result of Cauchy, 
[Cauchy 1821 p.815|. It enables the proof of Theorem 1 to be reduced to the 
case of n-tuples with n belonging to some strictly increasing sequence, usually 
np = 2*,k € N*, and is part of Cauchy’s proof of (GA), see below 2.4.1 proof (ii). 


LEMMA 6 If Theorem 1 has been proved for a particular positive integer then it 


is valid for all smaller positive integers. 


LI By Lemma 5 it suffices to consider Theorem 1 in the case of equal weights 
holds. Assume the result holds when n = m, that k € N*,1<k< mandaa 
positive k-tuple. Define the m-tuple b by 


» ft if1 <i<k; 
‘ )A=Ap(asw), ifk<i<m. 


By the hypothesis, 6,(b; w) < %mn(b; w); this inequality being strict unless b is 


constant. -This inequality is easily seen to be, 


(S.(a) 


or 6;(a) < A = Az (a), and there is equality if and only if a is constant. O 


Wi./Wan = 
) ee WellWe < 9 (bw) = A, 


REMARK (i) It follows from Lemma 6 that to prove (GA) it is sufficient to show 
that if0<n, <ng <---, limp_..o nz = oo then the assumption of the validity of 
(GA) for n = nx implies its validity for n = nz41. 

We can formalize this as the Cauchy principle of mathematical induction; |[Dubeau 
1991b}. 
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THEOREM 7 If no € N* and P(n) is a statement about integers n > no such that: 
(a) P(no) is valid; 

(b) if P(k) is valid for some k > no then there is an integer ny > k such that 
P (nx) is valid; 

(c) if P(k) is valid for any k > no then P(k — 1) is valid. 

Then P(n) is valid for all n > no. 


2.3 SOME GEOMETRICAL INTERPRETATIONS Before turning to the proofs of 
(GA) we give some particularly simple forms of that inequality that have interest- 


ing geometrical applications. 


LEMMA 8 ‘T’heorem 1 is equivalent to either of the following. 

(a) Ifa is an n-tuple such that [[;__, a; = 1 then )>;_, a; > n, with equality if and 
only if a is constant; 

(b) If a is an n-tuple such that >>," aj = 1 then [J;__, ai < (1/n)”, with equality 


if and only if a is constant. 


C In both cases one implication is trivial. 

Assume that (a) holds ; let a@ be any positive n-tuple; define 6 = & ee =). 
Tr mr 

Clearly [ [2 = 1, and so by (a) Si =n. ‘This by the definition of 6 is just 


1=1 1=1 


A> G. 


Assume that (b) holds ; let a be any positive n-tuple; define c = (=, ag —). 
nw nw 


Clearly we = 1, and so by (b) [Le (a /n)". This by the definition of ¢ is 
L t=1 


w=1 
just G@ < A. 
Thus either (a) or (b) is sufficient to imply (GA) in the case of equal weights, 


which by Lemma 5 is sufficient to prove this lemma. bal 


REMARK (i) The case n = 2 of Lemma 8(a) is just I 2.2 (20); for (b) see [Goursat]. 
Both results are classical and proofs can be found in many places; see for instance 


[Chrystal pp.52-56], [Darboux 1887]. 

Both parts of this lemma have simple geometric interpretations. 

CoROLLARY 9 (a) Of all n-parallelepipeds of given volume the one with the least 
perimeter is the n-cube. 


(b) Of all n-parallelepipeds of given perimeter the one with the greatest volume is 


the n-cube. 


COROLLARY 10 Of all the partitions of the interval |0,1] into n sub-intervals, the 
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partition into equal sub-intervals is the one for which the product of the intervals 
is the greatest. See [Pdlya 1954 p.129]. | 


LEMMA 11 (a) In the case of n = 3 (GA) is equivalent to the statement: of all the 
triangles of given perimeter the equilateral triangle has the greatest area. 

(b) In the case of n = 4 (GA) for 4-tuples of numbers the sum of any three of 
which is greater than the fourth is equivalent to the statement: of all the concyclic 


quadrilaterals of given perimeter the square has the greatest area. 


O (a) Let a,b,c be the lengths of the sides of a triangle, s = (a+b+c)/2 its 
semi-perimeter; then by a formula of Heron, [Heath vol.II pp. 321-323; Melzak 
1988b pp.1-3], its area is A = \/s(s — a)(s — b)(s — c). When the triangle is 
equilateral this area is Ag = s*/3\/3. By (GA) in the case n = 3 and equal 
weights, 


3/2 s—a s— S—C sc 
pol ae <vi( G4 6-94 C=2)) 


with equality if and only ifs-a=s—b=s-—c,ora=}b=c. 
Conversely if a,,a2,a3 are any three positive numbers define a,b,c by a; = s — 
a, a2 = s—b, a3 = s—c, where s, as above, is (a+b+c)/2. Then simple calculations 
show that s = aj +a, +a3 Ss0@=S— a, = Q2.+ 43,6 = a3 + a1,C = a1 + G2 are 
positive and further a+b—c,b+c—a,c+a-—bare also positive, being 2a3, 2a12a2 
respectively, so that a,b, c are the sides of a triangle. Now using the inequalities 
above 

ee af 
Vs/  ~ \v/s 
with equality if and only if a= b= c, or a, = a2 = a3. 
(b)Let a, b, c,d be the sides of a concyclic quadrilateral, s = (a+b+c+d)/2 its semi- 
perimeter; then, by a formula of Brahmagupta, [Melzak 1983b pp.4-6], its area is 


A = ./(s — a)(s — b)(s —c)(s —d). When the quadrilateral is a square this area 


is Ag = 87/4. Noting that the 4-tuple a, = s —a,a2 = s—b,a3 = s—c,ag4=s—d 


2/3 
63(a1, d2,a3) = ( ) = 5/3 = A3(a1, a2, a3) 


has the property required in the hypotheses— the sum of any three is greater than 
the fourth— apply the equal weight (GA) in this special case to get 


A= (Vs ass —J(s— a) 2(So ede ead ee) 


gs? 


=7 = Ao 
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with equality if and only ifs -a=s—b=s—c=s-—d,ora=b=c=d. 

Conversely if a;,a2,@3,a4 are any four positive numbers satisfying the hypothesis 
that the sum of any three is greater than the fourth define, as in (a), a,b,c,d by 
a, = 8—4@,a2 = s—b,a3 = s—c,a4 = s—d, where s, as above, is (a+b+c+d)/2. 
Then simple calculations show that 2s = aj +a2+a3+ a4 so 2a = 2s— 2a, = a+ 
a3+a4—a; > 0 and similarly b,c and d are positive. Further a+b+c—d = 2a, > 0, 
b+c+d—a= 2a, >0,c+d+a—b= 2az,d+a+6—c= 2a3 so that a,b, c,d 
are the sides of a concyclic quadrilateral, see |Melzak 1983b pp.8-9|. Now using 


the inequalities above 
64(a1,@2,a3,a4) = Al’? < ae = §/2 = 28/4 = A4(a4, a2, a3, a4), 


with equality if and only ifa = b=c=d, or aj = a2 = a3 = a4. 
Noting that Lemma 5 shows that (GA) for equal weights and a given n-tuple 


implies the general case for the same n-tuple completes the proof. CJ 


REMARK (ii) Extending this to a general concyclic n-gon seems difficult as there 
seems to be no simple formula for the area of a concyclic n-gon, n > 5; see 
[Robbins]. The need to phrase part (b) of this lemma in a manner different from 


part (a) was communicated to me by Mowaffaq Hajja. 


REMARK (iii) For further discussions of the results in this section the reader 
should consult the following: [Kazarinoff 1961a pp.18-58; Kline p.126], |Bioche; 
Garver; Shisha; Usai 1940b]. 


2.4 PROOFS OF THE GEOMETRIC MEAN-ARITHMETIC MEAN INEQUALITY ‘The 
proofs will, as far as is known, be in the order of their appearance. Seventy four 
proofs are given and there are undoubtedly as many more in the literature. A 
survey of proofs given up to 1904 can be found in [Muirhead 1901/04] and a 


survey of several proofs also occurs in [Colwell & Gillett]. 


It is sufficient by Lemma 5 to give a proof for the equal weight case and many 
proofs do this. Also, given 2.2.1 Lemma 3, or 2.2.2 Lemma 4, it is sufficient to give 
the inductive step in any proof by induction; see also 2.2.4 Remark (i). Further for 
a complete proof of the theorem it is clearly sufficient to prove that the inequality 
is strict for non-constant n-tuples. In addition in an inductive proof we can also 
assume that no two elements of the the n-tuple a are equal, for if two are equal 
the inequality follows by the induction hypothesis; in fact we may assume that the 
n-tuple is strictly increasing. 

The proofs are divided into sections determined by the publication dates of the 
four main references |HLP; BB; AI; MI], 1934, 1965, 1970 and 1988, respectively, 
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preceded by the prehistoric proofs. A baker’s dozen of proofs that are in journals 


not seen by the author are listed for completeness in section 2.4.7. 


2.4.1 PROOFS PUBLISHED PRIOR TO 1901. PROOFS (2)—(v12) 


(2) MACLAURIN CIRCA 1729 

This is by far the earliest proof and it appears to be due to Maclaurin who states 
the result in the form of 2.3 Corollary 10. 

L] Suppose that 0 < ay <ag <---<ay,a1; #a,. If a; and ay are replaced by 
(a; +a,)/2 then 2 is unchanged, but using (2) it is easily see that 6 is increased. 
If then a is varied so as to keep 2 fixed, and of such n-tuples a’ is the one at 
which © assumes its maximum value, the above argument shows that a’ must be 
constant. Hence the maximum of © is attained when all the terms of a are equal, 


and this maximum value is equal to 2. L 


[Chrystal p.47|, [Grebe; Maclaurin]. 
Given the date of the proof it is not surprising that the existence of an a’ at which 
© attains its maximum was taken for granted. This missing step can be supplied 
in either of the following ways, [HIP p.19, footnote(a)). 

(a) Use the fact that a continuous function, @, defined on a compact set, K, 


attains its maximum on that set. In this situation if x = (41,...,2n), 


1/n n 
o(z) = (T]*:) | K = {2 2; >0,1<i<n, and doa = nah. 
ial (aay 
(b) After & steps in Maclaurin’s proof let us denote the resulting n-tuple by 


a‘*), and assume it is increasing. Then clearly 
al®) < glFt) <1... < alt) < al), 


Hence limg_,.. a*, and limz_,., a® both exist, say with values a, A respectively. It 
is not difficult to see that after n steps that maximum difference in the sequence 


has been reduced by at least one half; that is 


ag) as 


? 


and so limz_+o9 (a) — a\*)) = 0, or A=a. This argument is due to Hardy. 


(it) CaucHy 1821 
This elementary proof depends on a sophisticated induction argument, see 2.2.4 


Lemma 6, and consists of proving (GA) for all integers n of the form 2*, k € N*. 
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[1 Assume the result is known for k=m and let a=(a1,...,@am),b= (b1,..., bam) 
end C= (Cisn sa Coma = (G50) = (Gin vn, Gams Di'ynang Dam): 
Now 


Gom+1(C) = Gam (a) Gom(b), 
<4/Agm (a)Agm (b) , by the induction hypothesis (7) 
<A(Agm (a), Wom (b)), by (GA) in case n = 2, Lemma 3, (8) 
=Agm+1(C). 


Equality occurs at (7), by the induction hypothesis, if and only if a, and 6 are 
constant, a and 6 respectively say; and then at (8) there is equality if and only if 


a = 6; that is we get equality if and only if c is constant. LJ 
[Cauchy 1821 p.315; Poélya & Szego p.64|, |Chajoth; Forder]. 

REMARK (i) <A variant of this proof can be found in [Boutroux]; Bellman has 
given a particularly lucid version, [Bellman 1954]. 

(4i7) LIOUVILLE 1839 

O Assume (GA) for all integers less than n and put a = (a1,...,@n—1,2), and 
let. (a2) = A"(a) — G2(a). Then 


fi(@) = 82-"(@) — 62=1(@) = (“—*a,-1(@) +2)" — ona) 


This shows that f’ is increasing; further f’ vanishes when x = 2’, where 2’ = 
NGn—1(a) — (n — 1)2,(a). Thus f has a unique minimum at 2’, and the value of 
this minimum is f(2’) = (n—1)6"73 (a) (Wn—1(a) —~O,-1 (a)), and by the induction 
hypothesis f(x’) > 0, . 

Hence f > 0, which completes the proof except for the case of equality. In order 
that f(x) = 0 we need both that x = 2’ and f(x’) = 0. By the induction hypothesis 


f(x’) = 0 if and only if aj =--- = an_1 =a, say; but then z’ = a and the proof 
is complete. LJ 
[Liouville]. 


REMARK (ii) This early proof does not seem to have been noticed until it ap- 
peared in the book by Mitrinovié & Vasic¢, |Mitrinovié & Vasié pp.28-29]. As a 
result many other authors discovered it independently; see, for instance, | Buch; 
Lawrence; Yosida]. Like proof (7) this is not an elementary proof. The method 
can be used to obtain more precise results; see below 3.1 Theorem 1, and [Rtithing 
1982]. 
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(tv) THACKER 1851. 
This inductive proof is based on (~B). 


O 


oon FU nay" 
NQ, 


Mh (a) =a (1+ 


al eee 


n—1 
—— ) _ by I:2.2(11), or by 


(~B), 1 2.1 Theorem 1, witha = — 
Tl a 


> a,6"7j(a) = 6" (a), using the induction hypothesis. 
Further, from J 2.1 Theorem 1 and the induction hypothesis this inequality is strict 


unless a is constant. L 


[Thacker]. 
(v) Hurwitz 1891 
0 If f is any function of n variables put P(f(a1,...,@n)) = Do!f(@i,,---, Gin): 
So for instance: 
if f(@,,...,@n) = Q1@_°-- a, then P(a,a,---an) = n!(a,a,---an) = n!6,,(a”); 
if f(a,,...,@n) = ay then P(a?) = (n —1)'(a? + a? --- +a") = n!A,(a”). 
Define ¢,, 1 <k <n-—1, by od = Pita’ - aa, — Az)A304°°* Ak+1)- Then, 
as is easily seen, dy = Pia foeee mame Cr — A2)*a304 °- -On41); and so 


if a is positive and not constant, ¢, > 0,1 <k<n-—1 while if a is constant then 
dy =0,1<k<n-—1. Also 


Oy = 2( P(arMa, vee ak) — Pia "a; vee ass) ) 


and so, summing over k we get Se OL. = AEG) — P(a,-- -Gn)). Hence, from 


the initial comments, 


with equality if and only if a is constant. LI 


[Hurwitz 1891]. 


REMARK (iii) This proof is interesting in that it is the first to give an exact value 
for the difference 2,,(a”) — 6,(a”). 


REMARK (iv) In [BB p.8] it is pointed out that this proof contains the germ of 


a technique that Hurwitz was to use later in his famous paper, [Hurwitz 1897], 
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on the generation of invariants by integration over groups. For further discussion 
along these lines the reader is referred to the papers [Motzkin 1965a,b]. 

(vi) CRAWFORD 1900 

This is a variant of proof (7), more sophisticated but elementary. 

C As in proof (7) let the n-tuple a be such that 0 < a1 <--- < an,a; 4 ay 
and define a’ by changing a; to A,(a) = A, and ay, to a; +a, — A, the rest of the 
a, = a;. Then ,,(a’) = & and 


n—1 
G7 (a’) =G% (a) — | | ai( — a1)(an — W) 
a 
>67 (a), the second term being positive by internality. 


After at most (n — 1) repetitions of this process we arrive at a constant n-tuple 
a”, and this gives a proof of (GA). O 
[Briggs & Bryan p.185; Hardy 1948 p.82; Pélya 1954 p.247; Sturm p.8}, [Craw- 
ford; Fletcher; Muirhead 1900/01, 1901/1904, 1906}. 


REMARK (v) A similar proof has been constructed by defining ai = 6,(a) = 6, 
and ay, = a,a,/6. The idea in this proof has been as a basis of a general method 
of forming inequalities, [Kecéki¢]. 

(vii) CHrysTaL 1900 

O Again let the n-tuple a be increasing and non-constant, and assume (GA) 


for all integers less than n. 


2n(a) = 29, 4(a) + 2% = Ay -1(a) + Pena) (9) 


By internality a, — 2%,-1(a) > 0 and so from the right-hand side of (9) 


Mn (a) >An_1(@) + (an —An—-1(@)) n= 1(a), by (~B), 
=an Ah { (a) 
>an6"—3(a), by the induction hypothesis, 
=6;, (a). O 


[Chrystal vol.II], [Muirhead 1901/04; Oberschelp; Popovié; Wigert]. 


REMARK (vi) If the inductive hypothesis is used on the middle expression in (9) 
then we get 
An — On-1 (a) ) @ 


Mn(a) > (Gn—r(a) + A 
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and the above argument again gives (GA); see [Weber pp.689-690|, | Tweedie]. 


2.4.2 PROOFS PUBLISHED BETWEEN 1901 AND 1934. PROOFS (viiz)- (xU1) 
(vit) MutrRHEAD 1900/1901 
See V 6 Remark (iii). 


(iz) DouGaty 1905 
Following ideas of Muirhead, Dougall made a study of various identities from which 
(GA) becomes apparent. In particular he gives the following proof of (GA). 
O With the notation of I 1.1(1) and Example (i) , if @ is a non-constant n-tuple 
the polynomial 
§ r+a;)= : ("aie 
nt + a;) > - di 

has distinct roots so inequality I 1.1(4) is strict, that is 

BM > alt l<r<n. 


nm—-T 


In particular d,_, > do! ", which is (GA). O 
[Dougall]. 


REMARK (i) In fact Dougall gives an exact formula for d} —d,,; such a formula also 
occurs in (Jolliffe; Muirhead, 1900/01]. A similar proof can be found in [Green]. 


(x) Podtya 1910 
O If a is a non-constant n-tuple define b by a; = (14 5;)A,(a;w),l <i<n. 
Then b is not the zero n-tuple and ~._, wib; = 0, and 


6,,(a; w) =Apn (a; w) Gy (1 + d; w) 


<Q, (a; w) exp (> wibi), by inequality I 2.2(8), 


4=1 


=, (a; w) . 


[HLP p.103|, [Alexanderson|, [Lidstone; Wetzel]. 


REMARK (ii) This proof is in [HLP] but is assigned this date by Alexanderson. 


The equal weight case was rediscovered by Lidstone. 


REMARK (iii) An extension of the idea in this proof is given below in 2.4.5 proof 
(clit). 
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(zi) DOrRIE 1921 
C] If a is a non-constant n-tuple, n > 3, and P43 a, = 1, then at least one 


element is bigger than 1 and at least one is less than 1; assume ag < 1 < a,. Then 


nm nr 
y a, =a, +a2+ 5 aj 
71 1=3 


Tm 
>1+ aya2 + Ne a see 2.1 Lemma 3 proof (iv), 
i=3 
>1+(n-—1)=7n _ by the induction hypothesis, 
and by 2.3 Lemma 8(a), this is equivalent to (GA). O 
[Dorrie pp.387-89; Korovkin p.7|, |Ehlers; Heymann; Kreis 1946]. 
(zit) CARR 1926 


[3 The following is a simple inductive proof. 


1/n—1 a ee 
Gn(a) = (By/"-*alan-/-1) ETT (a) 


n—l 


1 1/n—-1 ey 4. Wee 
< n—2/n = 
Sle [On (a)an + as 7 On-1(4); by (5), the case n = 2, 
1 n—2 n—2 
Sta ye On) ee G27” a 7 On-1 (2); by (5) again, 
1 nm-2 ea! : 
St 12 On) + CY hs + 7 n-1 (2); by the induction hypothesis, 
1 1 
=—_____@,, 1 — ———5 | An(a). 
Simple calculations leads to 6,(a) < 2,(a). 0 
[Carr]. 


(xiii) STEFFENSEN 1930 


We first have the following simple lemma. 


LemMaA 12 Ifa, b are increasing n-tuples and a < b, then (a ai) oo bi) 
is not decreased by interchanging a, and b,x; further it is increased unless either 


ay = bg, or for alli ~k, a; = ;. 


LI. This is immediate from the identity 


Sass Sea 
2 J : 


=(Yoa)(oo) + (bx -a)(Sob ~ rai). 


nae . , i=1 


istk istk 
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O 
Using Lemma 12 we have the following proof of (GA). 
@ Suppose that a is non-constant increasing n-tuple, then 
nterms 
nG2(a) =(@1 +--+ y)(a2 +++ $9)... (dn +--+ + an) 
<(a, tao +-+--+Gn)(a1 +ag+--: +2)... (@1 +Gn+---+an). 
by Lemma 12. The result follows by a repetition of this argument. L 


[Steffensen 1930, 1931]. 


(tiv) NAGELL 1932 
0 Assuming that a is a decreasing n-tuple define A = n(2,(a) — Gn(a)) and 
A; = a)!" — a!”, 1<i<n. Then 


A= Sr a-a/n (5) Dain Daa di 
j=2 


“Eom D(C) - CAE) 


jo j 
+ d4%, -i]14s)) 
; = = 
> Dat ve ) (" 7 )> 3s Al, using induction on the terms of ps 


<i 


[Nagell; Solberg}. 
(cv) Harpy, LirrLewoop & POLya 1934 


LJ Suppose that (GA) has been proved for integers less than n, then 


Wr-1 


< 


Wn 
W,, 6,-1(a; w) + wi by (5) 
Wr-1 


= A, 1(a;w) + Wan by the induction hypothesis, 
Tr 
The case of equality follow from 2.2.2 Lemma 4 and the induction hypothesis. U 


[HLP p.38]. 
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REMARK (iv) A similar proof can be given starting with 2,(a;w). The proof is 


an adaption of a proof of (J); see 1 4.2 Theorem 12 proof (1). 


REMARK (v) Other proofs of (J) and of the Jensen-Steffensen inequality can be 
adapted to give a variant of this proof; see proof 2.4.5 (lit) and [Magnus]. 


REMARK (vi) Even in the case of equal weights appeal must be made to (5) rather 
than (2). However in the equal weight case the appeal to (5) can be avoided by 
using the the inequality 1.2 (8); see [Georgakis]. 

(xvi) Harpy, Lirruewoop & POotya 1934 


a Using the strict convexity of the exponential function we have: 
Gn(a;w) =exp (An(log a; w)), by 1.2(8) 
<Q, (exp ologa;w), by (J), see 1.1(4), 
=An, (a; w). 


[HLP p.78|, |Barton; Flanders]. 


REMARK (vii) A similar proof can be given using the strict concavity of the log- 
arithmic function, [Gentle 1977; Steffensen 1919}. 


2.4.3 PROOFS PUBLISHED BETWEEN 1935 AND 1965. PROOFS (rviz)—(x@21) 


(xvii) Bour 1935 
k,,k 


Ed Consider the expansion of e”¥ and in powers of y. Quite trivially no 


coefficient of the first expansion is less than the corresponding coefficient of the 


second. It is then quite easy to see that the same is true of the expansions of 
: Ha) 

the two functions exp (y S> i) and gn both obtained as products of 
ab : 


functions of the above type. 


Comparing the coefficients of y”* in the two equations we get that 


nr(z) 1 ie 


Gn(z) ~ n\ (kI)" 


Now, using Stirling’s formula in the form m! ~ m™e~™/ 27m, the right-hand side 


tends to 1 as k > oo. CJ 


[Bohr]. 


REMARK (i) Bohr’s proof does not give the case of equality, but the following 
simple argument by Dinghas completes the proof; [Dinghas 1962/3]. Consider 
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the non-negative function d(x) = A,(xz) — 6, (x) then Od/dz; = (1 — 6, /x;)/n, 
1 < i< n. Now assume that for a non-constant z we have d(x) = 0. Choose 
i so that x; = minz, then Od/Oz; is negative and so if x; is increased slightly d 
becomes negative, which is a contradiction. 

(xviii) DEHN 1941 

A particularly simple geometrical proof has been given by Dehn based on some 
observations about angles and chords in a circle. In particular if the angles a, 
1<i<n, are not all equal and from the centre of a circle cut off chords of lengths 
aj, 1 <i<n respectively then 2,,(a) is less than the length of the chord cut off 
by the angle ,,(q@); for full details the reader is referred to the reference. 

[Dehn]. 

(zit) WALSH 1943 

We first prove (HA). 


LEMMA 13 Ifa and w are n-tuples then 
Hn(a;w) < An (a; w), (HA) 


or equivalently 
mr n W; 
(> wa ) e =) > W?, (10) 
a | i=1 ” 


with equality in either inequality if and only if a is constant. 


LJ The proof is by induction, the case n = 1 being trivial. The left-hand side 
of (10) is equal to 


n—1 m—-t1 Ws w 
(> uias+4nd (> = + vs 


11 41 


nm—t1 
>We +n >» W (= + ) + w2, by the induction hypothesis, 


0; a 
> a n 


>W2 + 2wnWr-1 + w2, by I 2.2 (20), 
=We. 


The case of equality is easily obtained. LJ 
For another proof of (10) see III 2.2 Example(ii). 
Now we proceed to Walsh’s proof of the equal weight case of (GA) using (10). 


& Assume that a is not constant. 
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It is easily seen that 


a aD (ar - a} (a; —a;) > 0. 


Hence : . 
; mn 1 
ae, a; > - (12) 


and by the induction hypothesis 


10 n 
sa > (n—1)] a, bx kn, 
ik ink 
with at most one of these inequalities not being strict. 


Adding these n inequalities and dividing by n gives 


yar > (II) (25): (10) 


Multiplying (11) and (12) gives 


vet oa(I#)(La)(Xa) 


15 a= 1 
n 
>n| [ a, by the equal weight case of (10). 
ah 


This completes the proof of the equal weight case of (GA), and the case of equality 
is easily obtained from that in (10). 


| Walsh]. 
(cx) NANJUNDIAH 1952 
UO For given n-tuples a, w define the n-tuples b,c as follows: 
Wi /wi 
a ae Gs Cj “i as <i<n 
a wi; a : t—1l> “1 git fus aan es 


where wo = 0 and ao = 1. 
Then by the symmetric form of (~B), I 2.1(3), c > 6, with equality only if a is 
constant. Easy calculations show that 2U,(b; w) = a; = 6;(c,w), 1 <i <n. Hence, 


using the monotonicity of the arithmetic mean, 


An (cw) —Gnlc w) > An(b; w) — G,(c w) = 0. 
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This completes the proof since clearly we can define a from c, so c can be an 


arbitrary n-tuple; the case of equality is immediate. L] 
[Nanjundiah 1952]. 

REMARK (ii) This method is the basis of other important inequalities; see 3.1 
Theorem proof (uv) and 3.4. 


(zi) JACOBSTHAL 1952 

This is a simple inductive proof that uses the polynomial in I 1.2(a); the same 
method is used later for a stronger result; see 3.1 Theorem 1, proof (1). 

O 


n 


ania) -S*(Gw) Mena) 


— Sr n ; 
> Gn-1(a) (ges) +n— 1), by the induction hypothesis, 


n Gn—-i(a 
> Snail) (nga), by I 1.2(7), 


=6,,(a). 


[Climescu; Jacobsthal]. 


(zzit) DEvIDE 1956 
C If a is a non-constant n-tuple define the n-tuple b by a; + b; = Ay, (a), when 
B, = 0. The following identities are easily deduced. 


By (bpp, tess +bp) = ~B2, 1 <r<n-1, (13) 
and order a to obtain the following properties: 
Be=O0) b765-<—20): Bpbpes 20, 2 ran = 1, (14) 


This is possible since from (13) not all B,b;, r+1<Jj <n, can be positive. 


The following identities can also be checked: 
By bp +4 a (2n(a) = By) drs al A, (a) (%n(a) _ Br4), Le = is 


and so 
n+1 


Brora iM *(a) |] a =Cp-Cryrl<r <n, 


n 
1=T+2 


96 Chapter IT 


where 


nN+1 


Gna, vend Cp 2 -*(a) (2, (a) — B, ) I] aj, l<r<n-1. 
t=T+1 
Adding over these identities gives 
n—1 n+1 
Bh (a) — Ah (a) = D> Brbr4.Ay*(a) [ai 
rt 1=T+2 
and the right-hand side is negative by (14). O 


[Devidé}. 
REMARK (iii) This last identity should be compared with that in 2.4.1 proof (v). 


REMARK (iv) A n-tuple b is the same as x used in 2.4.5 proof (rr2viit). 


(xviii) BLANUSA 1956 


If a is an increasing n-tuple then (GA) is equivalent to 


(S2(n - i)Aa:) ae (>> Aai), (15) 


where Aao = Q1. 
The case n = 1 of this inequality is trivial. So assume (15) holds as stated, with 
‘me 


Then, since 


n—-1 n n 4 


(Sr(n +1)(n- i)Aa;) Si(n + 1)nAa; > n(n + 1)" II es Aai), 


i=0 i=0 =o: g=0 


it suffices, for the induction, that is to show (19) holds with n replaced by (n +1), 
to prove that 


nm—-1 Tm mT! 441 


(Sie +1)(n- i)Aa:) So(n + 1)nAa; < (So n(n +1- i)Aa:)” > *(16) 


4=0 41=0 1=0 


Put B= (n +1)(n —1)Aa;, y = Yr, tAa; and 


nr 


= a7) = Si(n+ 1)\nAa; — 77, O<j <n. 


1==0 
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Then noting that (a — y)(8+ 7) > aG, we get 


a(j) 
aie ore er a SG ec eee 


Multiplying these inequalities gives 
a(n)(B + 7)" = a(0)8", 


which is (16). O 
[BlanuSa]. 


(zziv) BELLMAN 1957 
This proof uses the methods of dynamic programming. 
L] Consider the problem of maximizing [];_, a; subject to the condition that 
> Ai = a; see above 2.3 Lemma 8(b). Let this maximum be g(n; a). 
If we pick a, > 0, it remains to obtain the a; > 0,1 <i <n-—1, that maximize 
[[jz, a; subject to the condition }7"",' a; = a—ay. Then g(1;a) = a and ifn > 2 
g(n; a) = maxo<a, <a {ang(n —lsa- An) }. Putting a; = abj,1 <i <n, leads to 
g(n;a) = a"g(n; 1); and 

1 hi 


a sas ala a as: 


oe g(n — 131). 


Hence, using g(1;1) = 1 we get that g(n;a) = (a/n)", which completes the proof. 
O 

[MPF pp.697-708; BB p.6|, [Bellman 1957; Mitrinovié & Vasié p.25], [Bellman 

1957a,b; Dubeau 1990b,c; Iwamoto; Wang C L 1979a—d, 1980a, 1981a,b, 1982, 

1984al. 

(xxv) MrrrRINovic 1958 

O ~~ Let @ be an (n+ 1)-tuple and assume (GA) for integers less than n+ 1. Put 


An41 + (n — 1)An41(@) 
n ? 


A= G= (ann 51 (a)) _ 


then by the induction hypothesis, A > G. Further 


a al > / A, (a), by the induction hypothesis, 


>/G6,(a), by the above observation, and the induction hypothesis, 


n a 1/2n 
=(Gnti@aniiaw)) 


hii ds Hi (a) 
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On rearranging this completes the proof. he case of equality is immediate. (LI 
[Mitrinovié 1964 pp.282 2383). 


(xrvi) CLIMEscU 1958 
C Put x = a/b in I 1.2(7) to get: 


noe a> > eb a: (17) 


with equality if and only if a = b. Now let a be an (n+ 1)-tuple, then 


GOn4+1 (acer) =67, (a) An+1 


n 1 
<n (a) + = eke by (17), 


n 1 
= 6, n+1 n+1 
n+1 ae na 
1 
<— An (a*t) + ae eke by the induction hypothesis, 
=Andi(a"**). 
The case of equality follows easily. CJ 


[Climescu]. 


(xxvii) Newman 1960 
This is a proof of 2.3 Lemma 8(a). 
i] Let a be a non-constant (n + 1)-tuple with aes a; = 1. Since not all the 


elements of a are equal, we may suppose without loss in generality that an41 £ 1. 
Then , 


n+1 n 
/n 
S- A; >n(T] ai) +@n41, by the induction hypothesis, 
aaa, all 
n 
An+1 


>n+1, by (~B) with a = —-1/n and1+a2=a4pn41. 


[Newman D J]. 


(xxviii) DIANANDA 1960 


This is a modification of Cauchy’s proof, 2.4.1 proof (17). 
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O 


G,-1(a)an 1 G2-2/"-1(q) 


G 
3 
~~ 
IQ 
eee 

| 


Ds 


Gn—1(a) + a toe nla), by 2.2.1 (2), (n = 2 equal weight (GA)), 


an 
= n—l1 


IA 
bol rR pol Re 


a NON 
2 

i 

— 

o™~ 

Q 

~~ 

+ 


—2 
+——=6,(a)), by 2.2.2 (5), (n=2 (GA), 
and the induction hypothesis, 


2 
<5 An (a) + =~ Gn (a), 


2(n — 1) (n—1) 


which on simplification gives the result. CJ 
|[Diananda 1960}. 


(aziz) KOROVKIN 1961 

In Korovkin’s book I 2.2 Lemma 6 is proved using (GA). We use the lemma to 
give a proof of (GA) in the form of 2.3 Lemma 8(a). 

O Let’ g@ be an n-tuple with []j"., a; = 1 and set x, = [J;_,ai,1<k <n. 
Then the left-hand side of I 2.2 (24) is just 5°", a; and so by that inequality 
>> ,-1 @i > n as had to be proved. OJ 


|[Korovkin p.8]. 


(xxx) Mour 1964 


L] Let a be a non-constant increasing n-tuple and first we introduce some 
notation: af) = a; a@) = (a) = (a\?,..., a), where al") = sia); 


where aj is defined in Notations 6(v); and having defined a,...a‘*-!) then 


(1) 
al) — (ae | 


In other words the terms of a‘*) are the arithmetic means of the terms of a‘*~») 
taken (n — 1) at a time. 


The following identities can easily be established: 


a,,(a'*)) = (a), k=0,1,...; 


k-1 A, (a) — aj 


aS) — %,,(a) + (—1) ,1<i<n,k=1,2,..., 


(1) 
< A, (a) + ene k=1,2,..., by internality. 
Again by internality, 
6,(a) < 4,(a) + 1 k= 1,2,.... (18) 


(n—1)*° 
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Now assume (GA) for all integers less than n, and we have immediately that 


a") >6,-1 ((a(*-))!) 


=(6,(a-9) J" (at) VO, = eee 
On multiplying these inequalities we obtain 
6,(a\*)) > Sp(a\*), k=1,2,.... (19) 
In addition since a, 4 an, 
6n(a) > Gn(a). 


From (18) and (19), 


6a) SAn(a) + Ce k=m,m+l,.... (20) 
Using (18), choose a k so that 
An — at 
6n(a") — (mn 1)F > Gp (a). 
This last inequality and (20) with m = 1 completes the proof. O 


[Mohr 1964]. 


REMARK (v) In fact this proves a little more: 


Gn(a'™) <A,(a), m=0,1,... 


(ctxi) BECKENBACH & BELLMAN 1965 
This is another calculus proof of 2.3 Lemma 10(b). 
O The object is to find the minimum of the function )7*_ a; on the compact 
set {a;a > 0, []j_, a; = 1}. 
Using the Lagrange multiplier’! approach, consider f(a) = []f_, ag — A>}, ai, 
when eb reer ia eer 

i=1 


0a; 
O - O 

eT oe or. we must have aj = --: = Gn. 
Oa, Oan, 


ao If f and g, are functions of n variables, and we wish to find the extrema of f subject to condition 
g=0 the auxiliary function f(x,A)=f(x)+Ag(x) of (n+1) variables is introduced and the problem re- 
duces to finding the turning points of f. The extra variable ) is called a Lagrange multiplier and 

the procedure is called the method of Lagrange multipliers; [CE p.1015; EM5 p. 886}. 
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This gives n as the unique minimum of ys a; and proves 2.3 Lemma 10(b). O 


[BB p.5], [Amir-Moéz; Rodenberg]. 


2.4.4 PROOFS PUBLISHED BETWEEN 1966 AND 1970. PROOFS (rxx12)—(x£rrv11) 
(xxxii) DzyADYK 1966 


L] The following two identities are given by Dzyadyk: 


nG,,(a) + Gn41 _ Enka) n (a) . 
Saag = Oe Pe (5 ear ) (21) 
A, (a) — Gn(a) = aoe 1(a) Dr (se aaa (22) 


where p,, is the polynomial of I 1.2(a) . 


By I 1.2(6) the identity (21) implies that So > Gni1(a) and, by 


the induction hypothesis, the left-hand side of fis expression is not greater than 

NA, (a) + An+1 
n+1 

a, = *:: = Qn, by the induction hypothesis, and 6,(a) = 6,41(a), by I 1.2(7). 


This implies that aj = --: = Qn41. 


= 2,41(a). This proves (GA), and for equality we must have 


Identity (22), again using I 1.2(7), immediately implies (GA) and the case of 
equality. LJ 


[Dzyadyk]. 


(xxxitt) GUHA 1967 


Guha, uses the following lemma to give a simple proof of (GA). 


LEMMA 14 Ifp>q2>0, x>y2>0 then 
(pz + y + a)(x+qy +a) > ((pt+ 1)a+a)((q+ Ly+a), 


with equality if and only if x = y. 


L] This is an immediate consequence of the identity 


(pt + y +a)(x+ qy +a) — ((p+1)x@+a)((¢+ 1l)y +a) = (pa — qy)(x — y). 
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LJ Repeatedly using Lemma 14 gives: 


n factors 
(nAn(a)) = (ay +---+ay)...... (ay +---+Gn) 
n~2 factors 

> (2a, +.a3°+:+an)(2a2 + a3 +--- +n) (Qi t+-+::+@n)...... (a1 +---+4n) 

Finan 

>nay(2ag + a3 +:--+an)(ag + 2a3 +---+4an)...... (a2 +--+ +an—1 + 2an) 

n factors 

Drees > (nai) <.(ay,) =n" Gy (a). 
The case of equality follows from that of the lemma. L] 
[Guhal. 


(xzxviv) GAINES 1967 
The following result is well-known, [DI p.75). 


LEMMA 15 [Scuur] If 4j,1 <2 < n, are the eigenvalues of the complex matrix 
A = (aij )1<i,j<n then ) fy |Aal? < Of 51 laagl? with equality if and only if A*A = 
AA*. 


CO If 

0 a O 0 

0 0 a2 0 

wl ae 8 . 

0 O O =: Gpn—4 

a, O OQ ::: 0 
the eigenvalues are all equal to 6,(a) and so by Lemma 15, 7)", a? > nG,(a’), 
which is equivalent to (GA). C 
| Gaines]. 


(cxxzv) O’SHEA 1968 


O’Shea gives the following lemma. 
LEMMA 16 Let a be a non-constant decreasing n-tuple and if 1 < m < n define 


Ant4m = An, 1<m<n. Then 


mr 


s (ay" [Toss) = 0; (23) 


i=1 
further ifm > 1 this inequality is strict. 


O We first remark that if m < n the last term of the sum in (23) is negative. 


Further if any term (23) is negative so is the succeeding term. 
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To see this suppose that for some i9 < n and m < n, ay — Ae Qintj < 0. 
Then obviously i9 +m > n, but also since a, > -:- > Gn, a, > Gn we must 
have that i9 +m < 2n. This implies that @j,4m+41 = G@iptm+ti_-n- Hence since 


n>igt1l>iptl+m—-n, 


mm 
ILj-, Qiotitj — Gigtitm — Aig+m+i—n al 


mM ain sai 
IG-, Qig+j Qio+1 Qio+i 

So 

m m 

m m 
Oe Ge. ll Qints S I] Qin+itj> 

j=l j=1 
Or 

m 

m™m 
Qig+i — } | aioe <0. 
j=! 


The proof of the lemma is by induction on m and it is obvious that (23) holds 
with equality if m = 1. 


Let r-th term be the first negative term when we can write (23) as 


3 (a" Las) = » ice = ai"), (24) 


ti 


where all the terms in both sums are non-negative. 

Note that a, <aj,2 <7, a, > a;,1 > T with at least one of these inequalities being 
strict. 

Suppose that (24) holds for some m,1 < m <n, and multiply this inequality by 


a, to get, using the above remark, 


r—l 


5 (aH) > Soa( fees) 


i=1 
which is just (23) with m replaced by (m+ 1). This completes the proof of the 
lemma. is 
fe To prove (GA) using Lemma 16 note that is just the case m = n of that 
lemma. L] 
[O’Shea]. 

(czxrvi) DINGHAS 1968 

In various papers Dinghas has obtained several identities from which (GA) follows. 


Some are listed below; for proofs the reader is referred to the original papers. 


(a) r.( An (a) — Gn (a) _ 3 (a; _ 6i(a"/*)) P.. (a, 6;_i(a a), 


t=2 
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where Py(z,y)=1, Pj_2(2,y)= 250 ~1)z*-Jy-?, 3 <i<n. 


3 


(b) A” (a) — 67 (a) = S- (Tost Een Haat («. — .-.(a) ) P23 (A;(a), A;_1(a)), 


2 


where P;_. is as in (a). 


(c) ae = exp (> ww; (a; — aj)°F (aj, a;, An (a; w))), 
1 


here W,, = 1, and F(z, y, z) = d 
where and F(z, y, z) / Ea Ran Ema u 


(d) Mn = exp (m(a — Ap, (a; w)) * J (ai, %n (a; w)) ), 


ae ee 


U 


[e.@) 
here W,, = 1 and J = d 
where W,, and J(z, y) / Gia cu)? U 


[Dinghas, 1943/44, 1948, 1953, 1962/63, 1963, 1966, 1968}. 


(xzzvii) Mrrrinovié & VasiIG 1968 

This is a very simple proof of 2.3 Lemma 8(a) that can easily be modified to give 
a direct proof of the general weight case. 

O Let a@ be as in 2.3 Lemma 8(a), then by right-hand inequality in I 2.2(9), 


Tm 
le ES ee or Sa Satieal te = 
i=l i=1 


t=1 


[Mitrinovié & Vasié 1968, p.27). 


2.4.5 PROOFS PUBLISHED BETWEEN 1971 AND 1988 PRoors (rexvii7)—(lx12) 
(xxzviit) YuzaAKov 1971 

OC Let a be a non-constant n-tuple with A = A,(a), and x; = a;—A,1 <i <n, 
when ae x; = 0. Assume without loss in generality that r2 < 0 < 2; then 
aja, = (A+21)(A+ 22) < A(A+ 21+ 22). Hence, assuming (GA) for positive 


integers less than n, 


1/(n— tg ee a) Os -+ An 
n—l 


((A + 21 + w2)ag... Qn) =A 
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which, on using the above inequality 


A> (Fas sacs ee 


which completes the proof of (GA). O 
| Yuzakov]. 


REMARK (i) Quantities similar to the x; are used in 2.4.3 proof (zziz). 


(zrvit) SEGRE 

See VI 4.5 Example (iii). 

[Segre]. 

(xl) CHONG K M 1976 

This is based on a result of Chong K M I 3.3 Corollary ie 


n __, Qj 
LI Assume that [hap tend putas 2 a eo Se a aid 
i=1 jain. 23 Gi 
/ 
C 
an = . “— = —, Then c’ is a rearrangement of c, and so by the I 3.3 Corollary 
[[j-,@i 9 cn 
ig 
i= — 
>, : 3 GC; = 
t=1 t=1 
[Chong K M 1976c]. 


(cli) CHONG K M 1976 
This proof is based on [ 3.3 Theorem 18, and the following lemma of Chong K M. 


LEMMA 17 Ifa is an n-tuple and A = (2, (a), An (a), Sag An (a)) then A <a. 

LI Assume, without loss in generality, that a is decreasing, when if1 <<k <n-1 
k 

boar as < (0 ) OE as, oF 


k 
kA,(a) < Sai, l<k<n-l. 


t=1 
Since of course n,(a) = d-;_, ai, we get that A ~ a. 0 
El Now by Lemma 17 and | 3.3 Theorem 18 


[] x(a) = 2%(a;w) > [J as, 
i=1 i=1 


which is just (GA). 0 
[Chong K M 1976c, 1979]. 


(alii) Myers 1976 
This is based on the idea in 2.4.2 proof (2). 
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LEMMA 18 If z is a real n-tuple with )\;_, 2; = 0 then 1 > [J?_, (1+ 2;) with 
equality if and only if x is constant. 

O If n = 2 then zp = —2; and so (14+-21)(1+ 22) = 1—2? <1, with equality 
if and only if v1 = Zo. 

Now assume the lemma has been proved for all integers less than n, n > 2 and 
that x is not constant. Then not all z;,1 <27< n, are zero, and assume without 


loss in generality that r,_1 <0 < z,. Then, 


Tm n—2 
[[a +2;) <(1+2n-14+ Zn) [fa +24), since Lp 1% <0, 
t=21 1 
<1, by the induction hypothesis. 
This completes the proof of the lemma. L] 


LO Now let a be a non-constant n-tuple, with 6 defined as in 2.4.2 proof (2), 
that is a; = (1+ 5;)%,(a),1 <i <n, when, as in the earlier proof, )*"_, b; = 0, 
and not all of the terms of b are zero. Then 
Gr(a) =Gn(1 + 5) An(a@) 
<Q,(a), by Lemma 18. 


[Myers]. 
REMARK (ii) A simple proof Lemma 18 can be based on I 2.2(8). The same 


method will prove: ane = Oss 1S Ta + 2;)%, with equality if and only 
11 $1 
uf x 18s constant. 


(xliit) CHonc K M 1976 
LJ Let a be a non-constant n-tuple and assume without loss in generality that 
a, = mina < a, = maxa. Further assume that (GA) has been proved for integers 
less than n. Then 
27 (a) (ay (a zh an — 2, (a), Q2,--- int) 
>An (a) (a1 + Gn — An (a))ag...@n—1, by the induction hypothesis, 
=(a1an + (An — An (a)) (An (a) — a1) )az ieee d SSO Od ocak, 
which is (GA). O 
[Chong K M 1976b}. 


REMARK (iii) Chong has given a similar proof using 6,,(a); [Chong K M 1976al. 
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(liv) BELLMAN 1976 
Bellman has given a proof of (GA) based on developing identities for 2.(a) — 
®5x(a) and the use of 2.2.4 Remark (1). 
U First note that 
at + a% = 2ajaz + (a; — a2)’, (25) 


and so 
a? + a3 + a +. a4 = 2(a,a2 + aga4) + (a1 — a2)? + (a3 — a4)”. (26) 
Substituting a? for a,, a% for az etc. in (26) and using (25) we get 
Oa PGs ta, = AaiGpd3e4 + 2(apa3 ~ a304)" (at = 08) * (as = a7)". 27) 


Now add (27) to a similar identity using as, ag,a7,ag and replace a, by a? etc, to 
obtain a similar identity in eight variable with a8 +. ---+a8 on the left, 8a;a2...ag 
the first term on the right, and all the other terms on the right being non-negative. 
In this way we obtain an identity of the form 

2" or 

S- a? = Qk II a; + non-negative terms, 

i=1 i=1 
from which (GA) for n-tuples with n = 2", k = 1,2,... is immediate. O 
[Bellman 1976]. 


(clu) SCHAUMBERGER & KABAK 1977 


This is a particularly simple inductive proof. 


n+1 
0 Clearly Ss” (a; — a;')(a; — aj) > 0. So, 
ae 
n+1 n+1 n+1 
n drag >( Sai Say) 
j= im. 51 
JAA 
n+1 n+1 
> ( S— ayn II aj), by the induction hypothesis, 
* 2 
n+1 
=n(n + 1) ll ae 
j= 
This gives (GA) and the case of equality is easily obtained. LJ 


[Schaumberger & Kabak 1977]. 
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(xlvi) 1977) 
@ We may suppose without loss in generality that 6,,(a;w) =e, and W, = 
By I 2.2(7) we have a; > elogaj,1 <1 <n, so 


2, (a;w) = SS wiai > elog (| | a7") =e=6,(a;w). 
t=1 kamal 


The case of equality is easily obtained. L 


(xlvit) Cxumescu 19771° 
L] Assume, as we may, that the a is an (n+ 1)-tuple with ice ;= 1. Ifthen 
we have proved (GA) for the integer n we have that 


Apso Sai) (28) 


Adding over n similar inequalities we obtain 


nm+1i mn+i 


pes -+Gn4i > d (I a : s arn (29) 
jai 


al 


Using the right-hand side of (35) as the left-hand side of (34) and repeating the 


argument, and then iterating this we arrive after r steps at 


n+1 
Goi SS a 


Letting r > 00 gives a1 +---+@n41 > n+1, which by 2.3 Lemma 8(b) completes 
the proof. J 


REMARK (iv) Of course this proof does not give the case of equality. 


(zlviti) MusatKovic 1977 14 


O Assume that 6,,(a) = 1, and that (GA) is known for positive integers less 


than n. 
An (a) == eo a) 
> as i 6,—1(a), by the induction hypothesis, 
=P, St ls By 2.225), {neo (GA)): O 
12 


I have no source for this proof other than [MJ]. 
13 


14 


I have no proper reference for this proof. 


This proof is unpublished. 
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(liz) SCHAUMBERGER 1978 

The following is a very simple calculus proof. 

O Put x = a, and f(r) = ny (a1,..-,A@n_1, £2; W) — Wn, and assume (GA) for 
integers less than n. Then f has a unique maximum at x = Zp = Gy_1(a; w) and as 
aresult f(x) < f(xo). This inequality is W,_16,_1(a; w) > W,6n(a; w) — wnan, 
from which (GA) follows by the induction hypothesis. 0 


[Anderson D 1979a; Schaumberger 1978, 1990al. 


(1) LANDSBERG 1978 

The following interesting proof is based on the laws of thermodynamics. There 
was some criticism of this method of proving mathematical theorems, criticism 
that was itself objected to and the method extended; see the references and III 
3.1.1 Theorem 1 proof (z) 

L] Let a;,1 <7i< n, be the temperatures of n identical heat reservoirs each 
having heat capacity c. Put the reservoirs in contact with each other and let them 
come to an equilibrium temperature A, say. 

The first law of thermodynamics, conservation of energy, tells us that A = 2,,(a). 
The second law of thermodynamics implies a gain of entropy, that is to say 
cn log (A/ 6, (a)) > 0. This implies that A = 2,(a) > 6,(a); further there is 
equality if and only if there is zero entropy gain, if and only if all the initial 


temperatures are the same. 0 
[Abriata; Deakin & Troup; Landsberg 1978,1980a,b,1985; Sidhul. 


(li) ZEMGALIS 1979 

This is a simple inductive proof of (GA) in the form of 2.3 Lemma 8(a). 

ie] Assume (GA) has been proved for all integers k,1 < k < n, and that 
[i a; = 1 where without loss in generality we can assume an = Min@, Qn41 = 
maxa, when a, <1 < Qn4i. Then ananii +1 < Gn + Gn41, see 2.1 Lemma 3 
proof(iv). 


Now: 
n+1=nGn4:(a) +1 =n, (a1,...,An—1, @nQn4i) +1 
<(ay +--+ +@n—1+ GnAn41) +1, by the induction hypothesis, 


<a; +--++@n+41; by the above remark. 


The case of equality is immediate. EJ 


(Herman, Kucera & Simga pp.143-144, 151], [Zemgalis]. 
(lit) BULLEN 1979 
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The proof (iz) of 2.2.2 Lemma 6, the n = 2, general weight case, can be extended 
to give a geometrical inductive proof along the lines of a proof of (J), 14.2 Theorem 
12 proof (ii7). The induction is obvious from the following proof of the n = 3 case, 
where the notation is that used in the quoted proofs of earlier theorems. 


L] Consider the function 
D3(s,t) = Ag (x,y, 23 eek am £,$,t) a G(x, y, 2; Wess = i330), 


defined on the triangle T = {(s,t);O<<s<1,0<t<1,0<s+4t< 1}. The proof 
of (GA) in this case consists in showing that except at the corners of T, D3 > 0, 
unless x = y = z. We can assume, without loss in generality, that O< x7 <y < 2; 
further, we can assume that 0 < x < y < 2z; for if any two of x,y,z are equal 
then D3 reduces to a case n = 2 of (GA) and is known to be positive unless the 


remaining two are equal. Thus if y = z, and we putu=s+t 
D3(s,t) = D(u) = A(z, y; 1 —u,u) — G(z,y;l—u,u),O<u<1; — (30) 


and D(u) > 0, u# 0,1, see proof (ix) of 2.2.2 Lemma 6. 
Being continuous the minimum value of D3 is attained somewhere on TJ’ and if it 


is at an interior point then it is at a point satisfying 


OD 
3, =u — #) — 6s log(y/x) = 0, 
ee =(z — x) — 63 log(z/x) = 0. 


That is at some point (so, to) such that 


ee = ee = 63(z, y, z; 1 — so — to, 80, to). (31) 
However the logarithmic function is strictly concave so since y < z the first ratio 
in (31) is strictly less than the second?®, I 4.1 Lemma 2; so there is no such point 
(So,to), the minimum of D3 must occur on the boundary of T. However on a side 
of T, D3 is of the form D in (30), and is then positive except at the end points of 
the side. Hence D3(s,t) > 0 except at the corners of T’. 

In the general case suppose that we have (GA) for positive integers less than n. If 
t= (t,...,tr-1), w = (1— Zt, t), and D,(¢) = A, (a; w) — 6, (a; w), defined 
on the simplex T = {t;0 < w < 1}. Then as before we can assume that a is a 


strictly increasing n-tuple, for otherwise we are reduced to the case n — 1, and as 


15 The quantities in the two ratios in (37) are the logarithmic means L£(z,y), £(x,z); see 5.5, VI 2.1.1. 
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before D, must attain its minimum on a face of T where it is positive except at 
the corners by the induction hypothesis. = 
[Bullen 1979, 1980]. 

(litt) Cusmariu 1981 

In trying to extend the geometric proof (v) of 2.2.1 Lemma 3 Cusmariu obtained 
the following proof of (GA). 

al Consider the following n x n matrices: J the unit matrix, J the matrix with 
entries all 1, and S the matrix whose elements a; 44, =1,1<i<n-—1, Gat de 
and the rest are zero. If now V = (14+ S)/2 = (ui3)i<ij<n, then V is doubly 


stochastic and so limm_..9 V™ = aes . Alternatively this can be obtained directly. 


Now if a is a non-constant n-tuple and for m € N let V™ = Cy eres and 
define 
o 1 n n yim) 
i=. 91 
In particular fo = 2,(a) and limmoo fm = @n(a). 
Further 
1 
tm =5(f(@, V™) + £(@, sv™)) 
>Vfla,V™)f(a,SV™), by 2.2.1 (2),((GA)with n = 2 and equal weights), 
=f (a, Ven) Finan 


These facts imply (GA). 0 
[Cusmariu]. 


(liv) VAN DER HOEK 1981 

This is a simple inductive proof of 2.3 Lemma 8(a). 

O Assume that [[7" a; = 1 and put s = ae when [];_,(sa;) = 1 and so by 
the induction hypothesis )7;__,(sa;) >. Hence, by I 1.2(6), 


n+1 1 n as 
se ; m>—+e8"> A C 
Soa — D_(sai) + 8 ae m+ 


Temes t=1 


[van der Hoek). 


(lv) CHONG K M 1981 
O Let a@ an n-tuple with a, < an < an, < +--+ < a3 < @,,a, 4 ay, and 
for some r, 1 <r <n—1, define w= alas)", v = al/all ...ai/", @ = 
Ar44 ufn . 
( +) . Then u > v and applying I 2.2 (22) we get that 
ay 


Or4i + Pry > ee al + P,, 
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where P, = at! i ve ai/ " 1<r<n-—1, and A, =4a,; this inequality is strict 


when r = 1. Sum these inequalities over 1 <r<n-—1, to get 


nA, (a) > G,y(a) + S- ai/Mg(n—1)/n 


rT=2 


x 1/(m—1) 
>Gp(a) + (n— 1) ( I] ai/na{n—1)/n) , by the induction hypothesis, 
T=2 
=n, (a). 
This gives (GA). O 
[Chong kK M 1981]. 


(lvi) Riruine 1982 

Ruthing has given several inductive proofs using the symmetric form of (B), the 
inequalities I 2.1(2). 

CI] All the proofs use the inductive hypothesis, 6,1 < 2%, 1, and an inequality 
obtained from one or other of the inequalities I 2.1(2) by substituting a = n and 
various expressions for a and b. 

Thus using the left inequality with: 

(a) a = al) p= AV/@-D(Q), gives a,AZZ) < A; (b)a=ay"™) b= 
Ge) (a), gives 6, < an ~1)G,-1 + ay); 

and using the right neonate with: 

(c)a= gi/n (a), b= ail, gives the inequality in (a); (d) a= A,_1, b = Ay, also 


n—1 
gives the inequality in (a); (e) a = gn aes an!” , gives the inequality in (b); 
(f) a= Gp_1(a), b = G,(a) also gives the inequality in (b). O 


[Riithing 1982]. 
(lviz) WELLSTEIN 1982 
Taking f(a) = [][;_, a; in I 4.2 Theorem 13 gives the equal weight case of (GA). 
| Wellstein| 
(lui?) SCHAUMBERGER 1985 
O Assume that W,, = 1. Then by the right-hand inequality of I 2.2(9), 
= > wi + w;log(a;/Gn) = w; + log(az*/GF*), 1 <i <n. 


Tm 


Summing over 72 gives 
= > Wy + log(Gn/(Gn) = 1 


The case of equality is immediate. i 


|Schaumberger 1985a, 1988}. 
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(liz) SoLoviov 1986 

O =360BBy 1 4.6 Example (viii) y(a) = 6,(a;w) is strictly concave on the cone 
(R%7.)*, and, assuming that W, = 1, Vx(e) = w. 

(GA) now follows by an application of the support inequality, I 4.6 (~24), with 
U=G,U=€. a 
[Soloviov]. 

(Ix) TENG 1987 

This proof of the equal weight case depends on the following lemma that is another 


generalization of I 2.2(20). 


LEMMA 19 The equal weight case of (GA) is equivalent to the inequality 


Sot a 


with equality if and only if a = e. 


>n+i, (32) 


ies ay 


O Given (GA) the left-hand side of (32) is greater than or equal to 


a 1 1/(n+1) 
+1) ai( a2 —) =n+1,; 
(nea) 


i 
there is equality if and only if a, = --- = a, = iT” , that is, if and only if 
t=1 7 
a, = ++: =a, = 1. Now given (32) and a positive real a we have that 


7 


>nNn, 


~~ Os at 
Gta = 4 


a 


that is 


Date aes ms > an. 
Taking a = ([]j_, a:)!/” in the last inequality gives (GA). The case of equality is 
immediate. a 
0 As a result of Lemma 19 to prove (GA) we need to prove (32),which we do 
using a short version of Teng’s proof due to Hering; [Hering 1990]. 


The case n = 1 is just I 2.2(20) so suppose (32) holds for n, n > 1. Then 


n+1 1 1 
er ed) 
Dee sere a; = ata He : a + + On41 — 7 Te aj ee 
1 
2mb1414 (mo D(I~ an) (33) 
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by the induction hypothesis. Now either TL a; > 1 when at least one a; > 1, 
or ier a; < 1 when at least one a; < 1. In either case we can, without loss in 
generality, assume that this a; is aj, 41. Hence the last term on the right-hand side 


of (33) is non-negative and the proof of (32) is completed. O 
| Teng]. 


(Izi) MINASSIAN 1988 

This proof of the equal weight case is a mixture of induction and the use of calculus. 
OC Let n > 2,a = (a1,...,@n-1, 2), S= GQ, +QGQ+---+4n_1, p= a102...An_1 
and define f(x) = n"(Q?(a) — 6P(a)),2 > 0. Then 

f(z) = (a+ s8)"—n"pa, f'(z)=n(v+s)"* —n"p, f"(z) =n(n—-1)(2+5)"-?. 
Hence f is seen to have a minimum at x = 2p = np!/(~!) — 5 and simple calcu- 


lations give that f(xo) = n"p(s — (n— 1)p1/ edly, Now the induction hypothesis 


is s > (n—1)p'/-) with equality if and only if ay = --- = a,_;— a property 
that clearly holds when n=2, 3. So by the induction hypothesis f(a) > 0, with 
equality if and only if x = zo. CL] 
[Minassian]. 


REMARK (v) Minassian points out that this argument allows for consideration of 
certain real a if (GA) is written in the form Ay (a; w) > 67 (a; w). 

(Ixii) Yu 1988 

O In the right-hand inequality of I 2.2 (9) put z = a;/6,(a;w), and multiply 
by w;, 1 <1<n, and assume that W, = 1. 

This gives w; log a;/6,(a;w) < wya;j — wi, 1 <i <n. Adding over i gives (GA), 
and the inequality is strict unless a is constant by I 2.2 (9). O 
[ Yul. 


REMARK (vi) This proof is similar to proof (lviiz). 


2.4.6 PROOFS PUBLISHED AFTER 1988. PRoors (lxii2)—(lzaxiv) 


(litt) SCHAUMBERGER 1989 
O Put x = aje/G,(a),1 <i <n, in I 2.2 (7) and multiply to get 


ei = | a 
A Grla) 7 > (— = Lie =)" ie. 
~ \ 6, (a) 
On simplifying this gives the equal weight case of (GA). The case of equality is 
immediate from that of I 2.2 (7) . O 


[Schaumberger 1989]. 
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(Iriv) Brn-TaL, CHARNES & TEBOULLE 1989. 

See VI 4.6 Remark(vii). 

[Ben-Tal, Charnes & Teboulle]. 

(lcv) ALzER 1991. 

See 5.5 where an interesting proof is given using Cebiev’s inequality. 

[Alzer 1991al]. 

(Irvi) SCHAUMBERGER & BENCZE 1993 

Assume that we have the following inequality: if x is an increasing non-negative 


n-tuple then 
gr > £1(2xrq — 21) (3x3 — 2xQ)-+- (nay, —n — 1en-1), (34) 


with equality if and only if x is constant. Now, in this inequality, put a, = 71, a2 = 
2x9 — ©1,03 = 3x3 — 2x2... to get the equal weight case of (GA), together with 
the case of equality. 

To prove inequality (34) note that it is trivial if mn = 1 and assume that it is valid 


for some n > 1; then 


v1(2x2 — ©1)(3x3 — 2%2)-+-(nt, —n — ie ame Oc + 1%n41- NL) 
<a2n(n+1¢n4,—NXpn), by the induction hypothesis, 


cela ae Wie by lly): 
Ln, 


=2r(n+1 


The case of equality follows from that of I 1.2(7). 
An alternative proof of inequality (34) is given in 3.7 Example (i). 
[Schaumberger & Bencze 1993). 


(lzvit) ALZER 1996 
L Assume W,, = 1 and that a is an increasing n-tuple. Then there is a k, 
1<k<n, such that ax < 6,(a; w) < ag41. So 


An(aiw) 3 ws [0 enhare Sow (ot) a 
Gn (a; w) bare Er 7 IG." | 


Since both sums on the right-hand side contain only non-negative terms we get 
that the left-hand side is non-negative, which is (GA). Further the right-hand side 


is zero if and only if a; = 6,,1 <i <n, which gives the case of equality. L 


|[Alzer 1996al]. 
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(levitit) Lucur 1995 
LI Let a,w be n-tuples, and assume that W, = 1 and a is not constant; let 
x > 0, then by the right-hand inequality of I 2.2 (9) we have for each i, 1 <i<n, 


a; Qj; 
wWi— — wW; > w; log —; 
r x 


further this inequality is strict unless a;/x = 1. Adding and noting that at least 
one a;/x # 1, we get 
Gn(Q; 
A,(a;w) >x+xzlog Ss 
Taking z = 6,,(a; w) gives (GA). 


[Lucht]. 


REMARK (i) This should be compared to 2.4.5 proofs (luii), (Izii). 


(lxixz) U8aKov 1995 
In an interesting paper Usakov developed a unified method of proving inequalities 


based on the following simple lemma. 


LEMMA 20 Suppose that M CR and F: M+>R, where F(x) =~", fi(x), then 


mr 1 
inf f;(v) < inf F(x), sup f;(z) > sup F(z 
> anf (2) < inf F@), SL sup Ale) > sup Fle 
with equality in either inequality if and only if all the extrema occur at the same 


value of x. 


To prove (GA) assume let a and w be n-tuples with W,, = 1. 

Let fi(x) = wia;(x — logz), 1 <i<n,2 € M =R% then f; has a minimum at 
a, =1/a,,1<i<n, giving oy, infsem fi(v) = 1+ log (6, (a; w)). 

F(x) = 2,,(a; w)x —logx which has a minimum at xz = 1/2,(a;w) giving 
infec F(x) = 1+ log(An(a; w)). Using the lemma we get (GA) together with 
the case of equality. 


[Sandor & Szab6; Peéarié & Varogonec; USakov]. 


(lca) Hrrmic 2000 
a1a2 


Q1 
LJ Let a be an n-tuple and define the n-tuple b by, b) = ———~, by = on 


eee ee pa ve = 1. A simple application of I 3.3 Corollary 17 gives, 
G7, (a) 
1 1 1 Q1 a2 On, 
5 ee aes ee oe peer Sa a ge, 
oe "bs 7 “by * = On—-1 6,,(a) ' Gn (a) 7 : Gn, (a) 


from which (GA) is immediate. O 
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[Hrimic]. 

(lxxt) SCHAUMBERGER 2000 

This is another proof that uses the the right-hand inequality I 2.2 (9); see also 
2.4.4 proof (zrrvii), 2.4.5 proofs (luiii), (lit) and(Irviit). 


O 
nA, (a) — NGy (a) 3 Q; 1) 
6,(a) — \6,(a) 
mr 
Ps > log ( a ) by the the right-hand inequality I 2.2 (9) 
I=1 Gn (a | | | 
“ a 
— log ( ) = O 
I] Gn(a) 
O 
[Schaumberger 2000]. 
(Izzit) Gao P 2001 
L] Assume without loss in generality that W, = 1 and a is an increasing n- 
2 terms 
tuple with a, # a, and write x; = (%,...,£,@j41,..-@n) and define the functions 
Dj(z) = An(x;;w) — Gn(ayiw), ,O< 2 <ajyi, 1<icn. 
Then 
6 7 
Dj(x) = W; (1 = oni | < 0, by strict internality, 1.2 Theorem 6. 


Hence D; is strictly decreasing and so 


D,(a;) Ze D, (az) = D, (az) > D,(as) = D3(as) Zee Sie D,, (an) = 0, 


with at least one of these inequalities being strict; but D,(a,) > 0 is just (GA). 0 
[Gao P] 


(lzxitt) Roorn 2001 
L This proof proves the equal weight case of (GA) for rational n-tuples a. It 


cy 
- 


is then easy to see that we can assume this n-tuple consists of integers and even 
that 2,(a) = nk where k € N*, k > 2. 

Now the set A = {a; a € (N*)” and A, (a) = nk}, for a given positive integer k is 
finite. Hence A contains an a’ for which the product of its elements is maximum; 


that is 
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Suppose that a’ is not constant then there exist two elements of a’, without loss 
in generality a, and aj, such that a < k < aj, which implies that a) — ai > 2, 


and a, —a, —1>0. Now a” = (a +1,a, —1,a),...,a),) © A and 


Tr 
lle =(ai + 1)(a), — 1)a),...a!, = (al al, +a) — al —1)a)... al, 


11 


This is a contradiction and so a’ is constant. Hence a =--- = a), = k and this 


implies (GA). O 


REMARK (ii) It is not immediate how to use this result to get (GA) for all positive 
n-tuples. 
[Rooin 2001c}. 


(lxxiv) HAsr6 2002 

This proof by induction is an elaboration of 2.2.1 Theorem 3 proof (z), in the form 
suggested there in Remark (vi), and is related to Liouville’s proof, 2.4.1 proof (477). 
L Assume without loss in generality than a an n-tuple such that ay <--- < Gn. 
Let 2 =a, and put f(x) = A,(a;w) — 6p (a; w) when 


f(a) = Be (1 — (Satay) 


n 46 


Hence f is increasing if 7 > 6, _,(a@;w), in particular by the internality of the 


geometric mean if x > an_,. Hence f(x) > f(@n-1) = An_1(a@,; w’) -—Gn_1 (a); w’) 


where w is the n — 1-tuple (wy, ...,Wn—2,;Wn-1+ Wn). The result follows from the 
induction hypothesis. L] 
[Hasto]. 


REMARK (ili) As in the proof in 2.2.1 this gives a little more as it shows 2, (a; w) — 
6,,(a; w) is increasing as a function of any term exceeding the geometric mean of 
the remaining terms, and is decreasing as function of any term that is less than 
the geometric mean of the remaining terms. A similar proof, that also gives a little 


more, can be based on the ratio An (a; w)/Gn(a; w). 


—) = 


REMARK (iv) Reference should be made to a slightly different use of the function 
f in proof (ii) of 3 .1 Theorem 1. 


2.4.7 PROOFS PUBLISHED IN JOURNALS NoT AVAILABLE TO THE AUTHOR 


These are listed in chronological order. 
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[Schldmilch 1858a, 1859], see III 3.1.1 Remark (iv); | Unferdinger 1867; Tait 1867/69; 
Schaumberger 1971, 1973, 1975a, 1985b, 1987, 1990b, 1991, 1995; Moldenhauer; 
Petczyriski 1992]. 


2.5 APPLICATIONS OF THE GEOMETRIC MEAN-ARITHMETIC MEAN INEQUALITY 
We have already seen a simple but effective use of (GA) in Heron’s method, 1.3.5 
above. Another application was given by Kepler. He noted that an ellipse with 
semi-axes a and b has the same area as a circle with radius Vab. Hence from 
the classical isoperimetric property the perimeter of the ellipse is bigger than the 
circumference of that circle, 27Vab. Using (GA) Kepler gave 1(a +b) as an 
approximation for the perimeter of the ellipse®. We give some further uses below; 


of course there are many more, see for instance [Monsky; Ness 1967]. 


EXAMPLE (i) Determine all the polynomials x"+a,_,x2"—*+---+ao,witha; = +1, 
0<i<n-—l, having all real zeros. L] Suppose that the zeros are 7;,1 <i<n, 
then 7, 2? = a2_, — 2an_, = 142 =3, since the sum must be positive; further 
[[_, 2? = ag = 1. By (GA) 1 < 3/n, so n < 3. It is now easy to look at the finite 
number of possible polynomials particularly since when n = 3 the equality case of 


(GA) implies that the zeros are all +1, which gives a] = —1; [Boyd]. O 


EXAMPLE (ii) The proof of a surprising result due to Simons, [Simons], is based 
on (GA). Let a be an n-tuple and a a real n-tuple all of whose terms are distinct 
and define f(x) = d\;_, aiz%, x > 0. If g(x) = ax® is chosen to give a good 
approximation to f at the point x = Zo in the sense that f(xo) = g(xo) and 
f' (xo) = g' (ao) then f(x) > g(x) with equality if and only if x = xo. 

O The conditions imply that a = }“_, aja;xG" i f(ao) and a = f(xo0)xp°. 
Hence 


11 


2 aye (x/29)% ne © \ %aito/f (x0) 
= Dies UO" (L/O)™ oy >TI(-) f(xo), by (GA) 


v a 
=(=) Feo) = a2 = g(2). 
LO 
There is equality if and only if ((x/x9)%, 1 < 4 < n) is constant; that is if and 


only if x = Zo. LJ 


2.5.1 CALCULUS PROBLEMS Problems solved by elementary calculus can often be 
solved using (GA), usually in its simplest forms 2.2.1(2) or 2.2.2(5); [Niven], [Boas 
& Klamkin; Frame; Lim]. 

16 The classical isoperimetric property is: of all convex closed curves of a given area the one with the 


least perimeter is the circle. It is known that the perimeter of an ellipse cannot be expressed in terms 
of elementary functions; [CE p.521; EM5 pp.206-207}. 
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EXAMPLE (i) limyn.. Yn =1; [Rooin 2001a|. Assume that n > 3, then: 


n—1 n= 1 
< Yn -— 1 = ee eee 
0 Ez: Yn 1 Ltnl/ny...4n(nr-1)/n — n Vnl/nt2/nt--+(n—1)/n’ by (GA), 
eo AL 1 
“TGnayn < Ry 
Alternatively, [Sinnadurai 1961]: 
n*—n terms n terms 
raat acclaim a 
veer — 
Le ni/an —=(nr/2)1/n? < Sos ee, by (GA), 
—n—ntn/n _ L..4 1 


1-=+—~<1+ 


n? n Jn Jn 


3 
This gives: 1 < nl/" = (nl/?")2 < 1 4 — 


Jn 
2.5.2 POPULATION MATHEMATICS An application to population mathematics, [An- 


derson D 1979b], is based on estimating the lower bound for the positive root of 


the equation 


Wy t+ wet +--+: Wnt ag" a=), (35) 


where w is positive and k > n—1> 1. Using the results of I 1.1 it is easily seen 
that this equation has exactly one positive root which we will assume is not equal 


to 1, for in that case the discussion is babes 
k 


Equation (35) can be written as 0 = —— a oe! ~h using (GA) we easily 
1) 


t=1 


. 1/Wr, k 
get that 0 > (I Eas) — _ This leads to a lower bound for x, namely 


7m 
(1 


2 > Wa, where a= bap its 


For further discussion the Sane 3 is referred to Anderson’s paper. 


2.5.3 PROVING OTHER INEQUALITIES ‘This is of course one of the main applications 
of (GA), and much of the rest of this book is evidence of this. Here we give a few 
isolated examples of this use, many more can be found in |Herman, Kuéera & 
Simga pp.151-166]. 

(a) It is possible to compare the geometric and arithmetic means with differ- 
ent weights; [Bullen 1967; Dragomir & Goh 1997a; Iwamoto; Mitrinovié & Vasié 
1966a,c; Wang C L 1979d]. 
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THEOREM 21 If a,u,vu are n-tuples then: 


(a) 
Vn Gn (Ui 4) oy 


~ Un Gn(vu; wu) 


—1 


with equality if and only ifauu~ is constant; 


(b) 
(elas \" (ee) e An(a;u+y)\orr™ 
Gn (a; u) Gr(av)) ~ \Gr(a;uty) . 
O (a) It is easily seen that 
Gr(a;u) _ ( avu*;u)\ (Vn \ ( Gn(u; u) 
(a0)  \An@uurt) J VU \ Gnu) 
which implies the result by (GA). 


(b) This is an immediate consequence of the similar inequality associated with (J), 


I 4.2 Theorem 15(b), applied to the negative log function. O 
(3) The following theorem is in [Lupag & Mitrovic¢]. 


THEOREM 22 Ifa is an n-tuple then 


1+ 6n(a) <G,(e +a) <1+An(a); (36) 
1 1 
a | <6,(e +a ee ay 


There is equality if and only if a is constant. 


O By 1.2(7) and 1.2(10) it suffices to prove (36). 
The right hand inequality is an immediate consequence of (GA) and the observa- 
tion that 2,(e + a) = 1+ An(a). 


For the left inequality consider, 


Tr 


[[a “0; ) lp : SMaiy - + Din) 


411 m=1 ™ 


21+ 50 (7 ) Ties 410) Vm), by (GA), 
ies (")(TTas)""* = (0+ 6,0)" 


m=1 j}=1 
The case of equality follows from that of (GA).. O 


REMARK (i) Another proof of (36) has been given by Keékié, [Keékic]. 
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REMARK (ii) A part of this inequality has been generalized by Peéari¢, see I 2.1 
Remark(v), and similar but more general results can be found in some papers of 
Kovaéeé and others; [Alzer 19900; Kovaéeé 1981a,b; Mitrovié 1973; Pecarié 1983al. 
In particular it is immediate from the above proof that the right-hand inequality 
in (36) holds for weighted means. See also III 3.1.3 Remark (iv). 


(y) The following inequality is in [Kalajdzié 1970]. 


THEOREM 23 Let a,w be n-tuples with W,, = 1 and let b > 1, then: 


n 

; 1 a” *1...q¥in 
a 2 may a" 
i=1 


with equality if and only if a is constant. 


LI Let b = b%4 = (09% 545 D2? ), w= (Wissnagthe.) and consider the sum on 


the right-hand side of the above inequality 


J “1bOn (ais) < Son (aim), by (GA), 
aaa S Gn (b; w) 


< Sn (b; @) = (n — 1)! Slo. 


The case of equality is immediate. CL] 


(0) (GA) can be used to give a simple proof of a special case of I 2.2(11); the case 
when p=n+1,q =n; [Forder; Georgakis; Goodman; Melzak; Sinnadurai 1961]. 


nm terms 
Bere a 
(10+ 2)") <— (1+ (+=) +---+(1+=) ), by (GA), 
pias 
7 nat 
that is 
Din ZL n+1 
(1+—) ar) 


1 
REMARK (iii) This shows (1 +—)” increases strictly with n, and a similar ar- 
n 


1 
gument can be used to show that (1 + = strictly decreases with n; see I 
2.2(a). 


(€) Here we collect various results, without proofs. 
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THEOREM 24 (a) [MIJALKoviIG & KELLER; Lyons] 
Un(a;w) < Gn(a;aw). 


(b) [Zactu] 


A,(a)\%Anr@  G,(a4) 
Gany, = 6.12) 


(c) [DayKIn & SCHMEICHEL] 
If On4+k = Gk, bp = Akin ~ Ap, 1 << k <n, then 


(d) [AI, P. 348] 
If Ata >0,0<7<-k, and A*+1q = 0 then 
(" +n— ‘) 
tz , rear (0) k 


a 
An (a) n-1 
k; 
(e) [AI PP.208-209, 345-346], [MrrrINoviG, PECARIG & VOLENEC], [KLAMKIN 
1968, 1976; PEGARIG, JANIC & KLAMKIN 1981] 
a ne an aie define the n-tuples b,c by bk = A, (a) — (n — 1)ax, and 
ina) ~ a 


= ,1<k <n; and assume that 6 is non-negative then 
Tl — 


Gn(b) < Gr(a) < Gr(C). 
(f) [AI P.344], [AKERBERG] 


kt1/ /k 


aes Gn(a) < An(a). 


(g) [AI P.215], [SCHAUMBERGER 19755] 
IfQ<a<_b then 


(b—a)? (b—a)? 
30(a,5) < (a,b) — (a,b) < 86(a,b) 


REMARK (iv) The inequalities of (e) extend the results quoted from [AJ]. 


REMARK (v) The result in (g) has been extended; see below 4.1 Theorem 2. 


(¢) The inequality I 2.2 (24) is a generalization of I 2.2 (20); another generalization 


is the following; see [Janié & Vasic]. 
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THEOREM 25 If gz is an n-tuple and if 1<m<_n, then 


Zyt:::+ 2m, oy Mes pats get oe a ae nm 
cre a a ann a 6 Cee pe ay Le bee + 2yn-1° #n- mM 


C The left-hand side of this inequality is equal to 


Xn ~ (&m41 +++ +2n) Xn — (@m42 +--+ +21) 4 
mp te ton Em+2 0° 4 Ly 
4g Xa a (@m +++ tn-1) 
Lm fet t+ 2n~1 


1 1 
A Ceeeseee os) 


n?Xn, 
ge ee 
(martes +2n) +e + (Sm ++++ + Ln_1) 
by (HA), 
= n?2Xn i nm 
~(n—m)Xn — n-m 


0 


2.5.4 PROBABILISTIC APPLICATIONS ‘The mean, or expected value, of a random 
variable X assuming the discrete value x; with probability p;,1 <i <n, is 


E(X) = \7¥_, pizi. Hence we can write 
An (a;w) = E(X); G6, (a; w) = exp(E(log X)); Hn(a;w) = 1/E(1/X). 
Then (GA) can be expressed as 
E(log(1/Y)) >0, where Y = X/E(X)); 
the inequality between the geometric and harmonic means can be written as 
E(log(1/Z)) >0, where Z = (1/X)/E(1/X) 
and (HA) can be written as 
E(X)B(1/X) = E(1/Y) = E(1/Z) > 1. 


The further discussion of these results is outside the scope of this book and refer- 


ence should be made to [Pearce ]. 
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3 Refinements of the Geometric Mean-Arithmetic Mean In- 
equality 


3.1 THE INEQUALITIES OF RADO AND Popoviciu There are many refinements 
of (GA) and we first consider those that result from rewriting this inequality in 


one of the forms 


An(a;w) — Gn(a;w) > 0 (1) 
A, (a; w) 
Gn (a; w) = 2) 


and then asking if the left-hand sides of (1) and (2) can be given more precise lower 
bounds, in general, or for n-tuples satisfying certain conditions. ‘The consideration 


of this question often leads to still further proofs of (GA). 


THEOREM 1 Ifa,w are n-tuples, n > 2 then 
Wr (2n (a; w) it 6,,(a; w) Pe (Mn —1 (a w) — 6,_1(a; w)), (R) 
1/Wn 1/Wr- 
A, (a; w) An—1(a; w) ce 
a >) ee (P) 
Gn (a; w) Gn—1 (a; w) 
with equality in (R) if and only if a, = ©6n_1(a;w), and in (P) if and only if 


GA = Un (aw): 


L We give several proofs of these results. 
(i) First we consider the case of equal weights and use a method due to Jacobsthal, 
see 2.4.3 proof (xxi) of (GA); [Jacobsthal]. 


PAly (a) =Bn-s(a)((n — 1) Gl 4 (Sale) 


Gn—1(a 6,—1(a) 
28n()((n~ gr tng — (n—1)), by 11.207) 


This is just (R), in the case of equal weights. Further, from I 1.2(7), there is 
equality if and only if 6,(a) = Gn_,(a), or equivalently if and only if a, = 


Dy (a) . 
Similarly, 


(6) -(S26) (rats) 2 


>(Fate) by (~B). 
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The case of equality follows from that of (~B). 

(17) Simple calculations show that (R) is equivalent to 
Wn, Wnr~1 
Wn?” Wr 


which is a consequence of (GA). 


Gn—1(a; w) > atn/ Wn wivn—1/Wm (a. wy), (3) 


A similar reduction gives a proof of (P). 
(i7t) This is a modification of 2.4.1 proof (iii) of (GA) and is due to Liouville; 
[Liouville}. 

Let « = ap and f(x) = W,(An(a;w) — Gn(a; w)). Differentiation shows that for 
xz > 0, f has a single turning point, a minimum, at cr = ro = 6,_,(a; w). Simple 
calculations show that f(xo) = Wr—1(An—1 (a; w) — 6n_1 (a; w)). Hencef(x) > 
f(xo),  #2Xo, and this completes the proof of (R). 

An (a; w) )" 


oa) " a similar discussion leads to (P). 


(iv) (R) is an immediate consequence of I 4.2(7) in the case f(a) = e” and the a; 


If instead we consider g(x) = ( 


there are replaced by loga;, 1 <i<n. 
In a similar way we get (P) by putting f(x) = —logz. 
(v) The following ingenious proof is due to Nanjundiah who obtains (R) and (P) 
simultaneously by appealing twice to (~B) in the form I 2.1(3); [Nanjundiah 1946]. 
( 2h” (a; w) i W, Wri 
) 


nm 
——An (a; w) — 
yin (a. w Wn 


IV 


2,~1(a;w) = an 


af G,, " (a; w) _ 
Sr (a; w) 


Wr Wr 
Za uw, Oma) ars ~Gn—1(a; w). 


(vi) A simple proof based on (B) has been given recently; [Redheffer & Voigt]. 
Rewrite (3) as 


Wr Wr-1 
An = We Ore WD) Wn Gn-i(a; w), (4) 
and notice that this is just (~B) with 1+ a2 = G,(a;w)/G,_,(a;w) and a = 
Wr/Wn- 

(vii) Proofs are easily obtained from the inequalities in (a) and (b) of 2.4.5 proof 
(luc); [Rtithing 1982]. DO 
REMARK (i) Repeated application of (R) or (P) leads to (GA) together with the 
case of equality; also repeated application of (R) gives a particular case of I 4.2(7); 

Wr (An (a; w) — Gn(a;w)) > Wri (Ans (a; w) — Gn—s(a;w)) > + 

- > W,(2,(a; w) — (a; w)) > W, (A, (a; w) — G,(a;w)) =0. 
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REMARK (ii) (R) seems to occur for the first time in [HIP p.61] where it is given, 
in the equal weight case as an exercise and attributed to Rado. Known as Rado’s 
inequality it has been rediscovered many times; see [Bullen 1965, 1970b, 1971b; 
Bullen & Marcus; Cakalov 1946, 1963; Dinghas 1943/44; Ling; Popoviciu 1934b; 
Stubben]. 


REMARK (iii) (P) was proved first in the equal weight case by Popoviciu, |Popviciu 
1934b], and is known as Popoviciu’s inequality. It was implied in an earlier paper 
but the author of that paper failed to notice what he had proved, [Simonart]. As 
in the case of (R) this inequality has been rediscovered many times; see [Bullen 
1965,1967,1968; Bullen & Marcus; Dinghas 1943/44; Kestelman; Klamkin 1968; 
Mitrinovié 1966; Mitrinovié & Vasié 1966b,c]. 


REMARK (iv) By adding the inequalities (4) we get another inequality also known 


as Rado’s inequality; 


nr 
Swear > WrGn(a;w) — WnSm(a;w),1<m<n. 
k=m-+1 


ReMARK (v) For an alternative formulation of proof (v) see below 3.4 Remark 
(ii). 

A point of some logical interest is that the apparently stronger inequalities (R.) and 
(P) are equivalent to (GA) since, for instance, proof (i) uses (GA) to prove both 
(P) and (R). Moreover this proof can be used to obtain the following extension of 
2.2.3 Lemma. 5. 


LEMMA 2. It is sufficient to prove (GA), 2.1 Theorem 1, in the case of equal weights 


and where in addition a has all terms except one equal. 


L] By 2.2.3 Lemma 5 it is sufficient to consider the case of equal weights, and 
so since by Remark (i) (R) implies (GA), it is sufficient to prove (R) in the equal 
weight case. That is, from (3), to prove that 


An \ 
4 


1 niw(n—1)/n | 
n n Gn—1(a) > a; oo (a), (5) 


with equality if and only if a, = 6,_,(a). 
Inequality (5) and the case of equality follows from the case of (GA) that satisfies 


the conditions of this lemma. 


O 


REMARK (vi) Since inequality (5) follows from I 1.2(7) with « = (ap,/ Gn, (a))’ ‘ 
and n replaced by n — 1 we get yet another proof of (GA). 
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COROLLARY 3 Ifa,w are n-tuples, n > 2, then 


1 Wj itw; 
A, (a;w)—-Gy(a;w)>— max { aswe+ajw; (wi + wy) (area?) +w 't (6) 


Wr 1<i,j<n : 
: haiti 1/Wa 
QL, (a; w) sl max [wii t WIG 1 \ (7) 
Gr(ajw) ~ \isissn lo witw; afta? 


O By Remark (i) the left-hand side of (6) is not less than 


W. 1 : 
W, (a w) — G2(a;w)) = Ww, (wees + Wiya2 —We(a¥tav2)/). (8) 


This implies (6) since the n-tuples a, w can be simultaneously re-ordered to max- 
imize the right-hand side of (8) and leaving the left-hand side unaltered. 


Inequality (7) is proved in a similar manner. O 


REMARK (vii) Inequalities (6), (7) give more precise right-hand sides to (1) and 
(2); they are special cases of I 4.2(8). In the case of equal weights they are 


particularly symmetric: 


A Rado type inequality involving the arithmetic and harmonic means has been 
proved; |Klamkin 1968]. 


THEOREM 4 Ifa and w are n-tuples, n > 2, then 


We, (a; w An—1 (a; w) 
peta Ve = ——_——,, 9 
Hn (a; w) ~ “VW Sn—1 (a; w) ) 
with equality if and only if ayn = \/An—1(a@; W)Hn-1(a; w). 
= 
Wi An (a; w) 


Wr—1 Wn 
=(Wr-:An—1(@; w) + Grn) eee =a) 


2 , : 
_ Wr-1An-1(@ w) $02 + tn Wr as ( ew i An, ) 


Hn (a; w) 


Hn—1(a; w) An, Hn—1(a; w) 
W2_,A%n—1(a; w) é A, (a; w) 
n—-1 Sop 9 nWn— n eee b GA 
~~ Dn—1(a; w) adios ‘\V. Hn—1(a; w) 9) 


7 An—s1(a;w)\? 
=(un arent \ nia: “t 
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which implies (9). The case of equality follows from that for (GA). 0 


REMARK (viii) Repeated application of (9) gives a proof of (HA), as well as re- 
finements of (HA) along the lines of Remark (i), inequality (7) and Remark (vii). 


REMARK (ix) Rado-like inequalities between the harmonic and geometric means 
have been given by Alzer; [Alzer 1989d]. 


3.2 EXTENSIONS OF THE INEQUALITIES OF RADO AND POPOVICIU Various 
authors have given extensions to inequalities (R) and (P). Interesting though these 
may be they seem to have few applications. For this reason, and since most, if not 
all, of these extensions can be deduced from a more general result to be given later, 
full details will not be given in this section; [Bullen 1967, 1968, 1969a,b, 1970b, 
1971b; Gavrea & Gurzau 1986; Mitrinovié & Vasié 1966a,b,c, 1967a,b, 1968a,b,c}. 


3.2.1 MEANS WITH DIFFERENT WEIGHTS ‘The most obvious extension is to allow 
the means in (R) and (P) to have different weights. Unlike the situation for 
2.5.3 Theorem 21(a) such results are not immediate consequences of the original 
inequalities. A particularly fruitful method of discovering these extensions has 
been used by Mitrinovié & Vasi¢, [AI p.90]. The proofs are based on proofs (it) 
and (it7) of Theorem 1. 


Some of these results are collected in the following theorem. 
THEOREM 5 (a) Let 4,4 © R with Au > 0, and a,u,v be n-tuples, n > 2, with 
Up, > Un. Then 


AU 


Vir Un (a; v) — ——U, G4 (a; u) > 


Un 
Va nie v) (10) 
—UU Un Une Un- Un 
a (Ap) Un/ Un pb sre (Un = [tm ) 6 AU 1)/( re (a; u). 


nm 


If Un < pun then (~10) holds. In both cases there is equality if and only if 
a, = (Api) Un/ (Un— pin) HU n—1/(Un— Hun) (a; U). 


(b) Let A, 1 > 0, and a, u,v n-tuples, n > 2, with A,_(a;v)+ V >0,Vn > LU 
n—i1 
then 


(Ap, (a; v) +)" 
(GH (a; u)) 7m 


AV, \ Yr ~HUn (11) 
acon (An—1(a: y+ Tr ) 


™m—1 


1 ( Virsee ) 
pee XV fly, (GH (aj;u))orr-/ vs 
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If V;, < svn then (~11) holds. In both cases there is equality if and only if 

On = HAn(a;v) + A. 

(c) Let a, 8, € R with X > 0, anda, u,v be n-tuples, n > 2, with B(a— Bun) > 0. 
If (a — Buy) > 0 then 


(2n (a Orr ry" " 


Gh’ (a; u) Om 


Vn \a7Bun 
as ee (ns (a; w) + a), 
(Be) (S) (a 


If a — Bun < 0 then (~12) holds. In both cases there is equality if and only if 
(a _ Bun)Unan = Bun (ae. emer (er v) oe Vn). 


0 (a) (4) If X = w =1 (10) reduces to 
Vp An (a; 0) — 2 Un Gn (a; 4) > Vn—1An—s (aj ¥) — *Un—1Gn-1(@ 4); 
Ah, thy, 


and proof (77) of Theorem 1 suggests putting x = a, and f(x) equal to the 
left-hand side of this last inequality. 

The method of Mitrinovié & Vasié that leads to the general case consists of intro- 
ducing two extra parameters and putting z = a, and g),,,(x) = g(x) equal to the 
left-hand side of (10). Then 


sa) = va(t Agana), 


1/(Un—pun) 
and so g’/(z) =Oifx= ((au)% Bn (q: w)) 


Under the first set of hypotheses this is a minimum, whilst under the second set 
it is a maximum. 
The proof of both cases then proceeds as the proof (iii) of Theorem 1. 

(11) The method of proof (27) of Theorem 1 can also be used here. How- 


ever, unlike proof (7) above, this method gives no help in discovering the correct 


form of the inequality to be proved. Simple manipulations show that (10) is equiv- 


alent to 
U Uy, — PU 1/(Un—pun) fun 

i aaa = (On) en (a; u)) Sart 6, aw), 
nm n 


(13) 


which is an immediate consequence of (GA). 
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(b) The proof of (11), of which (P) is a special case, follows using either of the 
methods used in (a). However it is of some interest to note that (b) is the same 
Ul V, 
as (a). Putting A = Senn BA (g. u) —A,(a;v), w= it ~ 8, (11) reduces to (10), 

iV, Ve 


mum" TT 
with A, uw replaced by a, @ respectively. 


(c) As in (a) or (b) put & = a, and consider f(x) = ~—————_5—. Then f 


Un Visi lina Gs v) + AV; 


has a unique extremal at x = (@ , which is a minimum if 


On a — Bun 
the first hypothesis holds, and a maximum if the second holds. L] 


REMARK (i) It might be noted that (13) shows that (10) is independent of v. 


EXAMPLE (i) We will see later, IV 3, that (R) and (P) are special cases of a more 
general result. Here we note that the single inequality (10) also includes them 
both by choosing special values of A and p. Take A = uw = 1 and u=v=w then 
(10) reduces to (R); taking A = A,(a; w)/G,(a;w), and wp = 1,u =v = w, (10) 
reduces to (P). 


EXAMPLE (ii) If a= Vp, = vn/un then (12) reduces to 


Vn V. Vn-~1 
(21a ae ») (2n—1 (aw) + a -) 
Unt - UnUn-1/uU , 
6,” n a u) a Aaa " (a; u) 


which is a multiplicative analogue of (10). 


REMARK (ii) Inequality (10) could be further extended by considering 
9>,4,r,0(2) = 9(#) = Vn An (a; w) — AGH (a; u) — vG, (a; v) 


where & = ay, and 0UnVyn = LUAU n. 

Various choices of the parameters give results obtained independently by several 
authors. 

EXAMPLE (iii) Taking A = uw = 1 inequality (10) reduces to a particularly simple 


extension of (R) due to Mitrinovié, [Mitrinovié 1968c]: 


fe Uy, U,_ 
“91, (a;v) ~ "Gn (a;u) > A, —1(a;v) — = ~@n—1(a; wu). 


nm—-1 
Un Tm 


U 


EXAMPLE (iv) Taking A = unVn/UnUn, Au = 1 in (10) gives the following in- 


equality that is another generalization of (R): 


Vii (2n (a; vy) — Gen Un/unVn (a, u)) > Va-1 (2n—1 (a3 ye 2 a aaa (77 u)). 
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REMARK (iii) For further extensions see [Wang C L 1979a,1984c]. 


3.2.2 INDEX SET EXTENSIONS Let a, w be sequences and J an index set, I € T, see 
Notations 4, then extending the notations of Notations 6(xi) and I 4.2 Theorem 


15, we write 


ii 1/W 
27 (a; w) = W, So wiai; 6r(a; w) oe (TJ wai) 2 
ie] ier 


Using this notation (GA), (R) and (P) can be expressed in the following form. 


THEOREM 6 Let a,w be sequences and define the following functions on the index 
sets, I € ZT, 


27 (a; w) ue 
I) = Wz Ar(a; w) — Gr (a; w) }, Ih=(— 
ol) =Wr(2r(aim)~ Cran), (1) = (Fah) 
then both p and 7 are non-negative increasing functions. 


The results of this section are concerned with obtaining more properties of the 
functions p and 7; [Bullen 1965,1967; Everitt 1961; Mitrinovié & Vasié 1966b]. 


THEOREM 7 The set function p is super-additive, and the set function 7 is log- 


superadditive. 


REMARK (i) The first part of this theorem is a special case of I 4.2 Theorem 15(a), 


and both parts follow from more precise results which we now give. 


If a is an (n+ m)-tuple, n,m € N*, a= (a,,...,@n4m), we will write 
&@ = (Anti,---Ontm); m(@;w) = =— » wai; Wm = »- w;; etc. (14) 
Wr t=n+1 t=n+1 


THEOREM 8 Ifa and w are (n+ ™)-tuples then 


(a) Wrtm (atten (a; w) — Gnsm (a; w)) 2 
Wr (2 (a; w) — Gn (a;w)) + Win (2 (a; w) — Gm (a; w)) 


(Seni) > (Bew)” (ee) 


Gn4m(a; w Gn(a;w Gm (a; w 


(b) 
There is equality in (a) if and only if 6;,(a;w) = Gm (a; w); and there is equality 
in (b) if and only if L,(a; w) = Am (a; w). 


[1 3.1 Theorem 1 is a special case of this result, m = 1, and proof (72) of that 


theorem can be used to prove Theorem 8. Tq 


Means and Their Inequalities 133 


REMARK (ii) This result has been extended to allow for different weights in the 
different means; [Bullen 1967; Mitrinovié & Vasié 1966b}. 


REMARK (iii) The inequality in 2.5.3 Theorem 21 (b) also has index set extensions; 
see [Dragomir & Goh 1997al. 


3.3 A LIMIT THEOREM OF EVERITT Given a sequence a then the equal weight 
case of (R) says that the sequence n(Ay (a) ~ 6,,(a)), n EN, is increasing. It 
follows that limp—oo n(An(a) — 6,,(a)) exists, in R, and it is natural to ask under 
what conditions this limit is finite. Everitt gave a complete answer to this question, 
and in this section we present his work; [Everitt 1967,1969]. 


THEOREM 9 If a is a sequence then limn—oo 7 (An (a) _- 6n(a)) is finite if and 
only if: either (a) >-°-_, a; converges, or (b) for some a > 0, S>°~, (a; — a)? 


converges. 
LI The proof is given by considering the four possible types of behaviour of a: 
(a) limp.oo Gn = 0; (8) Witty. sea =a: @ > 0; 

(y) lim sup,,_,,5 @n = ©0; (6) 0-< limint,.364:6,.< limsup,.,..a,)< Go. 


(a) Using 3.2.2 Theorem 6, and the notation defined there, if 1 <k <n, 


do a > n(An(a) — Gn(a)) =p({1,...,n —1,n}) > p({1,...,&,n}) 


k k 
=On, + Ss a= (k + 1) (a, II ai) ee, 
t=1 $21 


Letting n — oo, and then letting k — o0 we get that limn_..o n (Ay, (a)—Gy (a)) = 
ya _ ai, which completes the proof in this case. 
(GB) First remark that this hypothesis implies: 
12 
lim | A,(a)=a, and lim — S (ai —a)* =0. 


n—oo n ¢ 
i=1 


Now define 7;; = a; — A; (a); ee oi = 0, and we investigate the 


properties of the two quantities or Ti So Ti; 


i 1 
Now: 


S(a.-a)*- Sri 2;(a) ~a)">) 73 
>on Yo ;-a)t+(a- A; (a))”, i<k<3@. 
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From this, and the preliminary remark, we make two deductions. First, letting 


7 — oo, and then k — oo, we get that 


lim 074 = S (a i 0)"; (15) 


‘ai 


also, 
{ J 
lim — 7?.= 0. 16 
jim 5 oT (16) 


Now, given € > 0 choose no such that if n > no then ja, — al <e. If 7 > no then 


DT <b (\a; — o| + la — 2; (a)}) 


i j 
<r rylai alte DY) 1 +la-Aj@l > 75. (17) 
1=no+1 i=1 


Hence . 
j 
do = O( S01), Fo. (18) 


If we assume that S>°° (a; — a)? = 00, then using (15), (17) implies that 
j J 
ae =0( )°73), JO. (19) 
i=1 i=1 


We now proceed to consider the proof of the theorem in this case. 


6,,(a) =an(a) [] (1 aie ie = 2, (a) exp (- » log (1 a ary )) 


Tin ee 


=ha(adeno (59. arty ~ Bae ay * Crm!) 
=A, (a) exp ( - a ue “(oth an Oo, Irin|*)) ). 
If then 573°. (a; — a)? < oo then from (15) and (18) 


x(a) = Anla)er (rey D7): 


n(An (a) — Gn(a)) = aoe Ti POU); 


4=1 
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so limn—+e0 n(n (a) — G, (a)) OO; 
If, on the other hand, )>;* (a; — a)? = 00, then from (15) and (19), 


G,(a) = A,(a) exp ( or ey > a 


Or 
LOC), Ne 
QL, G , 
n(n (a) — a(@)) = ar tay DT 
and so by (15) limpoo n(An(a) — Gn (a)) = co 
(7) Assume, without loss in generality, that limn_..@n = oo, then by 3.2.2 


Theorem 6 
e({1, a oe p({1, n}) = A, + An — Jan, 
and so limp—soo 2(An (a) — Gn(a)) = 
(6) Let @ = liminfpoo an, 8 = limsupy_,.o4n and € = (6 — §)/3; further 
suppose that O< a, <A,n € N*. 


Now choose two sequences of integers p, q such that if 2 € N* then 
Pi <Q <Piti; A, <B+eE, ag, > B-e. 


Then ay, — ag, > €, 7 € N*, and so 
Ze 
p({p1, qi}) = Ap, + Aq, — 1\/ap, Aq, Z An’ (20) 
So by 3.2.2 Theorems 6 and 7, and (20) 


Pl ysse5 Gh) 20 pis diy 255 Git) 
>p({p1,%, tee Pi-1,9i-1}) oe p({pi, qi) eRe 


a 


cana > > e({pe, ant) = Lm 


k=1 
and so limp—oo n(n (a) — Gn(a)) = oo. 0 
REMARK (i) Everitt’s original proof of case (7), [Everitt 1967], contained an error 


that was pointed out by Diananda in his review of this paper, [Diananda 1969]. 
Diananda later supplied a correct proof; [Everitt 1969]. 


REMARK (ii) It might be noted that this theorem gives some information on an 
upper bound for 2%,(a) — 6,(a); this topic is taken up in more detail later; see 4 


below. 
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A completely different limit is that given by the following result of Alzer, [Alzer 


1994a). Let k = {1,2,...,k}, k= 1,2,..., then 


at 
The author has given other results for the means of this special sequence; [DI 
p.18], [Alzer 1994b,c,d, 1995b}. 


lim 
lt CO 


3.4 NANJUNDIAH’S INEQUALITIES In this section we establish a very interesting 
extension of (GA), inequality (31) below. 


Given two sequences a, w let us write 


A(a;w) = A= {Aj (a; w), Ag(a;w),...... i 


G(a;w) = 6 = {G1 (a; w), G2(a;w),...... i 


for the sequences of arithmetic and geometric means. 


Regarding a +> 2, a++ © as two maps of sequences into sequences Nanjundiah’s 


ingenious idea was to define inverse mappings as follows:!” 
Wn/wn 
—] : _ Wr Wass a | : = Qn 
QI (a; w) = Tas, ae QOn—1; G,, (a; w) = Weal , nr = N . 
ni 


These will be called, respectively, the sequences of inverse arithmetic and geomet- 
ric means of a with weight w, and we will use the above notation to write 
A-*(a;w) = A-* = {Ay *(a; w), Az * (a; w) ...}, 
G*(a;w) = 6" = {G;" (a; w), 63" (aw)..-}. 
As usual in case of equal weights reference to the weights will be omitted in these 
inverse means. 
These inverse means have the elementary properties (Co), (Ho) and (Re) of the 
original means; see 1.1 Theorem 2. In addition the obvious analogue of 1.2(8) 
holds, the inverse arithmetic mean is (Ad) and the inverse geometric mean has the 


property 1.1(9). 


LemMMA 10 (a) With the above notations 
A, (A-*; w) = A>" (A; w) = SGnx(G"*; w) = G71 (G; w) = an, nE N*. 


(b) Ifn > 1, 
6, (a; w) > Az" (a;w), (21) 


ut Remember that Wo=0; see Notations 6(xi). See earlier 2.4.3 proof (xz), 3.1 Theorem 1 proof (v). 
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with equality only if an_1 = Gn. 
(c) Ifn > 1 then 


6, (a; w) + 6, '(b;w) > 67 (at bw), (22) 


with equality only if anbn—1 = An—1bn. 

O (a) Elementary. 

(b) If we put a = W,,/w,p then a > 1, and if further we put a = an, b = ay_1, (21) 
becomes (B) in the form I 2.1(2). Alternatively we can note that A>" and 67! 
are arithmetic and geometric means with general weights and use 3.7 Theorem 23. 


(c) By the elementary properties noted above and (b) we have 


S(athw) 6, (a/(a + b); w) + 6; * (b/(a + b); w) 


> U7 * (a/(a + b); w) + Az *(b/(a + b); w) 
= Ap (a/(at+b) +6/(a+6);w) =1. 


The case of equality follows from that of (b) 


REMARK (i) Clearly (a) justifies the name inverse mean given above. 


REMARK (ii) Inequality (21) is an analogue of (GA) for these means and can be 
used to prove both (R) and (P). In fact proof (v) of 3.1 Theorem 1 is just two 
applications of (21) with a replaced by &, and then by 6; 


REMARK (iii) Inequality (22) is an analogue of III 3.1.3(10), and will be used to 
give a proof of that result, III 3.1.1 Theorem 8. 


It is natural to consider what happens when the means in Lemma 10 (a) are 


interchanged. 


LemMaA 11 Ifn > 1 and ifW,an,n € N*, is strictly increasing, and W,/wn, n € N* 
is increasing then 
6, (A; w) > Ay" (G sw), (23) 
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with equality only if an—2 = An—1 = An. 


a On writing out (23) we have to prove that 


W, W, Ce 
n—1 n~2 
n—1 an —2 
Wn-1 Wn—1 
Wr/w Wn—-1/Wn-1 
, Wn ( ane Was Gc 
Wn-1/Wn w Wn-2/wn-1 ] ~ 
EON Oye aS Qn—2 


Rewriting (24) with a simpler notation what we have to show is that 


(ra —(r—1)c)" 2 ay — ee 
(go—(q—1)b)"" or = i 


by-1? 
and the conditions of the lemma imply the restrictions ra > (r—1)c, gc > (¢q—1)b, 
r>l,q>1,andr>dq. 
The case g = 1, which occurs if n = 2, is an immediate consequence of (~J), I 4.2 


Remark (i), and the convexity of 2",x > 0, r > 1. So we now assume that q > l. 
Let us define @ by rc — (r — 1)8 = qc — (q — 1)b, when the left hand side of (25) 


becomes . 
(ra — (r — I)c) 


(re — (r 18)" 
which by (22) is greater than or equal to 


(ray”_ (r= 1)e)" ae 


(reyr-* ((r — 1) 8)" 


(26) 


_ —] r— 
Now by (GA) 6= - a =< = — ze (ce? apa-1) 11 ” , or equivalently 
c cf 
gr-3 ss ba-1° (28) 


Collecting (27), (26) and (25) we have proved (24). 
For equality in the use of (GA) we need that b = c, when G6 = c. For equality 
in the application of (22) we then need a = c. This completes the proof of the 


lemma. C] 


REMARK (iv) The reasons for the restrictions on @ and w are clear from the 
proof: (i) the left hand side of (23), or equivalently (24), needs W,,a,, to be strictly 


increasing; (ii) for G to be an arithmetic mean the weights must be positive; and 


Means and Their Inequalities 139 
the condition W,,/w, strictly increasing ensures that r —q > 0. While if W,,/wn 
is increasing then the case r = q means that @ = b and the discussion is simpler. 


REMARK (v) When Lemma 11 is applied to different sequences a we must check 
that the first condition holds for those sequences. In particular, in the case of 
equal weights the first condition reduces to na, being strictly increasing and the 


second is satisfied. 


THEOREM 12 Ifn> 1, and if W,/wny, n € N*, is increasing then 


Cxcen) . Gacy, -_ (29) 


with equality only if an = 6n_-1(a;w) = An_1(G; w). 


L Since W,,2,,(a; w) is strictly increasing we can apply Lemma 11 to & to get, 


using Lemma 10(a), 


In other words W,, (rn (6~*; w) — 6, *(L- w)) is an increasing sequence. 
This implies that 
(6-1; w) > G7 (Aw). (30) 


In (30) replace a by @ to get 
6, (U(G; w);w) < An(a;w) = 6, *(G(A; w); w), 


which completes the proof since the cases of equality follow from those of Lemma 
se L] 


CoROLLARY 13 Ifn > 1 then 
Gr (A; w) > An(G; w), (31) 


with equality only if a is constant. 


LJ Rearrange , if necessary so that W,/wn, n € N* is increasing. This makes 
GS, (2; w) \"" 
no difference to Ceca , which by (29) exceeds 1. 0 


REMARK (vi) Theorem 12 is a Popoviciu type extension of (31) and we can also 
prove a Rado type extension by a similar argument. All we have to do is to start 
the proof of Theorem 12 by applying Lemma 11 to the sequence @. For this 
however we need an extra lemma since it is not immediate that W,6,(a; w) is 


strictly increasing. 
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LEMMA 14 If W,a,, is strictly increasing then so is W,6,(a;w) provided W,,/wny 


is increasing. 


a Note that W,,6,(a; w) = 6,(a@; w), where 


wi . 
1 ___ qi ifl<i<n, 
Wi __ wi t 
a; — 4-1 
a; if 2 = 1. 


is Wi-1/wi 
(14 -) ifl<i<n, 
pi = 
1 ih ie feel 


By hypothesis W,,/wn is increasing and so (,, is increasing by I 1.2.2(11). 


Hence a, is strictly increasing and so therefore is W,,G,(a; w). C 
THEOREM 15 Ifn > 1, Wran, n € N*, strictly increasing, and W,,/wn, n € N*, is 
increasing then 


Wr (Gy, (A; w) ot An (G; w)) > Wnh-1 (Gn—1(Q; w) = An—1(G; w)) ) 


with equality only if an = An—1(a; w) = G@n—-1(B w). 


Nanjundiah used the equal weight case of (31) to prove the important classical 
inequality, Carleman’s inequality. This inequality has been the object of much 
research; for further information see [AI p.181; DI pp.44-45; EM2 p.25; HIP 
pp.249-250|, |Peéarié & Stolarsky]. Other proofs of this inequality are given later, 
see 3.6 Remark (i) and IV 4.2 Remark (ii). 


COROLLARY 16 [CARLEMAN’s INEQUALITY] If @ is a non-null sequence then 
10) m™ 
An (Gla)) <eAn(a), or S| Gn(a) <e)> ai, nen; 
i=1 i 


if further °°", a < oo then 


CoO OO 
pS 6,(a) <e > Qi; 
i=l i=1 


the constant is best possible. 
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(| The equal weight case of (31) can be written as S- Gn (a) =a aa enls) 
<4 n! 


where G,,(s) is the geometric mean of the first n terms of the sequence s = {a1,a1+ 


Q2,a, + a2 +a3,...}. However n/ Vn! < e, 12.2, and so 


> Gn(a) <eGn(s) < an 
i=1 i=1 


The rest follows as in [HLP]. O 


REMARK (vii) All the results of this section are stated in [Nanjundiah 1952], and 
proved in the author’s unpublished thesis that was communicated privately to the 
author who then published Nanjundiah’s proofs; [Bullen 1996b]. In the meantime, 
based on numerical results, the equal weights case of (31) was conjectured. A proof 
of this conjecture was given by Kedlaya, [Kedlaya 1994]. After the appearance 
of this paper several other papers appeared, all apparently without knowing of 
Nanjundiah’s work. In these papers alternative proofs were given for Kedlaya’s 
result and also of the general inequality (31); further various extensions were made; 
(Holland; Kedlaya 1999; Matsuda; Mond & Peéarié 1996a,b; Peéarié 1995a], see 
III 3.2.6, VI 5. 


REMARK (viii) These results can be regarded as mixed mean results; this topic is 
taken up in III 5.3. 


3.5 KOBER-DIANANDA INEQUALITIES ‘Throughout this section @ is an n-tuple 
that is non-constant and non-negative, w is a positive n-tuple with W, = 1. 


Further we will use the following notations: 


w= min w; W = max w; 
An = An(a;w) — Gn(a;w); Dy = An(a) — Gn(a); 
En= DD) wiws(Vai— Yj)"; Sn= D> (Vai — Va;)”. 


1Si<ggn 1<i<j<n 


It is worthwhile noting some other forms for i, and Sy. 


53 wyw; (ai — ,/aj)? = oma o> WzW;/Aia;; (32) 
1,j=1 aes 


Si eve Va)? =(n-1) a2 Svan (38) 


t,j=1 1wsi<j<n 
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THEOREM 17 (a) With the above assumptions and notations 


w Ne 


<— <W; 34 
n-17~ Sy, - 
i ix 1 
Pei ion Wa gp 
eyes Dy (35) 


(b) There is equality on the left-hand sides of (34) and (35) only if either n = 2, 
orn > 2 and the a; with minimum weight is not zero, and the rest of the a, are 
all zero. 

(c) There is equality on the right-hand side of (35) only if either n = 2, orn > 2 
and the a; with minimum weight is zero, and the rest of the a, are all equal and 


non-zero. The upper bound of (34) is in general not attained. 


a (1) The left-hand side of (84). Using (33) we see that, 


Tr n nr 
w 2 
Ay — anne Toa => wie ee > (aia; — On(a;w) 
i=1 i=l 1<i<g<n 
n 
=S (wi — w)a; ae ae . = /aia; ~ Gn(a;w), 
1==2 ere 


where we have assumed without loss in generality that w,; = w. 

Now the two sums in the last line contain terms involving the a;, 2 <1 <n, and 
the ,/ajaj, 1 <%i< 7 <n, with weights that sum to 1; that is }>_.(w; — w) + 

—] 2 
(nie BY ( =] = 1. Hence applying (GA) we find that these sums exceed 
Tl =< 
G,(a;w), so that A, — —— Sr > 0, which is equivalent to the left-hand side 
Tr — 
of (34). 
Further by the case of equality in (GA) this inequality is strict, the a not being 


constant, unless n = 2, or if n > 2, ay ~ 0 and all the other a;, 2 <2 <n, are 
Zero. 

(tt) The left-hand side of (35). The proof in this case is similar to that of (2), 
but using (32). 


1 
An - [hn —=( 3 WiW;./aiaj — Via; — WY w0) — Gp (a; w) 


t,j=1 


—( 3 W5W;/aj,aj + Yo — w)a) — &,(a; w), 


%,j=1 
t#j 


where again, we have assumed without loss in generality that w = wy}. 
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As in (7) the sums form an arithmetic mean, and an application of (GA) shows 


1 
that A, — ; “in > 0, which is equivalent to the left-hand side of (35). 


The cases of equality follow as in (2) . 


(iii) The right-hand side of (35). Using (32) this is equivalent to proving 


®, = (a) = 5 D> win; (Va — Va)’ — w(An(a;w) — Gn (a;w)) > 0. (36) 


1,J=1 


The proof of (36) is by induction on n and since the case n = 1 is obvious 
assume the result for all k, 1 < k < n. Assume, without loss in generality 
that a, = mina, put w = min{wj,...,Wn-i}, and y = 6, _1(a;w’), where 
I Wi Wn—-1 Th 
= er . Then 
= 5 — Wn’ 1— aa 
Bn, Vy 6-25) On) = (Wn — w) (1 — wn)y t+ wr(l — w — wn)an + wy rae 


— 2wy(1 — wn)./Van 


and by (GA), 
D5 Vyov5 Vin) SO: (37) 
Now if a = (di, 00-3) Uns(asw )), and 
tS 2 w 
®,,(a’) = 5 »y wiwi (Vai — aj)" — -— i: (ns (a; w’) — 7), 
then by the induction hypothesis 
®,-1(a’) > 0. (38) 


Further 
®,,(a)—On(7,73---5 7% An) — A - Wn)2Bp_,(a’) 


=(o —w+ vo)( wa; — (1 — wn)7) 


a dunvan( wi VG — (1 ~ Wn) V7). 


Now by (GA) both of the terms in the brackets are non-negative. Hence using 
(37) and (38) 


®,,(a) un (So wie a wn) a Suny Dowie aa ee wn) V7), 


gsi 


=n) wi(vai~ v7)? 20 (39) 
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This completes the proof. 

Further there is equality in (39) if and only if a; = --- = a,_, = y. Inequalities 
(37) and (39) are equalities together if and only if w = wn, adn = 0 and ay =--:- = 
Open 

(iv) The right-hand side of (34). We can write S, = nD,+F,, where F,, = n?®,,, 
and ®,, is as above but with equal weights. 


Hence by (39) . 
ee Le 
Sa th (40) 


Further, assuming without loss in generality that w, = W, 


A 1a 1 
Da- = ~ wi)a; + ——Gr(a; w) — y(a) = 0, 
OW = AW Lal ~ wae + Balas) ~ Bala) 20 
by (GA). So 
at Ss nW. (41) 


Combining (40) and (41) completes the proof of this case. 

The final remark in (c) is shown by the following example. If we take n = 3 
and wy = wo = 1/4, ws = 1/2, then the upper bound of A3/S3 occurs if either 
ay, = 0,a2 = (V3 — 1)a3, or ag = 0,a; = (V3 — 1)?a3, when 


A3 1 1 1 
—<-(1l+-—=)<W=-. 
S3 ( a? 2 


If we put r = 2(1+ a what has to be shown is that 


J/3 
(r —2)as + (4/azap ~ r(/ay + Vaz) Vas + (r — 1)(a1 + a) — rare > 0. (42) 


This holds, since the coefficient of a3 is not positive, if and only if 


(4Vazag — (fai + Ya2)) — 4(r — 2)((r — 1)(a1 + a2) — rVazaa) < 0. 


Since 3r* — 12r + 8 = 0 this is equivalent to 


4/a102(./ai + a2) > 2./ajaa, (43) 


which is obviously true. For simultaneous equality in (42) and (43) we must have 


that 2(r — 2),/a3 = —4,/aja2 + 1(,/a, + ./@2) and a; = 0, or ag = 0, or a, = az, 


and since not all of a;,a2,a3 are equal this completes the proof. LJ 
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REMARK (i) The result (34) is due to Kober; Diananda proved (35) and gave 
the above simplified proof of Kober’s result; |[Diananda 1963a,b; Kober]. A mul- 
tiplicative analogue of Theorem 16 has been given, where the differences A,,, Dn 


are replaced by ratios; [Bullen 1967]. 


REMARK (ii) Both Kober and Diananda gave consideration to the behaviour of 
the ratios A,/S,, and A,/X, as a tends to a constant n-tuple; in particular if 
the limit is not the zero n-tuple then A,,/,, tends to 2. 


REMARK (iii) The following inequality can be found in [Beck 1969a]; see also 
[Motzkin 1965b]. 


REMARK (iv) Some of these inequalities are related to the mixed mean inequalities 
of III 5.3; see [Mitrinovié & Peéarié 1988b]. In particular the inequality F,, > 0, 


see the equal weight case of (39), is equivalent to 
(n — 2) Mtn (1, 0; 1;a) + Mn(1,0;n; a) > Mtr (1, 0; 2; a), 


using the notation of III 5.3 


REMARK (v) The inequality (39), ®, > 0, or equivalently 
1 nr 
A, (a; w) — Gn(a;w) < 5 2 OY w; (ai — aj)” 


and the above inequality of Beck, are examples of converse inequalities, a topic 


discussed in more detail later, see 4 below. 
REMARK (vi) Alzer has refined the right-hand side of (34); see [Alzer 1992a]. 


REMARK (vii) Aczél, in his review of the above paper by Alzer, [Zbl., 0776. 
26013], pointed out that the Kober-Diananda inequalities are helpful in situa- 
tions where the geometric mean is needed but the arithmetic mean is easier to 
calculate; [Aczél 1991]. 


3.6 REDHEFFER’S RECURRENT INEQUALITIES A very interesting general method 
for obtaining inequalities is in |Redheffer 1967, 1981|. The method leads to certain 


refinements of (GA) but has much wider applications. 
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DEFINITION 18 Let I,, 1 <k <n, be intervals, and fr, gy : on I; OH R, pe ER, 
1<k<n, then 


nm Tr 
Smif so 9 (44) 
4=1 11 


is called a recursible or recurrent inequality if there exist functions F, : Rw 
R, 1 <k <n, such that 


Pi GH tea Gisos.3Qp) = pe {ufk(@i,.--,@k) — 9n(ai,..-,@x)}, 
ak k 


where fo is defined to be 1. 

A good motivation for this definition is given in the first reference. 

THEOREM 19 The recurrent inequality (44) holds for all a € [];_, I; if and only if 
there exist 6, € R, 1 <k <n+1, dn41 = 0, 61 <0, such that 


= Fr* (6) — Orga, lSk<n; 


where for each k, 1 < k <n, F,*(5) being any one of the solutions of F,(p) = 6. 


LO The proof is by induction on n; since the case n = 1 is obvious let us assume 
the result for allk, 1<k<n. 

The inequality will hold for k = n if and only if it holds for the unfavourable 
choices of ayn, assuming a1,...,@n—1 fixed. 

Since the inequality is recurrent we get, using the induction hypothesis, the rela- 
tions of the theorem for k, 1 <k <n -— 2 and also 


Fn (n) + bn- = ey Cees 
and defining 6, = F,(fn), completes the proof. O 
As an application we give the following result. 


COROLLARY 20 If Gy,1 <k <n+1, are non-negative, By < 1,8n41 = 0, and 
Ap, 1 <k <n, positive then 


Sk (On5t) V/k Bait )Bx(a) < as (45) 


ka=i 


Tm Tm 
0 The inequality ye Un@p(a) < » Axa is recurrent. 
k=1 k=1 
‘To see this consider 


pGx(a) — Anan = (ut — Agt*)G,_1(a), 
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where t* = a,/G6z_1(a), k > 1. We then obtain that, k > 1, 


ee ae 
0 it fb; 


} 


and Fi(w) =0, up < Ai, Fi(u) = oo, p> Aq. 
Since F,(41) > 0 implies that 6, > 0, put 6, = (k — Led to get that 


LE = k( (AnBe)!/* = Bia): 


where the G,,1<k<n-—1, are as stated. L] 


Corotuary 21 IfA,(G) = An(G1(a), G2(a),...,Gn(a)) then 


A, (B) exp fac Seay. (46) 
and 
1 [ Un 6) Gr (a) Ds (a) 
<3 (+e) <e8 ae 


with equality if and only if a is constant. 


a] Apply Corollary 20 with 8, = e*-)), t>0,1<k <n. By the mean-value 


theorem of differentiation, see I 2.1 Footnote 1, 
k 
b(B,!* — Bal) > —te’, 
so, taking A, = 1,1 <k <n, (45) leads to 
Gn(a) < An(a)e* + tAn (G). (48) 


The best choice of t is (6,(a/An(G)) — 1, which gives (46). 

Now assume, without loss in generality that, a is increasing, and is not constant; 
then 0 < 61(a) < Go(a) < --- < Gy (a), and An (8) < 6,(a). So (47) follows 
from (46) using the inequality in I 2.2 Remark (ii) and (20). 0 


REMARK (i) Both of the inequalities (46) and (47) sharpen (GA). Since the expo- 
nential term on the left-hand side of (46) is bigger than 1, (46) implies Carleman’s 
inequality, 3.4 Corollary 16; see also [Alzer 1993c]. 


REMARK (ii) A direct proof of (48) is given in [Bullen 1969c] using methods 
employed earlier in this chapter. Unfortunately the method requires that 0 < t < 2 
and so does not give (46). 
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3.7 THE GEOMETRIC MEAN-ARITHMETIC MEAN INEQUALITY WITH GENERAL 
WEIGHTS Clearly if all the weights are negative nothing new occurs since we 
only use the positive ratios w;/W,,1 <1 <n. Further if we allow non-negative, or 
non-positive, weights, with of course not all being zero, the effect is to reduce the 
value of n, and to change the condition of equality from “a is constant” to “a is 
essentially constant”, see I 4.3. We will further talk of the arithmetic mean being 
essentially internal meaning that in 1.1 (2) the minimum and maximum is taken 
over the essential elements of a, with analogous usages for other properties. In the 
case of (R), 3.1 Theorem 1, the extra generality means that either w, = 0 when 
the inequality is trivial, or w, 4 0 when as remarked above the result includes all 
the cases 2 << k <n and the case of equality is unaltered. 

However if both positive and negative weights occur (GA) can still hold; [Ayoub]. 
This is a consequence of 2.4.2 proof (xvi) which shows (GA) is just a special case 
of (J). Hence applying the Jensen-Steffensen theorem, I 4.3 Theorem 20, instead 
of (J) we get the following result. 


THEOREM 22 If n > 3, a and increasing n-tuple, and w a real n-tuple satisfying 


W; 
W, 49, andO0< <1li<i<n (49) 
Wr 
then 
mina < A,(a;w) <maxa, mina < 6,(a;w) < maxa. (50) 


and (GA) holds with equality if and only if a is essentially constant. 


L) The proof of the left-hand inequalities in (50) is given in the preliminary 
remarks in the proof of I 4.3 Theorem 20; the right-hand inequalities can then be 
deduced in a similar manner, or by using 1.2 (8). 

The proof of (GA) follows 2.4.2 proof (zuz), but now using the Jensen-Steffensen 


theorem. [J 


REMARK (i) All the methods used to prove I 4.3 Theorem 20 can be used to 
obtain this result; the proofs are now simpler as this is a very special case of that 
theorem. 

When n = 2 the situation is different and very elementary but is worth stating for 


reference; see also 2.2.2 Lemma 4(b). 


THEOREM 23 Ifn = 2, wyw2 < 0, We = 1, a a 2-tuple then (~GA) holds. More 


precisely, if a, < a2 and w2 < 0 then 


A(a;w) < G(a;w) < mina (51) 
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while if a; < az and w; < 0 then 
G(a; w) > A(a;w) > maxa. (52) 


LJ This follows as a particular case of I 4.2 Remark(i) but we will give a simple 
direct proof. Assume, without loss in generality, that 0 < aj =z < ag = y, and 
w, =1—t, w2=t,t €R. Define the three functions: 


A(t) =U(a,w) =(1-tHat+ty, Gt) =G6@jw)=2'“y', Dt) = A(t) -G(t). 


Now if t < 0 then G(t) = x(y/zx)* < xz, which give the right-hand side of (51), 
while if the 1 —t < 0, equivalently t > 1 then A(t) = (1—t)(~x—y)+y > y, giving 
the right-hand side of (52). 

Now we easily see that D(0) = D(1) =0 and D”(t) < 0. So D is strictly concave 


and hence is negative outside the interval [0,1]. This completes the proof. O 


REMARK (ii) A particular case of arithmetic and geometric means with general 
weights that do not satisfy (49) is discussed below in 5.8. 


EXAMPLE (i) A simple use of Theorem 23 is to prove inequality 2.4.6 (34); let x 


be an increasing n-tuple then 


7m 
m1 TTC (kx, —k — 12,41) < 21 TI etext ae, 
k=2 k=2 


3.8 OTHER REFINEMENTS OF THE GEOMETRIC MEAN-ARITHMETIC MEAN IN- 
EQUALITY ‘There are many other refinements of (GA) of which we will mention 


a few. 


THEOREM 24 [SIEGEL; HunTER J] [fn > 2 and a a non-constant n-tuple then: 


(a) 
6,(b; w) 6, (a; w) < An(a;w), (53) 


where 0 is the n-tuple defined by bk =1+(n—k)/(t+k—-1),1<k<n, and t is 


the unique positive root of 
t+tky\ntk-1 
nl atte: TL @-a)*=(ITa)" 
1<i<j<n 


(b) 
Gn(a;w) < ¥/(1+ (W—1t)(0— 1)" A, (a;.w), (55) 
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where 0 <t <1, and t is a root of the equation 


2 (a; — a;)* =t(n—1) (Yay 


1<i<j<n 
REMARK (i) Since for all k, 1 <k<n-—1, by > 1 we have that 6,(b) > 1, (53) 
is a refinement of (GA). 
REMARK (ii) Eliminating [];"_, a; from (53) and (54 ) leads to the inequality 
wives (tn —1ro 
We (a) > il (a; — Da VE cee oa tee aS i? 
1<i<j<n 
which in the case t = 0 is a refinement of a result of Schur; see [Schur 1918]. 
REMARK (iii) The results in [Dinghas 1953] follow from (55). 


THEOREM 25 [Fink & JopueIr 1976] If a is an increasing n-tuple then 
Gn(a) < An(a; w), (56) 


a Sees & , 
where w; = — “27] (1 - ( — (1 — ary ); 1<2z<n, with equality if and only if 
k<i 
a is constant. 


REMARK (iv) The essence of this result is that the geometric mean with equal 


weights is less than the arithmetic mean with certain smaller weights. 


REMARK (v) A general class of weights w for which (56) holds has been studied 
in [Fink 1981]. 


THEOREM 26 [SIERPINSKI’S INEQUALITY] If @ is an n-tuple then 


m2 (aw) =(e) 


with equality ifn = 1,2, orn > 3 and a constant. 


U The case n = 1 is trivial and for n = 2 see 2.2.1 Remark (i); so assume that 
n > 2. A simple application of 1.2(7) shows that the left-hand inequality in (57) 


implies the right-hand inequality, and so it is sufficient to prove that 


Wi *(a)Hn(a) 
Penge (58) 
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The proof is by induction, and let x = a,, and then put the left-hand side of (58) 
equal to g(x), and f = logog 
Simple calculations show that f has a unique minimum at the point xz = x’ where 


ae) ae 
1 (rv = 1)2ln (a) = Bn(a) since n > 2 we have by (HA) that x’ > 0. So for 


n—-1 
all « # x’,g(x) > g(x’). Simple calculations, and a further application of (HA) 
Wr 1 (@) Hn—1(@) 
G7_-1(2) 
hypothesis. C] 


show that g(x’) > and so the result follows from the induction 


REMARK (vi) The result is in [Sierpiriski]; this proof is from [Mitrinovié & Vasié 


1976], and clearly gives the following Rado type extension of (58): 


An (2) Hn(a) | An—1(4)Hn-1(@) 
G7, (a) ~ 6" (a) 
with equality if and only if a is constant. 


REMARK (vii) A simple proof giving the cases of equality can be found in [Alzer 
1989a]; the same author gives a generalization of (57), [Alzer 1989b, 1991b]. 


An extension to weighted means, when the weights are decreasing, can be found 
in [Peéarié & Wang; Wang C L 1979e]. The following result generalizes these and 
inequality (57); [Alzer, Ando & Nakamura). 


THEOREM 27 Ifa is a non-constant n-tuple, n > 2, and w Is a decreasing n-tuple, 
strictly if n = 2, define 
a Wn We 
f(z) = (Gn(a*“*;w)) * (An (a; w)) "" (Gn(a";w))"", ER. 
If a is increasing then f is strictly increasing on | — 00,0], while if a is decreasing 
f is strictly increasing on (0, col. 
In particular we get the following generalization of (58). 


COROLLARY 28 If a,w are decreasing n-tuples, n > 3, then 


QUh—1 (a: w) Hw" (a; w) 


al 
Gr" (a; w) 


—_ ? 


with equality if and only if a is constant. 


L] Take x = 0,1 in Theorem 27. LJ 


REMARK (viii) It is clear that it is sufficient to require that the n-tuples a, w be 


similarly ordered; see I 3.3 Definition 15. 
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REMARK (ix) The case, x = 7,r > 0, of Theorem 27 is given in III 6.4 Theorem 
9. 


Daykin & Eliezer have given a convex function whose value increases from one side 
of (GA) to the other, thus providing many refinements of this inequality; |[Daykin 
& Eliezer 1967]. As these results follow from I 4.2 Theorem 18, we only give a 
later result of Chong K M. 


THEOREM 29 [CHONG K M 1977] If a is a non-constant n-tuple and 
A(x) = An (26) (a: w);w), O< a <1, 
then A is strictly increasing. 


REMARK (x) This result generalizes (GA) since A(0) = 6,(a;w) and A(1) = 
A, (a; w). 
This result has been extended in [Peéari¢é 1983-1984] where it is shown that 


Gp (Ap (a; w) + (1 — x); w) 
A, (An (a; w) + (1 — z)a; w) 


—_—) 


is an increasing function: and Chong K M has given another simple function with 


a similar property: 
Wr 


(cn (a; w) (l= z)ay) 


4s 


v 


1 
REMARK (xi) For further results of this type see III 2.5.4. 


THEOREM 30 [WaNG C L 1980p] Ifa > 0,8 = 0,y > 0, @ and w n-tuples with 
a < 1/7/B, and if f(x) = (Bx + ya~*)” then 


J (2n (a: w)) <f (Gn (a; w)) < An (f(a); w). (59) 


O Since f is decreasing on [0,./7/G], see I 2.2(f), the first inequality in (59) 
follows from (GA). Further g = f 0 exp is convex so the other inequality follows 
from (J) and 1.2(7). O 


REMARK (xii) The original proof of Wang used the ideas from linear programming 
as well as Lagrange multipliers, see 2.4 Footnote 10; the above simple proof is due 


to Peéarié¢. 


REMARK (xiii) Inequality (59) generalizes a result of Mitrinovié & Djokovié, see 
[AI p. 282], and reduces to (GA) ifa=y=1, 6 =0. 
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THEOREM 31 [Rootn 20013] If 


n n n ud 

aij, Big 20, 1S 4,5 <n, and DY) oy = Say = >) Bis = D Big = 1, 
i=1 gee), 71 j=l 

then 


Snr(a) <n | [[S— (C1 — thas + tBiz)ay < An(@), 1<t <1. 


421 7 =) 


In particular 


™ 


Gn(a) < ml [[ (tai + tangs — 4) <An(a), 1<t<1. 


4==1 


O These follow from I 4.2 Theorem 18 on taking f(x) = —logz. 0 


A simple question that arises from (GA) is whether or not it is always true that 
the geometric mean is nearer to the arithmetic mean than it is to the harmonic 


mean. In the case of n = 2 and equal weights the answer is immediate since 
§(a,b) < G(a,b) < A(a, b), and H(a, b)A(a, b) = 6*(a, d) 

easily imply that 

(A(a, b) -G(a, b)) —(G(a, b) —H(a, b)) = U(a, b) +H(a, b) —2/ (Ala, b)(H(a, b) > 0, 

- (a) - Ba) _ Ala) 


ee < . 
G(a)—H(a) — H(a) 
However if n > 2 it is possible for both 6,,(a) to be nearer to A, (a) and for 6, (a) 


dL cee 


to be nearer to 9,(a); see [Scott]. The general situation is elucidated by the 


following theorem of Pearce & Peéari¢; [Pearce & Peéarié 2001], see also [Lord]. 


THEOREM 32 Ifa>0Oandn> 2 and a is a non-constant n-tuple then 


1 Ae" (a) — G6, (a) 


2,(a)\% 
ani < Bq) ste) <"~ Ya) 60) 


Hn (a) 


In particular 


a ee 1 = 
iA 6.0)=54@ °" oa) 
| The case n = 2 can be handled as above so assume that n > 3. 


GS (a) <(AP ay me (An (a))*/ "by Sierpirski’s inequality, (58), 


— 


=H ro 1 a 
"219 (a) + —98(a), by (GA). 


7 
< 
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This, on rearranging, gives the first inequality in (60). The second inequality in 
(60) follows by applying the first inequality to the n-tuple a7?. [ 
Further generalizations of (GA) can be found in many places in this book, and of 
course turn up in the literature almost daily; see also [Alzer 1985, 1987b, 1989c, 
1990c, 1991d, 1992b; Chuan; Dragomir 1993, 1998; Hao 1990, 1993; Kritikos 1928; 
Sandor 1990a; Wang W L 1994a,b). 


4 Converse Inequalities 

(GA) in either of the forms 3.1(1) or (2) can be regarded as giving lower bounds 
to certain expressions. In general there are no interesting upper bounds unless the 
n-tuples a are restricted to a compact, see Notations 9. 

The topic of converse inequalities will be discussed fully for more general means in 
a later section; see IV 6. Here a few simple results are given as their proofs differ 


from those of the more general results. 


4.1 BOUNDS FOR THE DIFFERENCES OF THE MEANS The basic result here is 
found in [Mond & Shisha 1967a,b; Shisha & Mond]; see also [Alzer 1990b; Bullen 
1979, 1980 1994b; Dostor; Tung] 


THEOREM 1 Let a be a non-constant n-tuple with 0 <m<a< M, and w and 
n-tuple with W, = 1 ; then 


0<A,(a;w) — G6, (a;w) < OM + (1 —0)m— M?’m'~®, (1) 
where 6, 0 < 6 < 1, is determined by 
6(m, M;1—90,6) = Lim, M). (2) 


There is equality on the right-hand inequality of (1) if and only if for some index 
set I, a subset of {1,...,n}, Wr =0,a,; = Mie la=m,i € I. 


L] We give two proofs of this result. 

(1) This theorem follows easily from proof (ii) of 3.1 Theorem 1. The function f 
defined there has a unique turning point, a minimum, and so if as here, its domain 
is |m, M]| the maximum of the function occurs at an end point, that is either at m 
or at M. 

Since this argument can be applied to an f that uses x = a; for any 2, 1 <2 <n, it 
follows that the maximum of the difference in (1) must occur when for all 7, a; = m 


or a; = M. For such an n-tuple a, and some y, 0 < y <1, 


A,(a;w) —Gp(a;w) = yM +(1—y)m — M%m'¥ = gly), say. 
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Simple calculations show that g has its maximum at y = 0, where @ is given by 
(2), where £(m, M) = (M — m)/(log M — log m), the logarithmic mean; see 2.4.5 
Footnote 15, and 5.5 below. 

(14) The method used in proof (ii7) of (J), 1 4.2 Theorem 12 can be adapted to 
give an inductive proof. 

In the case n = 2 define the difference function as in the proof of 3.7 Theorem 
23, Do(x,y;t) = Do(t) = A(x, y;1 —t,t) -G(z,y;1-t,t),0O<t<10<a<y; 
then D2(0) = D2(1) = 0 and there is no loss in generality in the assumptions on 
x,y. Simple calculations give D3(t) = (y — x) — (logy — log x) G(a, y; 1 — t,t) and 
Dg(t) = —(logy — log x) G(x, y; 1 —t,t). Hence Dg is strictly concave and so 
positive unless t = 0 or t= 1. 

Further D2 has a unique maximum at t = 6 where D}(@) = 0, that is when 
G2(x,y;1 — 6,0) = L(z,y), which is just (2) in this case. That is 0 < Do(t) < 
D2(@), with equality on the left if and only if t = 1 or 0, and on the right if and 
only if t = 6. This gives both a proof of (GA), and of the above result for n = 2. 
If we regard D2 as a function of x then simple calculus show that it is a strictly 
decreasing function, while as a function of y it is strictly increasing. 

Hence ifu < @ < y < v, with not both x = u and y = v then Do(z,y;t) < 
D2(u,v;t). In particular as a function of t the maximum of D2(z, y;t) is strictly 
less than the maximum of D2(u,v;t). This remark is used in the sequel. 


We now consider the case n = 3. Define, forO<4<y<z, 
D3(x, y, 2; 8,t) = Da(s,t) = A3(z, y, z;1—s —t,s,t) — Ga(z, y, z;1 —s —t,s,#), 


andO<s<1,0<t<1,0 O0<s+t< 1; that is (s,t) lies in the triangle T' of I 
3.2 Theorem 12. Note that if s=0,¢=0ors+t=1 then Ds reduces to a case 
of n = 2. 

There is no loss of generality in the restriction on the numbers z, y, z since if all 
are equal D3(s,t) = 0, and if two are equal D3 reduces to a case of n = 2. 

Since D is continuous it attains its maximum and minimum on T,, and if this is 


an interior point we must have that 


OD 

oe ==!) — x) _ Go(x, y, 23 l—s —t,s,) (logy —_ log x) =): 
OD 

a =(z— 2) — Ga(z,y,2;1- s —t,s,t)(logz —logx) = 0. 


So at such a turning points L(x, y) = L(a, z)( = 6o(z, y,z;1-s-t,s, )) . However 
L(x, y) < L(x, z), see below 5.5 Theorem 10. 
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Hence the maximum and minimum of D3 occur on the boundary of T; but on 
the boundary of 7’, as we have noted, D3 reduces to a Dj, and we know that 
Dg is positive except at the end points where it is zero. Further the discussion 
of the n = 2 case shows that on each edge D3 has a local maximum and that 
the largest of the three of these occurs on the edge s = O, since on that side 
the numbers z,z are used. Further the maximum occurs when t = 6, given by 
G2(z,y;1— 6,0) = L(x,z). This proves that 


0 < Daas s,t) < D2(a, 2; = 6,0), 


proving (GA) in this case, and the above result. 


The method clearly extends by induction to any value of n. LJ 


The following results are of a different type. 


THEOREM 2 Let a,w be as in the previous theorem, then: 


(a) [CARTWRIGHT & FIELD] 


tse 2 Le G 
ag D2 wear On (as) <A%n(a5 w) — Gn(a5 w) <5), wel ak — Mn (ai w)) 


(b) [Mercer A] 


MT Te 
1 
2 Ce ne : 2 ea ee 
Tag 22 (weak — Gn (a; w)) Sn (aj w)—Gn(aiw)<— D | (weak —G;, (iw). 
b= 1 ead 
REMARK (i) The left-hand side in (a) with 2, instead of 6,, is the original result; 
the stronger form, that has a similar proof, is due to Alzer; [Alzer 1997a]. 


REMARK (ii) The equal weight case of (a) has been improved; [Rasa]. 


REMARK (iii) The result in (b) is not comparable with that in (a) and is found 
together with several other similar inequalities, in [Mercer A 1999]; see also [Mercer 
A 2000, 2001, 2002). 

The proof of (b) depends on the following interesting mean-value theorem due to 


Mercer. 


LEMMA 3 If a,w are as in the previous theorem, n > 2, and if f,g € C*(m,M) 


then for some y, m<y <M, 


An(f(a);w) — f(An(aw)) _ f"(y) 
w) —g(An(a;w)) gy)’ 


a); 
An (g(a); 


Means and Their Inequalities 157 


provided the denominator on the left-hand side is never zero. 


REMARK (iv) For an extension of this result and of Theorem 2(b) see III 6.4 
Theorem 8. 


4.2 BOUNDS FOR THE RATIOS OF THE MEANS In the equal weight case a very 
simple converse inequality has been given by Doéev; the proof is based on the 
centroid method, see I 4.4 Theorem 24; |Mitrinovié & Vasié pp.48-44], [Doéev]. 


THEOREM 4 Let a, M and m be as in Theorem 1, u = M/m, then 


An(a) — (u— 1p -d 
Gn (a) elogu 


(3) 


Further the right-hand side of (3) increases as a function of M, and decreases as 


a function of m™. 


O Since f(z) = —logz,m < x < M is strictly convex the centroid of the 
points (a;, f(a;), 1 <4 < n, the point (,, (a; w), — log 6, (a; w)), lies strictly 
above the graph of f and below the chord @ joining (m, f(m)) to (M, f(M)). 

If then y is chosen so that the graph of g(x) = 7+ f(z) is tangent to & it is 
immediate that the centroid lies below the graph of g, that is —logG,(a;w) < 


7 — log An (a; w); or 


Yl 
n(a) ae", 
6, (a) 
It remains then to calculate y. Since ¢ is a tangent to the graph of g, at (zo, yo) 
say, 
1 lo + logm —lo 
to m(pu-—1) Lo —m m(p — 1) 


These easily show that e7 is the right-hand side of (3). 
Further note that since f is strictly convex increasing M increases the slope of @, 
while decreasing m decreases the slope of @; see I 4.1 (3). This observation readily 


implies the last part of the theorem. a 


REMARK (i) Inequality (3) is referred to as DoGev’s inequality. 


The following result also only considers the equal weight case; see [Loewner & 
Mann]. 


a4 
THEOREM 5 If O<a< 
2, (a) 


<B<2,1<i<n, then 


a)\” (3/a) "(G-Y/(8-a)] g—nts 
a *ite-ae eee 
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0 We first find the minimum of f(z) = []j_, (a+ i) in the domain defined by 


—a<-p<a<ql<i<n; Soa =c, —np<c<ng. 


If n = 2 the minimum is at (—p,c+ p) if cp <q, or at (q¢,c—q) ife-—q>—p. In 
either case, at most one of x1, 2 is different from —p or gq. 

We now show that this is true in general. 

Using Lagrange multipliers we se that the minimum occurs on the boundary and 
so one of the elements of x, x, say, is equal to —p or g. Assume that x, = gq. 


Now we have to find a point at which eee (a+2z;) has its minimum in the domain 
m—1 


0 =p Say eg, 1 at ool Sm =c-4q, Hips 65 (n= 1g, 
(Esl 
The result now follows by an induction argument. 


Now apply this to the case a = A, (a), 7; = a; —Ay(a), when c = 0. From the above 
,(a) — 6,(a) is maximized if f is minimized, and that occurs if at least (n — 1) 
of the elements of xz are equal to either —p2L,(a) or to q&,(a). For simplicity put 
A, (a) = 1 and let 7; = —p,1 <i<r,andzj=q,rt+l<i<rt+s, r+s=n—1. 
Then —p < tn = rp—sq <q, andsor < nq/(p+q) <r+1. Now either nqg/(p+q) 


is not an integer when r = [nq/(p + q)], or it is an integer when it is equal to 
either r or r+ 1. In the latter case s = nq/(p+q), 2n — —p so we could take 
r=nq/(p+4q). 


In both cases therefore: 


r= (ngq/(p+q)|, s=n—1—[ngq/(p+4)], tn = (P+ 49)[nq/(p+q)] —na +4, 
and putting a = 1—p,8=1L+4q simple rearrangements lead to the theorem. 1 


T'HEOREM 6 [Dracomir] If a, w are two n-tuples then 


. : _ 2 
max) es aa | <ex (Fa > np ene (ai — a;)* ) 
6,,(a; w) Hn (a; w) We i<i<j<a ay 
CL] The proof uses the following inequality proved in [Dragomir, Dragomir & 


Pranesh; Dragomir & Goh 1996]; if W, = 1 


n n D) 
O< ] ae Mea 25) 
< w; log a; — log ( Wii) < ig oe 
1=1 eal 1<i<j<n ua 


O 


A very simple converse inequality for the n = 2 case of (GA), in the form 2.2.2 
(5), has been given by Zhuang, [Zhuang 1991]. 


Means and Their Inequalities 159 


THEOREM 7 If0<a<a<A,0<6<b< B,p>1 and p’ the conjugate index 
then 
z a a < Kab, (4) 
Pp Y 
where 


p DP fxl AP ppt 
K = max cote Dake ETE [Pp 
aB AB 


aP bP 
O The function f(a, b) = on _ op) | a > 0,6 > 0, attains its minimum, 


namely 1, inside the rectangle in the, hypotheses, when a? = ae this is just the 
case n = 2 of (GA). Further this is the only turning point of f. So the maximum 
on the given rectangle is on the boundary. It is then clear that this is at either 
the point (a, B), or (A, 8). 0 


A completely different result has recently been given by Alzer, [Alzer 2001a|. To 
state the theorem we need the following definitions. ‘The digamma or psi function 
is 

F(x) = (a+ 1) = (logz!)’. 


The derivatives of this function are called the the multigamma, or polygamma, 


functions, 
1 
k = k+1 S- 
p*) (x) = (-1)***k! (a + n)R+T? z>0,k=1,2,...; 
n=1 


see [DI pp. 71-72], where there are further references for these functions. 


THEOREM 8 Ifa and w are n-tuples, n > 2, W, = 1, and if k € N*, then 


An(a;w)\* — Sn(b™ (a); w) 
ee “J = *) (An (a; w))’ 


with equality if and only if a is constant. 


(5) 


The exponent on the left-hand side, k, cannot be replaced by any larger number. 


LJ The proof of (5) depends on showing that the function 


f(a) = log (c*lp(e))), «> 0, 


is strictly convex, when the result follows from (J). 
For the rest if a is not constant and if (5) holds with exponent k replaced by a 


then, 
2 eins Wi log eb) (a,)| — log |b (An (a; w)) | 
~ log An (a; w) — log 6, (a; w) 


? 
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which, on letting a; — oo and using an asymptotic property of the multigamma 


function, log |p") (x)| ~ —klog x, z — oo, implies that a < k. O 


REMARK (ii) For another converse inequality due to Alzer see below, 5.7 Theorem 
18. 


5 Some Miscellaneous Results 
In this section various properties of the elementary means of this chapter are 
discussed. The various results are not related to one another nor, in general, to 


the inequalities given earlier. 


5.1 AN INDUCTIVE DEFINITION OF THE ARITHMETIC MEAN’ We prove that the 
equal weighted arithmetic mean of n-tuples can be defined from equal weighted 
arithmetic means of (n—1)-tuples. This fact has been used extensively by Aumann 


in his study of the axiomatics of means; see [Aumann 1933a,b]. 


THEOREM 1 Let a be an n-tuple and define the n-tuples a‘), r € N*, recursively 
as follows: 

a) = the arithmetic means of the n possible (n — 1)-tuples from a; 

a") = the arithmetic means of the n possible (n — 1)-tuples from a’) or > 2. 
Then lim,_,o, as” = aac th 


i 
O Assume for simplicity that for all r, ai") < aY). Then the result is immediate 


from the following identities. 


Tm 


a 
d, ay = a5” = 2, a;,7>2; af) —ai’ = a 2. 


4I=1 


REMARK (i) This result has been extended; see [Kritikos 1949]. 


5.2 AN INVARIANCE PROPERTY Given a sequence a it is natural to ask which 
of its properties are also properties of the sequences of means, 2, G, defined in 
3.4. We will only consider the sequence 21 in the equal weight case, and in several 
instances the answers are immediate: 

(a) ifm <a< M then m < & < M since the arithmetic mean is internal, 1.1 
Theorem 2 (1); 

(b) if limp—.oo @n = a then, by a well known result of Cauchy, limyn_... %n(a) = a, 


[Hardy p.10]; 
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(c) if a is increasing, strictly, so is &, using internality of both the arithmetic mean 


and the weighted arithmetic mean and the formula 


n 1 
An+1(a) ie rea | 2, (a) as Ae eae re 
This last case is generalized in the following theorem. 


THEOREM 2 (a) If a is k-convex so is Y. 


(b) if a is bounded and of bounded k-variation so is Ql. 


0 (a) Since a is k-convex then A*a, > 0, n € N*. Hence 


ea 0) 


or equivalently 


which implies the result. 
(b) By I 3.1 Theorem 3, a being bounded and of bounded k-variation implies that 
a = b—c, where b,c are k-convex. So by (a) 2,,(b) and &,(c) are bounded and 


k-convex. The result then follows since 2,(a) = %,(b) — An(c). 0 


REMARK (i) Part (a) of Theorem is due to Ozeki. Later Vasi¢, Keékié, Lack- 
ovié & Mitrovié extended the case k = 2 to weighted means, finding necessary 
and sufficient conditions on the weights for the result to hold; see also [Andrica, 
Raga & Toader; Lackovié & Simié; Mitrinovié, Lackovié & Stankovic; Ozeki 1965; 
Popoviciu 1968; Toader 1983; Vasié, Keékié, Lackovié & Mitrovi¢]. 


The following slightly different result is due to Lupag and Sivakumar; [Lupag 1988]. 


THEOREM 3 Ifa is a sequence such that mp < A?a, < Mp, n=0,1,2,... then 


Mp 
p+17— 


M. 
APA <—? n=0,1.2..... 
n(a) S + erie arab | 


5.3 CEBISEV’S INEQUALITY We now consider the problem mentioned in 1.1 Re- 
mark (vi): to obtain a relation between 2,,(a), %,(b) and 2,(ab). 


THEOREM 4 (a) Ifa, b and w are n-tuples with a and b similarly ordered then, 


W, (a; w)An (db; w) < An (ab; w), (1) 
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If a and b are oppositely ordered then (~1) holds. 


In both cases there is equality if and only if either a, or b, is constant.. 


O (1) Suppose then that a and 6 are similarly ordered?®. 


Wr 2 w7ajbj— 3 Wii) > wb; ) 
t=1 a1 t=1 


nr n 
= S- (w;w a,b; Ss wiw;a;d;) = S- (ww, azb; a w;w,;a;b;) 


1,91 4,91 


1 nm 
= S- (w,wjaj;b; — w,wjajb; + wiwja;b; — w;w;a;b;) 
1j=1 
1 Tm 
=5 Dwi, (ai — aj)(b; — bj) 2 0, (2) 
ij=i 


which is equivalent to (1). 


Following I 3.3 Remark (viii) we can assume that both a and 6 are decreasing. 
Then since (2) contains the term w1wn(a1 — an)(b1 — bn) we see that the sum can 
be zero if and only if either a or 6 is constant. 

(ic) A simple proof of the equal weight case of (1) can be based on I 3.3 Theorem 
16. Let o) = (BY) (3)) = (05, Distasi nds5 Ons 01g ecc0p a), be 7 Sy. putting 
bo = b,. Since a and b are similarly ordered, 57>)", aibi > Doe, a,b? Pe gcn. 
Adding over 7 of these leads immediately to the required result. 


A similar proof can be given for (~ 1), when a and 06 are oppositely ordered. 


Inequality (1), in the equal weight case, is due to Cebidev, and is called Cebigev’s 
inequality; see [AI pp.36-87; DI pp.50-5; Hermite; HLP pp.43-44; PPT pp.197- 
198], [Herman, Kuéera & Simga pp.148-150, 159], ([Cebisev 1883; Daykin; 
Djokovié 1964; Jensen 1888]. A history of this inequality can be found in the 
excellent expository paper |Mitrinovié & Vasié 1974]. 

Generalizations are given in many places; see for instance |Pearce, Peéari¢é & Sunde; 
Peéarié 1985b; Peéarié & Dragomir 1990; Popoviciu 1959a; Toader 1996]. 


REMARK (i) The requirement that the n-tuples be similarly ordered is sufficient 
for (1) but it is not necessary; other sufficient conditions can be found in [Labutin 
1947]. The problem of giving necessary and sufficient conditions for the validity 


of Cebigev’s inequality has been solved; see [Sasser & Slater]. 


Nanjundiah has given a proof of (1) that yields a Rado type extension; [Bullen 


1996b]. It is based on the use of Nanjundiah’s inverse arithmetic means, see 3.4. 


18 See I 3.3 Definition 15. 
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LEMMA 5 With the notation of 3.4 Lemma 10 and assuming that n > 1 and 


(Qn—1,4n), (bn—1, bn) are similarly ordered 
A>" (a; w) A *(b; w) > AZ" (ab; w), 


with equality only if dn = Qn—1, Or bp = byn_-1. 


L] This is an immediate consequence of the elementary computation 


A> * (a; w) 27 * (d; w) — ba * (ab; w) = Wr-1Wn (an — An—1) (bn = by—1). 


O 
THEOREM 6 Ifn > 1 and ifa and 6 are both decreasing then 
Wr (An (ab; w) — An (a; w) An (b; w) 

>Wr—1 (An—1(ab; w) — An—1(a; w)An-1(b;w)), (3) 
with equality only if an = Ap_1(@; w) or by = An_1(B; w). 
O Since a and 6 are decreasing so are U(a; w) and A(b; w), 5.2 (c). So we can 
apply Lemma 5 using these sequences to get 

n (2(a; w)A(b; w); w) <AT* (A(a; w); w) Al, * ((b; w); w) 

=H, 0x 

=A (ab; w); w) by 3.4 Lemma 10 (a); 
which is just (3). The case of equality follows from that of Lemma 5. 0 


A weaker result in the equal weight case, due to Jani¢, is that n? (2, (a b) — 
A,,(a)A,(b)) increases with n; [AI p.206], [Djokovié 1964]. The best result in 
this direction is the following, due to Alzer; [Alzer1989e]. 


THEOREM 7 Ifa, 6 are increasing n-tuples and w another n-tuple and k an integer 
with 2<k <n, and a, < ag, 6, < by then 


2 Ww? 
Woe (Ay (ab; w)An (a; w) Ay (B; w w)) 2 Fay, (Aa (ab w)Ae (a; w) Me (b; w)). 
REMARK (ii) The equal weight case of this result improves the quoted result of 
Janié and the result of Nanjunduiah as it says that (n?/(n — 1) (An (a)An(b) — 
A,,(ab)) decreases with n. 
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EXAMPLE (i) Suppose that ag =--- =a, = b2 =--:=an =1 then 


(ab; w)—An (a; w) An (b; w) 

Qj, (a b; w) — Ay (a; w) A}, (B; w) 
_ W,W?(wiaibs + W, — wi) — W?(wiai + Wr — w1)(wibi + Wr — w1) 
= W..W?(wiaiby 4 Wi am W1) = W? (way, i Wi, ane wy) (w 1b; -+ Wi aes w}1) 


If now we let first a; — 1, and then let 6; — 1 the right-hand side has limit 
W? (Wr — w1) 

W2 (We — w1) 
cannot be improved. 


This shows that the constant in the inequality in Theorem 7 


REMARK (iii) McLaughlin & Metcalf have studied inequality (1) from the point 
of view of functions of an index set; see 3.2.2. They showed that under suitable 
conditions the difference between the right-and left-hand sides, considered as a 
function of index sets, is super-additive; [McLaughlin & Metcalf 1968b]. 


Another result due to Alzer is the following lower bound for the difference between 
the two sides in (1); [Alzer 1992c] 


THEOREM 8 Ifa and b are strictly increasing n-tuples and w another n-tuple, 
n > 2, then 


An (a.b; w)—VWn (a; W) An (b; w) > (An (w") — An (w)) . 2 min a {(a a, — 41) ((bj — bj_1) }. 


This inequality is strict unless for some positive a,8, a; = a, + (i — l)a, and 
LJ Let Cn = MIN<i j<n { (a; as digz4) (D3 7 Dien) Then if 4 > uP 


a 


(a; — a3) (bi — by) Zs (ax —an—-1) SY (0m — bm-1) 


k=j+1 m=j+1 
3 (ax te Ak—1) (bm = bm—1) 
kym=jt+1 
a 
> > Cy = (2 — j)*Cn. 
k,m=j+1 


Now if S, denotes the left-hand side of the identity (2), the above calculation 
shows that 


Simple manipulations show that this is just the inequality to be proved. LJ 
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REMARK (iv) A related result can be found in [AJ pp.840-341]. 
Writing (1) in the form 


(S— wias) (S— widi) < Wa(d— wiaids) 
41 t=1 i==1 


and applying this to infinite sums leads to various interesting elementary inequal- 


ities. For instance, [DI p.251]: 


tanztany <taniltanzy if0<a2,y<1, orl <az,y< 7/2; 


1 , ; 
arcsin © arcsiny < 5 arcsinzy, ifO<a,y <1. 


REMARK (v) For an interesting application of Cebisev’s inequality see below 5.5 
Remark (vii). 


The following definition allows us to generalize inequality (1). 


DEFINITION 9 Give two sequences a and w we say that a is monotonic in the 
mean, increasing in the mean, respectively decreasing in the mean if the sequence 


21 (a; w), X2(a; w).... is monotonic, increasing, respectively decreasing. 


THEOREM 10 If the m sequences a‘*), 1 < k < m are monotonic in the mean in 


the same sense then 


Mn (a); w) < An(] [ a; w) 
1 k=1 


3 


k 


REMARK (vi) In the case m = 2 this is due to Burkill & Mirsky, and a simple 
proof of the general case has been given by Vasié & Peéari¢; see [Burkill & Mirsky; 
Vasié & Peéarié 1982a]. For further generalizations see |[Daykin; Peéarié 1984c; 
Sun X H; Vasié & Peéarié 1982a]. 


REMARK (vii) The concept of monotonic in the mean has been extended to se- 


quences k-convex in the mean; see |Toader 1983, 1985]. 
5.4 A RESULT OF DIANANDA 


THEOREM 11 Ifa and w are n-tuples, k € N* anda> k, then 


1< k= acrpl a 2 fo ge 


166 Chapter IT 


In particular ifa >n—1then1<R<e. Further: (a) R = 1 if and only if all 


1\n-l 
the elements of a are integers, and (b) R tends to (1 + =) if and only if each 
element of a tends to (k +1) from below. 


REMARK (i) This result of Diananda has been generalized by Kalajdié; [Dianada 
1975, Kalajdzié 1973}. 


5.5 INTERCALATED MEANS Let a < b and as in proof (17) of 2.2.2 Lemma 4 let 
us insert n arithmetic, n geometric and n harmonic means between a and 0b; that 


is define the n-tuples a, g and fh as follows: 


. i/(n+1) 
a b ab 
j=at+——(b—-a); g=al— ; hy= ——————-; <i<n. 
a Sear a); g (=) LAtsn 


The following facts are easily verified: 


An (a) = Ala,b); Gnlg)= Gla); Hnlh) = H(a, 6); 


| . b—a 

eal el) eh nea 
log b— 1 

dim, Sn(g) = im, %n(h) = —“p— 


b@ 1/(b—a) a? 1/(b—a) 
lim 6,(a) =e’ @ >; lim 6,(h) =e © 


The nine possible relations between these means are given in the following theorem. 


‘THEOREM 12 
An(a) > Gn(@) > Hn(a) > An(gG) > Gn(g) > Hn(g) > An(h) > Gnlh) > Hn(h). 


0 Because of (GA) we need only prove that Hn(a) > An(g) and Hn(g) > 
2.,(h), and since the discussions are similar we just give a proof of the first. 


Consider then 


ix i 
An(g) os So Gi = — > exp (log a + = Mog b — log a)) 
ciao 5 


i=1 
1 log b 
—____——__— “da, by 14.1 (5 
regret a je eee (5); 
aa!) 
~ log b — loga’ 
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Similarly, since 9,(a) = (Wn Ga). 1.2 (7), consider 


jen 1 ? logb —1 
Anat) == raph < —— f ade = =, 


w=l1 


again using I 4.1 (5). This completes the proof of the first inequality above and in 
fact proves more, namely 


b—a 


Hn (a) a aA An (g): 


log b — loga 
The similar proof of the second inequality also proves more, namely 


log b — loga 
a 


= Anh) 


Hin(g) > 
LJ 


REMARK (i) In fact I 4.1 Remark (xiv) shows that Hn (a) and Hn(g) decrease with 


n while 2,,(g) and 2,(h) increase, to the limits given above. 


COROLLARY 13 


1/(b—a) 
a+b ey a b—a 
ee —_—_—_—— > vVab 4 
2 < (=) Topp loea. (4) 
., log b — loga a? ee 2ab 
a~!— 6-1 ba a+b 


REMARK (ii) Nanjundiah has pointed out that this last inequality is a considerable 
improvement on the standard estimates for e and the logarithmic function, in 
particular I 2.2(9). This is an implicit in a later proof of the same inequality by 
Kralik which consists of substituting 1 + 2 = b/a in I 2.2(10). [Nanjundiah 1946; 
Krélik]. 


are called respectively the iden- 


b \ 1/(b—a) 7 
The quantities e~! 2 and ee sae 
log b — loga 


a® 
tric and logarithmic means’? of a,b, written 3(a,b) and L(a,b); the definitions 
are completed by putting 3(a,a) = L(a,a) =a. 
THEOREM 14 The means £(a,b) and 3(a,b) are strictly increasing as functions of 
both a and b. 


Ey This property of the logarithmic mean is a consequence of the strict con- 
cavity of the logarithmic function and I 4.1 Remark(v). The same result and the 
strict convexity of the function x log z, see I 4.1 Example(i), gives the property for 
the identric mean. LJ 


AY The logarithmic mean has occurred earlier in 2.4.5 Footnote 15 and 4.1. 
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THEOREM 15 Ifa,b are positive numbers then 

min{a,b} < L(a,b) < F(a, b) < max{a, b}; (5) 
more precisely 

6(a,b) < L(a,b) < F(a, b) < Alfa, db). (6) 

All these inequalities are strict unless a = 6. 
O (1) The outer inequalities in (5), the strict internality of the identric and 
logarithmic means, follow from the proof of Theorem 14. Alternatively the results 


are immediate from the mean-value theorem of differentiation, I 2.1 Footnote 1. 
Assume that a < 6 then: 


logb—-1 a1 
£(a,b} = (=, =") = c,for somec,a<c< }b; 


and 
blog b — aloga 


b—a 
(77) The rest of (5) and (6) is proved in (4). A different proof of the inner inequality 


log 3(a, b) = -1+ = logc,for somec,a<c<b. 


of (5) can be found in VI 2.1.1 Theorem 3; see also [Zaiming—Perez P}. 


We now give several proofs of the inequality for the logarithmic mean in (6), 
6(a,b) < L(a,b) < A(a, b), (7) 


and assume without loss in generality that a < 6. 

(1t1) (7) follows from the left inequalities in I 2.2(14) by putting x = = log(b/ a), 
or by I 2.2(10) putting x = b/a. 

(17) Consider the graph of f(x) = e”, loga <x < logb. Then, using the convexity 
of the exponential function and the Hadamard-Hermite inequality, I 4.1(4), we 


easily obtain the following 


log b ey log b l 
exp (PES) (log blog a) < f pr ee i eA Sag ee ed ee 


2 ine 2 
which is just (7). 
(iii) Comparing the area under the curve y = x7',a < x < b, with the area 
bounded by the lines x = a,x = b, the tangent to this curve at x = (a+ b)/2, y= 
2/(a +b) and the X-axis gives the right-hand inequality in (7). Comparing the 
area under the curve y = x71, a OS Vb with the area bounded by the lines 
x = a,x = b, the chord to this and the X-axis gives the left-hand inequality in 


(7). 
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(iv) If t > 0 then by (GA), 


a+b 
2 


2 
P+ (a+ Eye+ ( } > 4+ (a+ dt+ab >t? + 2Vabt + ab, 


and so 


1 ae 1 ] 
[ recop<f Tracey t< ff Gar 


which is just (7). 
0 


REMARK (iii) Proofs (77) and (iv) are by Burk, [Burk 1985, 1987]; proof (iv)) is 
due to Carlson, [Carlson 1972b]. Other proofs of parts of (6) have been given, see 
for instance [College Math. J., 14 (1983), 353-356], [Pérez Marco; Yang Y 1987]. 


REMARK (iv) In particular the above results show that these means are internal, 


monotonic and it is easily seen that they are also homogeneous. 


REMARK (v) The result L(a,b) < A(a,b),a # 6, occurs, heavily disguised, in 
[Polya & Szegé 1951 p.9 (5)|. In the same reference an even stronger inequality is 
given 

2D 
3 
it is also heavily disguised; [Polya & Szegd 1951 p.9 (6)]. A proof is given in VI 
2.1.3 Remark (v). 

Sandor, [Sdndor1995a], has shown that if a £ b then: 


#08) 2 6G. pF SH(a, 2b) a2 b 


“2(a, b) < S(a,b) < A(a, 6). 


REMARK (vi) The inequality used in proof (7), I 2.2(14), can be extended to 


sinh x : sinh 2x 
<tanhz <2 <sinhz < 


V/ sinh? x + cosh? x 2 


1 
when the same substitution, 7 = 5 log(b/a), leads to 


x > 0, 


H(a,b) < G(a,b) < La, b) < Ala, b) < O(a, 6), 


where Q(a,b) = ,/(a? + b?)/2, the quadratic mean of a,b; see III 1. If in 1.3.1 
Figure 1 the trapezium is divided into two equal areas by a line parallel to AB 
then its length is (a, b). 
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REMARK (vii) Proof (i) of (7) gives another proof of (GA). 

Alzer has used the Cebigev inequality, 5.3, together with the logarithmic mean to 
give another proof of (GA); |Alzer 1991al. 

LJ Let a,w be n-tuples with a increasing and W,, = 1, then, putting A = 
An(a;w), 6 = Gp(a;w), 


wi  Wilaj — A ; 
log (a; /2) = 1<i<n. 
Adding these leads to 
= Wi = W7i\ ai — Q( 
log 6/2 =log | | (a,;/4)° = > a 
i=l i=l " 


TM Tr m™ 
aN ae Se ( | ) ( aay) 
> L(aj;, A) 2 ead 3 L(a;,A)] (8) 
i=1 G=1 i=1 
By hypothesis a is increasing and so by Theorem 14 the n-tuple (Lai, A)i<i< 
n) is also increasing. Hence by 5.3(1) the right-hand side of (8) is non-positive. 


This gives (GA), and the case of equality follows from that of 5.3(1). O 


REMARK (viii) The logarithmic mean occurs in problems of heat flow; see [| Walker, 
Lewis & McAdams]. Dodd has pointed out that if a collection of incomes has a 
distribution between a and b that is proportional to their reciprocals then the 
mean income is £(a,b); [Dodd 1941b] 


REMARK (ix) The topic of the identric and logarithmic means is taken up in more 
detail later, see VI 2.1.1 


5.6 ZEROS OF A POLYNOMIAL AND ITS DERIVATIVE 


THEOREM 16 Let x be the n-tuple of the real distinct zeros of a real polynomial 
of degree n arranged in increasing order, and let y be the (n — 1)-tuple of the real 


distinct zeros of its derivative, also in increasing order, then 
Nie) 2MNeay)s: Wy Gaeg riers Sa) 2 Hl Uaajaies Und)s 27 


Further if f is a convex function on |xr1,2,| and if A,B are defined by A; = 
An—1(xj), Bj = Analy) 1<isnl<j<n-I, then 


Wn (F(z)) > An-i(F(y)); An(F(A)) < An-1(F(B)). 
REMARK (i) See [AI pp.233-234|, [Bray; Popoviciu 1944; Toda]; see also V 2 


Remark (x), and for another amusing result involving polynomials see [Klamkin 
& Grosswald]. 


5.7 NANSON’S INEQUALITY 
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THEOREM 17 If @ is a convex (2n + 1)-tuple and if b = {a2,a4,...,@an}, ¢ = 
{a1,@3,..-,@an4i} then 
Da (b) < Qn44(C) (9) 


with equality if and only if a is an arithmetic progression. 
C Since a is convex we have that Aa, > 0, I 3.1. So in particular for k = 


| perk 6) 


k(n —k + 1)(Gax—1 — 202% + Ger41) = 9, 


k(n — k)(aox — 2a2¢41 + A242) = 0. 


Adding these inequalities gives (9). The case of equality follows since A*an, = 


0 
implies that a is an arithmetic sequence. C 


REMARK (i) An equivalent result has been generalized by Adamovié & Peéarié¢; 
see [AI pp.205-206; PPT pp.247-251], |Adamovié & Peéarié; Andrica, Rasa & 
Toader; Milovanovié, Peéarié & Toader; Nanson; Steinig]. 


Another result involving convex n-tuples has been given by Alzer, |Alzer 1990d] 


THEOREM 18 Ifa is an n-tuple with the (n+ 1)-tuple 0,a1,...,a, concave then 
e€ 
and the constant is best possible. 


5.8 THE PsgEuDO ARITHMETIC MEANS AND PSEUDO GEOMETRIC MEANS If 


a,w are n-tuples then 


Wr 1 = g Vn /wr 
an (a; w) = a =e S— wiai, In (a; w) = a eae (10) 
7, 1=23.-°"9 


are called the pseudo arithmetic mean, and pseudo geometric mean of a with 
weight w, respectively. 


Other forms of (10) are worth noting: 


Wr W,— 
dy, (a; w) re eens 5 (G 72 
Wr/wi (11) 
ay 


Caw 


a, = An(a!; w) = Gn (a’; w); (12) 
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where a! and a? are defined as: 


gia J w@w), ife=1, a = J Gnlaiw), ifi=4, 
Oy; f2<4 <7, : Qi; if2<i<n. 


REMARK (i) Simple examples show that in general the quantities defined in (10) 
do not satisfy internality, see 1.1. This explains the term pseudo mean. Indeed if 
we assume that a; = mina, then a,(a;w) > mina = a, implies, using (11), that 


a, > An—1(a/; w'), which is false. 


REMARK (ii) This lack of internality is not surprising since these pseudo means 
are cases of the arithmetic and geometric means with general weights that do not 
satisfy 3.7 (49), a condition that is necessary and sufficient for internality, see I 


4.3 Remark(v); precisely, an(a;w) = %,(a;w’), g,,(a;w) = 6, (a; w’), where 


W, 
a yee. 
w= ey 1 
—-— if2<i<n. 
W4 
THEOREM 19 Ifa,w are n-tuples then 
On(a;w) < gn(a;w), (13) 
with equality if and only if a is constant. 
te] We give several proofs of this result. 


(4) From (11) we have: 


an(a;w) <ayr!* (Ays(a;wi)) OP", by (WGA), 3.7 Theorem 23, 
Za, Guna). thy (GA), 
=9,,(@; w). 
(ii) By (12) and (GA), 
a, = An (at; w) >Gn(ak; w) 


=(an(a;w)) 2" Tae; 


I=2 


this, on simplification is just the required inequality. 


(177) Simple calculations, from (12), give 


Wn (An(a’; w) — Gn(a?;w)) = wi(g, (a; w) — an(a;w)). (14) 
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This implies the result by (GA). 

(iv) Since (13) is trivial if an,(a;w) < 0 we can assume it to be positive and 
apply the reverse Jensen inequality, [ 4.4 ‘Theorem 21, in a manner similar to the 
standard use of (J) to prove (GA), see 2.4.2 proof(zuz). 


In all proofs the case of equality is immediate. O 


REMARK (iii) The equal weight case of (13) is due to Iwamoto, Tomkins & Wang 
but a full discussion of these pseudo means was given later by Alzer; [DI p.226], 
[Alzer 1990q; Iwamoto, Tomkins & Wang 1986al. 


REMARK (iv) Inequality (13) as proof (tv) makes obvious is an example of a 
reverse inequality, another similar example of which is the Aczél-Lorentz inequality, 
see III 2.5.7. 


REMARK (v) In the case n = 2 (13) is just a case of 3.7 Theorem 23. Further when 
n = 3 the result follows from the discussion in the proof (i) of I 4.3 Theorem 20. 
It is shown there that the O-level curve of D3(s,t) at the origin lies in the second 
and fourth quadrants. Hence the region {(s,t) : s < 0, andt < 0} lies outside this 


level curve which implies that for such choices of s and t, (~J) holds. 
COROLLARY 20 With the same conditions as in Theorem 19, 


9, (a; w) — dn(a;w) > gp_, (a; w) — an_s (a; w); 
Gilat): . (9 54(Gsw) 
Gn(asw) Ong (G7 Ww)” 


with equality, in both cases, if and only if a, = Gn. 


O The first inequality is an immediate consequence of (14) and (R). 
The second inequality follows in a similar manner from (P) and the following 
analogue of (14): 
An(at;w)\Wm _ /Gn(a;w)\ 
(Sahu) 7 (ar Caiu)) | 
The cases of equality follow from those of 3.1 Theorem 1. LJ 


REMARK (vi) Clearly Corollary 20 gives Rado-Popoviciu type inequalities for 
these pseudo means that are in a certain sense sharper than the original (R) 
and (P). 


REMARK (vii) As for (R) and (P) Corollary 20 implies the original inequality (13) 
and in fact can give better lower bounds, using the same idea as in 3.1 Corollary 


3. In particular in the case of equal weights we get: 


(a; —a;)*_— g,, (a) ay 
_ > oe aay IRS 
Gn(a) — O(a) > eae Ts Oa) 2B ae cae 
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5.9 AN INEQUALITY DUE TO MERCER 
THEOREM 21 Ifa is a non-constant n-tuple such that m<a< M then 


Mm 


M+m-A,(a; eee, 
tm Male “) > Baw) 


Ol If0<m<t<M then obviously (t — m)(M — t) > 0 with equality if and 
only if either t = m or t = M. Equivalently, see I 2.2(23): 


M ; 
M+m-t> —, with equality if and only if eithert = mort= WM. 


Put t = a,;, 1 <%a<n, and then take the arithmetic mean of the left-hand sides 
and the geometric means of the right-hand sides and the result is immediate using 
(GA). Bt 
This result can be found in [Mercer A 2002] and the substitutions m+ m7}, 


Mw Marae}, lead to 


Mm 1 


G,, (a; w) e M-1l14+m-1- (Hn (a; w)) (15) 


M+m—An(a;w) > 


For a generalization see III 6.4 Remark (x). 


ltl THE POWER MEANS 


This chapter is devoted to the properties and inequalities of the 
classical generalization of the arithmetic, geometric and harmonic 
means, the power means. The inequalities obtained in the previ- 
ous chapter are extended to this scale of means. In addition some 
results for sums of powers are obtained, the classical inequalities of 
Minkowski, Cauchy and Holder, and some generalization of these 
results. Various generalizations of the power mean family are also 
discussed. 


1 Definitions and Simple Properties 


DEFINITION 1 Let a,w be two n-tuples, r € R, then the r-th power mean of a 


with weight w is 


1 e l/r 
(| do wiat ) , ifr € R*, 
n 
Mr !(a;w) = 4 &,,(a; w), ifr = 0, (1) 
max a, iP eS, 
mina, if r = —oo. 


As in the previous chapter we will just write oy! ! if the references are unambiguous, 
gl”! (a) will denote the equal weight case, orl"! will be used if n = 2; see II 1.1 
Conventions 1, 2, 3; and if J is an index set the notation sl (a; w) is used in the 
manner of Notations 6 (xi), I 4.2, II 3.2.2. 

Since Difaee = a, m0 = 6,, my = §,, the power means form a natural ex- 
tension of these elementary means. ‘The case r = 2 is often called the quadratic 
mean, of a with weight w, and written 0,(a; w); the case n = 2 was introduced 
in II 5.5. In addition the power means are sometimes called Holder means. 

The following result shows that the r-th power mean, r € R, is a mean in the sense 
of If 1.1 Theorem 2 and II 12, Theorem 6, and that the special definitions given 


for the cases r = 0, too are reasonable. 


THEOREM 2 (a) Ifr € R then Dt'"!(a;w) has the properties (Co), (Ho), (Mo), 
(Re), (Sy*), (Sy) in the case of equal weights, and is strictly internal, 


mina < mtl"!(a;w) < maxa, (2) 
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with equality if and only if a is constant. 


(b) 


(c) 


lim on (a;w) = maxa; lim oylr! (a;w) = mina. 


O (a) Immediate 

(b) We give several proofs of this result, and in all of them we assume that r € R*, 
and without loss in generality that W,, = 1. 

(2)| Paasche] 


log ope way) 


lim log orl"! (a;w) = lim 


r—0 Tr 
n h 
._, (was log a; 
= Tim Least C4) 1 vESpital’s Rule, 
pa ae Wa; 


= 7 (wi log as) = Yn (log(a); w), 


which gives the result by II 1.2 (8). The use of l’H6pital’s Rule’ is easily justified. 
(ti) 
r 1 < 
log Mt!" (a; w) =~ log 6s w,a; ) 
w1 


1 n 
=e log (1+r dw log a;) + O(r?)), 
using the Taylor expansion of the exponential function. The result is now imme- 
diate by I 2.2 (9), and II 1.2 (8). 
(227) By the note in the proof of I 2.1 Corollary 4 af = 1+0;, where b; = O(r) as 
r—+0, 1<i<n; and by I 2.1(5) a" = (14+ 5;)”* =1+ wb; + O(r?), asr > 0. 
Hence, 
Gu(ajw) _ ( Test bi” \"" 

_ (se wi(1 + ) 
7 (: 55% wie a)" : 
- 1+ So, widi 
L/r 


# 
e 
is 


Ad + O(r’)) =14O(r), asr 0, 


A L’H6pital’s Rule is:if f,g are real differentiable functions defined on the interval |a,b|, bounded 
or unbounded, with g’ never zero and if, with c=a or c=b, either limz—.¢ f(x)=limz—+c g(x)=0 or 
limg—+e |g(x)|=00, then limg—+- $3 slime Lie), provided the right-hand side limits exists, finite 
or infinite; [EM5 pp.407-408}. 
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from which (b) is immediate. 


(tv) Assume r > 0, then as in (17), 
log Mm} (a; w) == log ( . wid; ) 
<r : 41=1 


<0 wat) —1), by 1 2.2(9), 


Tm r 14) 

= ) W; — ) w; loga;, asr — 0, 

T 
i=] sl 


= log Gn (a; w). 


The opposite inequality follows from inequality (r;s) given below, 3.1.1. 
The case r < 0 is handled similarly. 


(c) Assume r € R*4 and without loss in generality that max a = ay, then 
Ww 1/r 
(=) an < MU (a; w) < an, 
Wr 


which implies the first part of (c). 
A similar proof can be given for the other part of (c). 


A slightly different proof of the equal weight case is given below in 2.3. LJ 


REMARK (i) It follows from the internality that if a is a strictly increasing se- 
quence then so is on (a;w),n € N*; see II 5.2 (c). 


REMARK (ii) More details of the behaviour of ool | as r + 0,+00 can be found 
in [Gustin 1950; Shniad]. 


REMARK (iii) Another proof of the equal weight case of (b) is given below, 3.1.1 
Remark (xi). 


The following simple identity is often useful. 
Ifr,s€ R*, t= s/r, b= a" ,c =a’ then 


ant!) (a; w) = (atl (b; w))'”* = (antl (c; wy)" (3) 
in particular of course, taking r = s in the first identity, 


mls) (a; w) = (An (b; w))/*, (4) 


REMARK (iv) ‘These extend the identities II 1.2 (7), (8). 


178 Chapter III 


THEOREM 3 If a,u,v are n-tuples with a increasing and U, = V,, and if for 
2<k<n,0< Vy — Ve < Un — Ur- i < Un = Vn, then for r € R*, 


ml") (a: uv) < om" (a; u). 


= Assume 0 < r < oo then 


nr nr 
Sua; =a,U, + Us = Un )Aa;_, 
41 1=2 


nm nr 
>atV, + S (Vi-1 — V,)Aai_, = Svat. 
‘1 


41=2 


O 


REMARK (v) In particular if 0 < vu < u with Un, = V,, this reduces to a result of 


Castellano; [Castellano 1948|. The general result is due to Peéarié & Janié. 


2 Sums of Powers 
Before obtaining some deeper properties of the power means we study sums of 


powers. 


2.1 HOLDER’S INEQUALITY The following theorem, Holder’s inequality, is basic 


to all studies of power means and has many other applications.’ 


THEOREM 1 [H6O.LDER’s INEQua.itTy] If a and b are two n-tuples and p > 1 then 
TT n 1/p mr ; 1/p’ 
Sats < (Sout) (Sow) a 
i=1 al $1 
Ifp <1,p #0, then (~H) holds. In both cases there is equality if and only if 
a? ~ bP 


LJ [Case 1; p>1] We give seven proofs of this basic result. 
(1) Inequality (H) can be written as 


ns aP 1/p iP 1/p' 
Lise ge) (= yw) <! 
ras jai 8% ee b, 


By (GA), in the form of II 2.2.2 (5), the left-hand side of this inequality is not 
greater than 
fe a i SOE Ee y, 
S- py.” ria n p' Sd egeoee 
ap Dw) pe 


2 p’ used in Theorem 1 and elsewhere is the index conjugate to p; see Notations 4. 
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This completes the proof of (H) and the case of equality follows from that for 
(GA). 

(ii) Put a = 1/p,6 = 1/p',a = STORIE ab)!” b = bes be)? in TI 
2.2.2(4). Then summing over 7 gives (H) as in (2). 

(121) [Matkowski & Ratz 1993] If h :]0,co[/ R is concave and if c,d are two 


n-tuples then (~J) is equivalent to 
1 mr 
h(Cn/Dn) 2 5 » djh(c;/di); 


further if h is strictly concave then there is equality if and only if c ~ d; I 4.2 
Theorem 12. 
Taking h(t) = t'/?, p > 1, this inequality is 


Tr 
C2/P p/P" = Naa, 
t=1 
which after a simple change of variable is (H). The case of equality is immediate. 


1/p 
(iv) [Soloviov] Let y(a) = ( ae ) then is homogeneous and strictly convex 


by 14.6 Example (vii iy) = P(t yr)” Taking y = BY 
y 14.6 Example (vii). Further y;(u) = v; 602 vP) . Taking v = 6 ; 
and u = a the support inequality, I 4.6 (23), is just (H). 

(v) A proof using IT 2.4.6 Lemma 20 can be given; [Sdndor & Szabd; Usakov}. 
Using the notation of that lemma take f;(x) = aPal/? + bP ap 1/P, céM=Ri, 
L<i<n. SoX<”, infeem fi(x) = K S7™, aib;, where K = (p'/p)\/? +(p/p')/”. 
Then 

F(x) = So? aPal/P + bP a 1/P, and infecm F(a) = (S.*_, a;)!/? (So, bi)”. 
This by the quoted lemma completes the proof together with the case of equality. 
(vi) There is an inductive proof in proof(iz) of Corollary 2 below. 


(vit) See also 3.1.1 Remark (viii). 

[Case 2; p< 0] Then0O < p’ < 1, see Notations 4; put r = —p/p’ then r’ = 1/p’, 
and r > 1. 
Now put c=a-? ,d= a?’ b? then, 
by (H), SL, ad: < (OO, ay (se. ary which reduces to (~H). 

[Case 3; 0< p< 1] Apply the above argument to p’ since now p’ < 0. LJ 
REMARK (i) If w is some n-tuple it can be written as w = w'/Pw!/? so (H) can 
be given a weighted form 


1/p’ 


Swe < (Dowel) "(out) (1) 
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COROLLARY 2 Let ri > 0,1 < it< m, and put 1/pm = S3"",1/ri and let 


Or = (Geis Gay |p OS ee then 


(3 (Thes)"") <I)" @ 


with equality if and only if the n-tuples a;*, 1 <1 <m, are pairwise dependent. 


O We give two proofs of this generalization of (H). 

(1) Proof (i) of Case 1 of Theorem 1 is easily extended to this more general 
situation. 

(ia) A proof of (2), and incidentally of (H), can be given by an induction argument. 
If n = 2 then (H) reduces to 


ayby + dab < (a? + a8)/P(bP + be )*/P, (3) 


which can be proved by one of the methods used to prove (H) in Theorem 1. 

We can now proceed in one of two ways. 

(2) Assume that (H) has been proved for all integers less than n, and that p > 
0,qg>0 and 1/p+1/q=1/r. Then 


nm—-1 


s 1 a 
ys a,b5 <a,b,, + ( », a’ ) ( iS 02) , by the induction hypothesis, 
j52 74 


<(S7a5)""( Sout), by () 


jaa 


This proves (H), which is (2) for general n and m = 2. 


So now assume that (2) has been proved for all n and all m, 2<m<_k. Then, 


n k 1/pk n k-1 1/pr 
(2 (Hou)") = (Seet(To5)") 
i eee al gai 11 
; k— 1/Pr—1 
<( Shea)!" (So Chew)” Ys wrewem =a 
j=l j>1 L=1 


and (2) follows by the induction hypothesis. 


(it) The order of the induction can be reversed. Inequality (3) gives (2) in the case 
m =n = 2; keeping n = 2 assume the result for all integers less than m. Then by 


an induction on m similar to that above and with S*"", 1/r; = 1 


m m m 
[[«+[[e Vicar. (4) 
t1 1=1 t=1 
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The rest of the induction follows easily, as also does the case of equality. & 


REMARK (ii) If m = 2 (2) can be written as 


Tm 


(Seats) (Deaf) "(oH)" © 


where p,q > 0 and 1/p+ 1/q = 1/r. It is easily seen that if either p < 0, or 
q < 0 and if r > 0 then (~5) holds, while if r > 0 (5) holds. Finally if all three of 
these parameters are negative then (~5) holds. This can be put in a symmetric 
form as follows. Let a,b,c be three n-tuples such that abc = e and suppose that 


1/p+1/q+1/r =0, with all but one of p,q,r are positive, then 


(Soar) ”?(Soo) (Soe) > 6 


if all but one of p,q,r are negative then (~6) holds. 
This result can be extended tom, m > 3, n-tuples with all but one of the exponents 


having the same sign; see [Aczél & Beckenbachl. 


REMARK (iii) Inequality (4) is of some independent interest. In particular it 
shows, using I 4.6 Theorem 38, that if p : R” +> R is a homogeneous polynomial 
of degree m, and if f(a) = p(a!/™) then f is concave, and of course homogeneous 


of degree 1; see V 6 Theorem 3. 


The extreme generality of (H) leads to many inequalities turning out to be special 
cases in impenetrable disguises, as the next result illustrates; also see below, 2.5.4 
Remark (iii). 


THEOREM 3. (a) If0 <s <1 then (H) is equivalent to 


Yat Pe (Sa)"(oa) (7) 


with equality if and only if a ~ b. 
(b) [Liapunov’s InEqua.iry] If a and w are n-tuples and r > s > t > 0 then 


(So wies)”* < (Sowat) "(So war)™ 8) 
t=1 i=1 i=1 


(c) [RADon’s InEQquauity] If p > 1 then 


rane als “} at (9) 
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with equality if and only ifa~ b. Ifp <1 then (~9) holds. 


LO (a) This is seen to be equivalent to (H) by simple change of variables. 
(b) In (1) substitute a? = xt, b? =27 p= (r —t)/(r—s),when p’ = (r—t)/(s—t). 
(c) (H) implies (9) by a simple change of variable; [HIP p.61], [Radon!. O 


REMARK (iv) Liapunoy’s inequality is a particular case of an inequality between 
the Gini means, see below 5.2.1 Remark(iv); see also [AI p.54; DI p.157; MPF 
p.101; PPT p.117], |Allasia 1974-1975; Giaccardi 1956; Liapunov]. 


REMARK (v) It has been observed by Maligranda that (7) was first proved by 
Rogers by a use of (GA), [Maligranda 1998; Rogers]. As this gives Rogers a 
priority he has suggested that (H) should be called the Rogers’ inequality, or at 
least the Rogers-Holder inequality. 


Other forms of (H) are the following. 


THEOREM 4 (a) Ifp > 1 then 


17 


where the sup is over all b such that S~" = 1; the sup is attained if and only 
if aP ~ bP 


(b) Ifp > 1 and a,b are n-tuples with A, = Bn = 1 then 


jn OF 


Sal? <1, 


t=1 
with equality if and only if a ~ b. 
REMARK (vi) The first part of this theorem is an extremely useful way of consid- 


ering Theorem 1 and is the basis of a method of proof called quasi-linearization, 
see [BB p.23; MPF pp.669-679]. 


REMARK (vii) Many other inequalities can be considered this way; for instance 


(GA): assuming without loss in generality that W,, = 1, 


6,,(a; w) = inf cia where C' = {c; 6n(c; w) = 1}. 


REMARK (viii) Proofs of (H) can be found in many places; see [AI p.50; BB p.19; 
HELP p.21\, |Abou-Tair & Sulaiman 2000; Avram & Brown; Holder; Iwamoto; Liu 
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& Wang; Lou; Matkowski 1991; Redheffer 1981; Vasié & Keékié 1972; Wang C L 
1977; You 1989a,b; Zorio]. 


2.2 CAUCHY’S INEQUALITY If p = 2, when of course p’ = 2, (H) reduces to 


n n n 
Sas e (202)? (5a) (C) 
i=1 i=1 i=1 
known variously as Cauchy’s inequality, the Cauchy-Schwarz inequality*, or the 
Cauchy-Schwarz-Bunyakovskii inequality, see |Bunyakovskii]; we will refer to it 
as (C). A discussion of the history of this inequality can be found in [Schreiber; 
Zhang, Bao & Fu); an exhaustive survey of (C) and related inequalities can be 
found in |[Dragomir 2003]. 
Obviously any proof of (H) provides a proof of (C). However, the simple nature of 
(C) allows for various direct proofs that show that 2.1 Theorem 1 holds for all real 


n-tuples a,b when p = 2. For instance, either of the following identities implies 


(C): 


Tm Tm Tr mr 
S(aix +b)? = 2” » a? + 2x » a,b; + S- b? 
i=1 t=1 t=1 Comal 

mr 


(5528)(SH) (Toa) =F tat) at? 


as | Oy al 


The second identity is known as the Lagrange identity. For other proofs see 
[1938a,b; Cannon; Dubeau 1990a,1991b; Eames; Sinnadurai 1963}. 


REMARK (i) Of course (C) arises from (H) by taking p = p’. By taking r] = --- = 


Tm =m in (2) we get a simple extension of (C); [Kim S]. 


Tm m Tm 
> Qyj---Amj = ies ae 
Joa tt 91 
THEOREM 5 (H) and (C) are equivalent. 


O That (H) implies (C) is trivial and for the converse we show that (C) implies 
the extension of (H) in 2.1 Corollary 2, (2). 

The proof is in five steps and we assume in Corollary 2, without loss in generality, 
that 4. 


3 This is K.Schwarz. 
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(4) m=2 and ry = rg = 2: then Corollary 2 is just (C). 
iw) m= 24, u © N*, ry = +++ = ron = 24: the proof of this case of (2) is by 
Ul 


induction on p, W = 1 being (7). So suppose the result is known for integers 
k,l1<k<yp. Then 


n 2b n peat Qh 
des =S (TL as)( TE 2) 
GStasi j=l tt ga2u-144 
n ae 1/2, gt! 1/2 
<((I18)) (2( IE &)) oe. 
ot iat j=1 t=2b-144 
Qh n / 
< ( a? ) , by the induction hypothesis. 
sy a 
(117) Now let m be any integer, r) = --- = Tm =m, and suppose 2” > m. Define 


aij, 1<1<24,1< 9 <n, as follows: 


ay”, fi<aem, Dep <n, 
Oj = 1/2" 
"| (Tikaew) . ifm <is2jisjsna. 
Then by (12) 
nm n 2! 
des => Te 


(iv) Let m be any positive integer, r; € Q, 1 <7 < m. Then for some integers 
bb, Mi, 1 Si < m, we have ry = p/p, 1 <i <m. Define ayy = af7, 1 <i <m, 
1<j <n, then applying (77) to the {a,;;} gives the result in this case. 


(v) The general case of real r;, 1 <7 < m, follows by taking limits. 


It remains to consider the case of equality. Let 1/r; = q@+pi,q€Q,1<it<m, 
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Ts(qi+pi) 
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In using the above arguments up to (iv) we have strict inequality unless the n- 
tuples a;*, 1 < i < m, are pairwise dependent. This gives the case of strict 


inequality in the general case, and Theorem 3 is proved. LJ 


EXAMPLE (i) Consider the part of an ellipse x = (acos0,bsin@),0 < @ < 7/2, 
where 0 < b <a. The distance, d, of the normal at the point x from the origin is 


given by d = \x.t| /|t|, where t = (—asin6,bcos@). Simple calculations give that 


d = (a? — b?)/v/a? sin? 0 + b? cos? 6. Now by (C) 
V a? sin’ 6 + b? cos? 0=4/(a? sin* 6 + b? cos? 8) (cos? 6 + sin? 8) > (a+b) sin9 cos 8. 


with equality if and only if 6 = 0) where tanOy = ,/b/a. Hence the minimum 
distance of a normal to the ellipse from the origin is (a — b), and it occurs when 
6 = 00; |Klamkin & McLenaghan. 


EXAMPLE (ii) (C) can be used to give a very simple proof of (HA) in the equivalent 
form II 2.4.3(12); see [Batinetul. 


nm n n 2 

Wi; Wi 

(domes) (LEE) = (Qewoonnna) =a 
$=1 ix1 * ask ‘ 

2.3 POWER SuMS_ For an n-tuple a write 


Sp(r,a)= oat, rER, Rp(r,a) =S)/"(r,a), r € R*; 


w=1 
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as usual reference to n and, or a, will be omitted if there is no resulting confusion. 
We use (H) to obtain some properties of these quantities. 
Since R(r) = n4/*9!"!(a) we have by 1 Theorem 2(c) that lim,_,.. R(r) = maxa 


and lim,_,_.. R(r) = mina; or just note that, 
maxa < R(r) < n)/" maxa, r > 0; n'/" mina < R(r) < mina, r <0. 


This also shows that the equal weight case of 1 Theorem 2(c) can be deduced from 
the limit values of R(r). 

From the remark in the proof of I 2.1 Corollary 4 we have S(r) = n+O(r), r — 0. 
Hence, lim,_.9 Rn(r,a) = oo, ifn > 1. The same result follows from the simple 


observations, 
n/" mina < Rir) < n'/7 maxa, r > 0; n'/" maxa < Ri(r) < ni/" mina, r <0. 


LEMMA 6 (a) R is strictly decreasing; that is ifr < s then 


1/s 2 i/r 
Re) = es a} < 63 at ) = R(r). (10) 
(b) Both of S,R are log-convex. 
More precisely if0 << A< 1 andr,s € R then 


S((1~A)r+As) < SU (r)S*(8); (11) 


with, if \ # 0,1, equality in (11) if and only if a is constant; 
if r,s > 0 then 
R((1—A)r+As) < RUM (r)R’(s8). (11’) 


O (a) Assume that r > s and that S(s) = 1. Then for all 1,1 <i<n, we 
have a? < 1. So ifs > 0, af > a’, showing that 1 < S(r), and so 1 < R(r); and if 
s <0, a? <a’, showing that 1 > S(r), and sol < Rr). 

This completes the proof in this special case so now assume that S(s) = o, and 
put, for all 7, b; = a;/o1/* = b;/R(s), when S(s;b) = 1. 

From the special case we then have that R(r;b) > 1, which is just (10). 

(b) First we consider S 


Saft vrs = 5 (al)°-*) (as)? < (S>az)° (Soas)* by 2.1 (7). 


11 4=1 (ome 


The case of equality follows from that for 2.1 (7). 
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Now we consider 7 . 

If R(r) > 1 then S(r) > 1 and so since log R(r) = r~' log S(r) the result follows 
from the convexity of logS and f(r) =r~, using I 4.1 Theorem 4(e). 

If R(r) = p < 1 choose p’,0 < p’ < p and let a; = a;/p’, 1 <i <n, when 
R(a',r) = p/p’ > 1 and so R(a’,r) is log-convex. 

However log R(a’,r) = log R(r) — log p’, so log R(r) is convex. 


REMARK (i) The proof of (b) can be found in [Beckenbach 1946]. 


REMARK (ii) If w is an m-tuple with W,, = 1 a simple induction extends (11) 
and (11’) to 


S(Am(r;w), a) < Gm(S(ri,a),...,S(Tm, a); w), (12) 
Oi RAGE) 3 suns Rey 2) aw), (12') 


Ursell has made some interesting observations about (11) which we will now dis- 
cuss; see [Reznick; Ursell|. Consider (11) in the special case obtained by putting 
r=0Oand As =p, 

Sip) Ste PSP), (13) 


or equivalently R(p) < n'o—s) R(s). 

Inequalities (10)—(13) are best possible in the sense that given n,r,s,A,p the 
constants cannot be improved. However (10) and (13) are best possible in a 
stronger sense. Given n,r, 5,p,S(s) the values of S(r),S(p) are given by (10) and 
(13). In the case of (13) equality implies that (R(r)/R(s))"s/“-”) is equal to n, 
in particular it is an integer. In other words, given n,r,s,\ and appropriate S(r) 
and S(s), we can still have strict inequality in (13) unless R(r)/R(s) has a special 
value. The determination of the exact range of this left-hand side given the sums 
on the right-hand side is completely determined by Ursell; see also [Pdles 1990b]| 
and [V 7.2.2. 


REMARK (iii) The sums, S and 7, can be considered with weights; that is we 
define S(r, a;w) = D7y, wiat and R(r,a;w) = (SS, wjat)'/” It is immediate 
that Lemma 6(b) remains valid for these more general functions. Lemma 6(a) is 
considered in [HIP p.29]| and [Vasié & Peéarié 1980a]; it is valid if w > e, while if 
W, <1 the opposite inequality holds; see 3.1.1 Remark (ii). See also below IV 2 
Theorem 13. 


REMARK (iv) Ifr > 1 then |R(r, a)—R(r, b)| < min { > pnt [en ~ 04, i, where the 


minimum is taken over all permutations {7,,...,i,} of {1,...,n}. This answers 
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a question in [Mitrinovié & Adamovic]|; some generalizations can be found in 
[Milovanovié & Milovanovié 1978; Peéarié & Beesack 1986]. 


Because of (HA) and Lemma 6(a) the following strengthens (12’). 
LEMMA 7 If W,, = 1 then 


Ri Dn) 9a) <= Om (ROG) ic ra) w), (14) 


with equality if and only if either r or a is constant. 


CO Raise the left-hand side of (14) to the power § = n(a; w) when we obtain, 


n 


n n a H n n wD wD) w,9)/r5 
a? =>° (TI) <T] (Sy) 
=i j=1 =A 


Gal. Jeet 


by (2), since 2 w,9/r; = 1, and this implies (14). The cases of equality follow 
from those of (2). O 


REMARK (v) By considering the case of constant @ when (14) reduces to equality, 
it is easily seen from (10) that (14) is best possible in the sense that ,,(a; w) 


cannot be replaced by a smaller number. 


REMARK (vi) Inequality (14) is in [McLaughlin & Metcalf 1968a], where it is also 
pointed out that this inequality is best possible in another sense. The right-hand 
side of (12) cannot be replaced by any function of the R(r;), 1 <i <n, that is less 


than or equal to the geometric mean but which is not the geometric mean itself. 


Lemma 6(a) can be used to extend (H) and 2.1 (5) as follows. 


COROLLARY 8 (a) Ifp,q>0 and 1/p+1/q> 1 then 


Sah : (rar)? (Sag) 
(b) If p,q,r > 0 and is 1/q> ran 7 
(dtaany")” < (Soar)? (Sous) 
with equality if and say if 1/p+1/q site and aP 7 
O (a) Put A=1/p+1/q>1 and r=Ap> p; then r’ = Aq > q so 


‘ “ : oY ay ee 2 1/r’ 
Dabs <(Loai) (307) , by (H), 


tw zl 


<( Soak)” pra)" by (10). 


V1 
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(b) This part is either (5), or reduces to (a) by a simple change of variable. 0 


REMARK (vii) The properties of R(r), r < 0, and their applications to the various 
results given above are easily obtained; see [HIP p. 28], [Vasié & Peéarié 1979b). 


REMARK (viii) In his very interesting paper Reznick, [Reznick|, has considered 
precise bounds for various products of power sums. Some of his simpler results 


are that for real n-tuples a 


n — S(a1)S(@;3) — wae ae ee = + O(n- 42), 


“3 S(a; 4) S(a; 2) 7 


REMARK (ix) Given an n-tuple a inequalities of the form 
Tr 
Sat A’ < K(a,B,n) Acts; 
i=1 


are considered in [Beesack 1969] ; in particular if a > 1,a+ > 1 and a is positive 
then K = 1; see [AI p.282]. 


2.4 MINKOWSKI’S INEQUALITY A very important consequence of Holder’s in- 
equality, 2.1 Theorem 1, is Minkowski’s inequality. 


THEOREM 9 [MInKowski’s INEQUALITY] If p > 1 then 


Sinem)" "0" 


ifp <1,p #0, then (~M) holds. In both cases there is equality if and only if 


a~ b. 


LJ We give five proofs of this result. 
(1) Consider the left-hand side of (M), and assume p > 1: 


> ((ai + bi)? = Dales yh Dom ay + bi)? 
2 Ss cP) 1/p (Ne i ,)*) (p—1)/p 
+(#) "(or a+b) Sle: 


from which (M) follows. 
If p< 1, p#0 then (~M) follows by a similar argument from (~H). 
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The case of equality follows from that for 2.1 ‘Theorem 1. 

(17) This proof uses quasi-linearization, see 2.1 Remark (vi) and |BB p.26]. Assume 
that p > 1; the other case can be dealt with in a similar manner. 

By the quasi-linearization form of (H), 2.1 Theorem 4(a), if D = {c; 0", c? = 1}, 


\/p t==1 “4 
then (She 4 b;)? ) = SUPcer Sop (ai + 5; )c;. Hence 
(> bey 3 Se by I 2.2 (15) 
a; + 0; ) <su ajc; + su ici, by 12.2 (15 
2 eel i=1 eel 1=1 


ls a?) 42 (> ye” by 2.1 Theorem 4(a). 


(cert 


(127) [KOnig; Maligranda 1995] With p > 1, t > 0 and a, b > O consider the function 
f@ =t Pa? + (1—t)*-P 0". 


Simple calculations show that f’(t) = (1—p)(t7~?a? — (1—t)~?6?), and that f has 
a minimum at t = a/(a+b). In other words f(t) > f(a/(a+ 6)), with equality if 
and only if t = a/(a+ b), that is 


(a+b)? <¢t) Pa? + (1 ~ 24)? OP, (15) 


with equality if and only if t = a/(a+ b). 
Now using (15) 


nm 


So (ai + by)? < 3 (t' Pa? + (1 — t)' PoP) 


; ‘aa (( > apr) ge ( y ny 


Hence the left-hand side is not greater than the minimum of the right-hand side 
and the result follows by another application of (15). The case of equality is easily 
obtained from that in (15). 

(iv) [Matkowski & Ratz 1993] Use the same method as in proof (iz) of (H), 2.1 
Theorem 1, but now take A(t) = (1+ t!/?)?, p> 1. 


1/p 
(v) [Soloviov] Let f(a) = (S7"_, a? then f is strictly convex and homogeneous, 
see I 4.6 Example (vii). So (M) is just I 4.6 (19). ea 


REMARK (i) Of course basic properties of addition extends (M) in a trivial way 


to the case p = 1. 
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An important use of (M) is the proof of the triangle inequality, (T). If p > 1 then, 
. 1/p = 1/p 
53 ja; — bP =(S7l = Gy (Ce= b;) |?) 
t= 1 4=1 
= 1/p 
<(So(las - eal + le —ay))”) ”, 


Aa | 


Tr 


<(S2(la — cP) + (SU a bP)” by (M). 


This inequality holds of course when p = 1 being a property of the absolute value. 


1/p 
So if pp(a, b) = bow, la; — b;|” , p> 1, then we have the triangle inequality, 


Pp (a, b) x Pp (a, (63) =F Pop (c, d), (T’) 
the essential property for showing that p, is a metric on the space of n-tuples, or 


t1-"4 


1/p 
equivalently that |{a||, = (x a? | , p> 1, is anorm, 


la + Bllp < |lallp + {lBllp- (Ti) 


REMARK (ii) (M) was first used in the form (Ty) by F. Riesz, and for this reason 
Minkowski’s inequality is sometimes called the Minkowski-Riesz inequality. For a 
similar reason the Holder inequality is sometimes called the Holder-Riesz inequality 
when written in the form 

Ha bll, < |lal|plellp’: 


see [MPF pp.473-513|, |Maligranda 2001}. 
The following extension of (M) is analogous to the extension of (H) given in 2.1 


Corollary 2. 
COROLLARY 10 Ifa, = (@i1,...,@in), 1<t<m, and p> 1 then 
n m p 1/p m n 1/p 
(S(Soau)") < o(o98) 7 (6) 
Ji: Sk j=l 
with equality if and only if the n-tuples a,, 1 <i <™m, are pairwise dependent. 


O Inequality (16), and so (M), can be proved by induction, as was the case for 
(H), see 2.1 Corollary 2 proof (iz). 


We start with the simplest case, the case m = n = 2 of (16): 


((ar + b1)? + (a2 + be)?)/? < (a2 + ab)? + (bP + BB). 
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This can be obtained from 2.1(3), the case n = 2 of (H), in the same way that 
(M) was obtained from (H). Then, as with the inductive proof of 2.1 Corollary 2, 
we can either fix m = 2 and give an inductive proof of (16) for all n, and then for 


all m, or we can proceed the other way round; see [HIP p.88]. O 


REMARK (iii) Much work has been done on this inequality; see for instance 
[Szilard; Zorio]. 


2.5 REFINEMENTS OF THE HOLDER, CAUCHY AND MINKOWSKI INEQUALITIES 
The inequalities (H), (C) and (M) have been subjected to considerable investiga- 


tion, resulting in many refinements; some of these are taken up in this section. 


2.5.1 A RADO TYPE REFINEMENT ‘The simplest proof of (H), or of 2.1 Corollary 
2, depends on (GA), and it is natural to ask if it is possible to refine (H) by using 
(R); [Bullen 1974]. 


THEOREM 11 With the hypotheses and notations of 2.1 Corollary 2 put 


Pm 
le es) | 


Sin (a). = 7 sf 2 Pm/Ti? 
Tie te ai ) 
then ifm > 2 
non (pe ee Cn es (17) 
eG Sk —, 
Pm eee Sei Tm 


a From (R) 
1 ~ b; 1/r,\?™ 1 eS b; gle 1/rg\ et 
ia \? (IT!) ” ) = 5 [om Lo ~ CI 8) 
Pm ( ars tt Pm—1 ( ia '* II 
Putting 
a; 
b= Sma J = 1... (18) 


and summing the resulting inequalities over j leads to 


Pm(1 ot Em (a)) z Pal as Em—:(a)), 


which is equivalent to (17). 
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The case of equality follows from that for (R) given in II 3.1 Theorem 1. El 


REMARK (i) If m = 2 inequality (17) reduces to Zo(a) < 1, which is just (H). 


REMARK (ii) Repeated application of (17) leads to =,(a) < 1, which is just 
2.1(2). 


REMARK (ili) By terminating the process in (ii) one step earlier and allowing for 
rearrangements of a;;, together with similar rearrangements of r; the result in (ii) 


can be improved as in II 3.1 Corollary 3. 
REMARK (iv) For a Rado type extension of (M) see 3.2.6 Corollary 26. 


2.5.2 INDEX SET EXTENSIONS Define the following functions on the index sets T: 


if J € Z, 
1/p / 1/p' 
x(Z) =(L2) (XL oF ~ 2 sbi 
uit) =((Soar)' + (Sou)”) Da ty. 
zEl aEl aEl 


The inequalities (H) and (M) show that if p > 1 then x, > 0. In fact the 
functions vy and yp are also increasing and super-additive as the following more 
precise theorem shows; [Everitt 1961; McLaughlin & Metcalf 1967a,1968b, 1970]. 


THEOREM 12 Ifp>1,J,J€TZ then 


x) + x(J) <x(U J), (19) 
w(I) + (J) <p(ZU J). (20) 


There is equality in (19) if and only if ()°,-,a?, ic, a2) ~ (ies bP es bP), 
anid in-(20) ifand only-at ().,27 0); Yep bs) Oop eg US 
O We first consider (19). 
By 2.1 (3) 
ai!/P p/P + aa! pl? < (a; jaa)? (b} ca by )/P" 


with equality if and only if (a1, a2) ~ (61, be). 
Substituting a1 = )oj-,4), @2 = Dey, 01 = Vier bP, bg = Mies bP leads 
immediately to (19), and the case of equality. 


Now consider (20); by (~M), 


(ai 4b)? (ag bn)?)” S (Gi? ay HO 45,7)", 
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with equality if and only if (a,,a2) ~ (b;,b2). The result, and the case of equality, 
follow on putting a1 = ))jc7 0}, G2 = Doe Of, b1 = Vie af, b2 =o, bP. OO 


REMARK (i) In the paper quoted above Everitt pointed out that the index set 


(So 0F)!? + (See)? — (las + by?) 


zEl wel ced 


function 


associated with (M) is not monotonic in either sense. In the second paper men- 
tioned above McLaughlin & Metcalf studied the function p, as well as a certain 
ratio associated with (M); see also [Dragomir 1995a; Vasié & Peéarié 1983]. 


2.5.3 AN EXTENSION OF KOBER-DIANANDA TYPE With the notations of 2.1 Corol- 


lary 2 assume p,, = 1 and define R = max,<icmTi, T= MIN <j<m 7; and 


m™m nr Ts vari 
Kk. =} Sy > Qi; Aik 
WF 2 Sen Tom Th ) 
2 <= pei Dea Dims Vik 
2 
mm nm V4 TG 
2 oe eee TiTk ee a; 4 a Aik 


‘THEOREM 13 With the above notations 


=e 


mm 


fia See ii 57a’) i/rs S50 [ae > max{ 0, (1 — RD,,) Ov 


cs a Ge eat = 


a;3) 
(0-7A"5) 10 (S— aft) "> TT au; >maxfo, (1-2) Hs 95)"" 


\ 
\. 


LJ The proof is based on the method used to obtain 2.1 Corollary 2 and The- 
orem 1. Use inequalities II 3.5(34), (35) applied to a sequence b, make the identi- 
fication 2.5.1(18), and proceed as in the proof of 2.1 Corollary 2. LI 


(1 j9=1 ie i=1 


REMARK (i) The cases of equality are discussed by both Kober and Diananda; 
Diananda gives a similar refinement of (M); |Kober; Diananda 1963a,b]. 


2.5.4 A CONTINUUM OF EXTENSIONS As has been remarked (C) is a particular 
case of (H). In fact (H) can be used to prove much more. Let a;;, 73, Pm be as in 


2.1 Corollary 2; then we have the following result. 


THEOREM 14 Ifr € R* and w is an n-tuple define the function f as follows 


Flo) = [Suva Tog") 


ey | k=4 
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Then f is log-convex, increasing on [0,co[, and decreasing on |— 00,0], strictly 
unless f is constant. 
Ee If the m-tuples are not proportional then by 2.3 Lemma 6(b) and 2.3 Re- 
mark (iii) 


gi (2) Ly oy TT 3 ‘ 


m 
a ati!" qe 
=So(ws Toi) [] 23) ) 
j=l k=1 


is log-convex, 1 <i<m. Hence, I 4.1 ees 4(d), 


mT 


log f(z) = >> — log gi(x), 


7 


is convex. 
The rest of the proof is similar to that of J 4.2 Theorem 18; see [PPT pp.90,118], 
[Mitrinovié & Peéarié 1987]. 0 


REMARK (i) Beside the paper just mentioned this result is discussed in [Daykin & 
Eliezer 1968; Eliezer & Daykin; Eliezer & Mond; Flor; Godunova & Cebaevskaya; 
Mon, Sheu & Wang 1992b]; see also TV 5 Example (xiv). 


REMARK (ii) The most interesting case of Theorem 13 occurs on putting r = pm 
when f(0) is the left-hand side of a weighted form of 2.1(2), while f(p,) is the 
right-hand side. Since f(0) < f(x) < f(pm),0 <x < pm, we get a continuum of 
generalizations of oe and so of (H): if0 <a < pm then 


(Sm(Fieu)) AS eect fey (St) 


Veal aoe) 


1/ri 


In this case the function f is a constant if the ‘ates a,*, 1 <i <‘™m are propor- 


tional. 


REMARK (iii) The particular case, m = 2,r] = Tg = 2, of the result in the 
previous remark is in [Callebaut] and is sometimes called Callebaut’s inequality, 
[PPT p.118]: if0 <2<y<1 then 


™ mr Tm nr Tm Th mr 
(Saabs)? < So alt2b-# 5 al *BH4= <a! VBV al YY Sa? 88 
i=l i=1 i=l i=l i=1 i=1 i=l 
This result is an illustration of the comment that precedes 2.1 Theorem 3. Calle- 
baut proved one half of his inequality using (H) and remarked that the other half 
was not apparently deducible from (H), and so gave another proof. However a sim- 
ple proof using (H) was given almost immediately, [McLaughlin & Metcalf 1967b]; 


see also [Steiger]. 
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THEOREM 15 If0<a2< 1 then 


a> a,;b;+2x S$ aib;) 
_ . oe. (2) 
t= Sine t=1 


z,j=1 Z,j=1 
t<j t<j 


L] Using the identities 
2 
Digan O05 = Lipari jn bE De Gadi, 2 Der uy = (VG i) — OL, ai, 
and 20 bib; = ‘oe bi)” — Sv, b?, and putting y = 1 — 2, (21) can be 
i<j 


written as 


On multiplying this out we obtain the equivalent inequality 
Tr n 


xy > (6; >a; —a; > bi) +y?((D_a2)(D 02) — (D- aib,)?) > 0, 
j=1 i=1 i=1 i=1 i=1 i=1 


. 


which is an immediate consequence of (C). C 


REMARK (iv) If 2 = 0 then (21) reduces to (C). 


REMARK (v) This result is due to S.S. Wagner, but the above simple proof is by 
Flor; [MPF p.85], [Andreescu, Andrica & Drimbe; Flor; Wagner S}. 


2.5.5 BECKENBACH’S INEQUALITIES ‘The first part of 2.1 Theorem 1 can be inter- 


preted as follows. 


Given a; and b then (H) holds for all a2,...,@n, with equality if and only if 
aP oP = aPP = ab? .2<iK<n. 
This has been generalized as follows in |[Beckenbach 1966]. 


THEOREM 16 Let a and b be n-tuples, p > 1, and 1 < m < n; define the n-tuple 


a as follows: 
4, if 1 < a < ™m, 
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then given a1,...,Q@m and b, 
(22) 


forall Gat y< 549 Qy: 
If p < 1,p # 0, (~22) holds. There is equality in both cases if and only if 


Qa;= @,mt+1l<i<n. 


O Assume that p > 1 and consider the left-hand side of (22) as function f of 
the variables @m41,..-;@n- Then f; = PQ;,m+1<j <n, where 


n = /p’ n n 
uae) —1 
Pao tt Q; = () ajbj)a?* — a? )b;. 

Pape)  — yaar’ (allt 


Since P > 0 we have that the partial derivatives f; are zero if and only if the Q, 


a i: ap 
are zero; that is if and only if —~ = Duin H m+1< j<n. Equivalently, if 
ajo; dpa, adi 
as a a? 
and only if ——- = =, m4+1<7 <n; that isa; =a;,m+1<j<n. It 
ajbj; Di, aad — : 
is easily seen that this is a unique minimum of f. L 


REMARK (i) As we have seen above, the case m = 1 is just (H). 


REMARK (ii) A simple proof has been given in [Pecarié & Beesack 1987al]. 
Another result of Beckenbach is the following. 


THEOREM 17 Suppose p > 1, a > 0,8 > 0,¥y > 0, and a, b are non-negative 
n-tuples; for m, 0 < m <n, define the (n—m)-tuple ¢ by c; = (ab;/B)?/?, i = 
m+1,...,n. Then 


1/p 1/p 
(a + of ae a?) > (a A a a aan cP) 
By cae OP Yaa ie” 


with equality if and only ifa; =cj,; m+1<i<n. 


DO 


Bry So aiby sat? (Bar?) + YT (a'/Pai)(o7/? bi) 


i=m-+1 w=M+1 
= 1/p ! / Z / 1/p’ 
<(a+y D> af)” (anF/epr' +7 3 oF)”, by A), 
Dp 


1=mM+1 t=m+1 
-(a+7 Soa nee 
_ (a oe ot ae EG tte ) 


=m+i1 
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The case of equality follows from that of (H). CJ 


REMARK (iii) A converse for this inequality has been given by Zhuang; [Zhuang 
1993}. 


REMARK (iv) All of these inequalities have been given considerable attention; 
[Iwamoto & Wang; Wang C L 1977,1979b,d,1981a, 1982,1983,1988b]. 


2.5.6 OSTROWSKI’S INEQUALITY This inequality is an extension of (C); [Ostrowski 
p.289\. 


THEOREM 18 Let a and b be n tuples such that a % 6 and define the n-tuple c 
by a.c = 0 and 6.c = 1, then 


Se < (0 a2)(30 88) - (Drab) 


i=1 0 $221 1 
with equality if and only if 


no mp 
Gp ee ee Sa 
Oss a?) Oo b?) a (ies abi) 
REMARK (i) A proof can be found in [AI pp. 66-70], where several extensions 
due to Ky Fan & Todd are also proved; [Fan & Todd]; see also |Madevski; Mitrovié 
1973] 


REMARK (ii) Beesack has pointed out that this result can be regarded as a special 
case of a Bessel inequality for non-orthonormal vectors; |Beesack 1975]; see also 
[Sikié & Sikié]. It can also be regarded as an extension of 3.1.2 (7) in the case 


r= q>2,6= lL 


2.5.7 ACZEL-LORENTZ INEQUALITIES As was pointed out in 2.4 (M) is essential for 
certain properties of norms on R”. If a different norm is defined then we can ask 


if similar properties hold. A so-called Lorentz norm‘ is defined as 


llallp = (at — Daf)”, p> 1; 


1=2 


this is defined on the set L, of positive n-tuples for which a, > (S>;_, a?)!/?; [BB 
pp.38-39|. Various inequalities using these expressions are then called Lorentz 


inequalities, |Wang C L 1984a]. However the first such inequality was proved by 


4 This is H.A.Lorentz; see [EM6 p.46-47). 
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Aczél, [Aczél 1956b], so such inequalities have also been called Aczél inequalities; 
[DI pp.16-17, PPT pp. 124-126]. 

It turns out that the natural analogue in this situation is not (M) but (~M). Asa 
result of this the Lorentz triangle inequalities are analogous to (~T), (~Ty), and 
so the Lorentz norm is not a norm in the usual sense. The various Aczél-Lorentz 


inequalities are examples of reverse inequalities similar to those in I 4.4. 


THEOREM 19 (a) [HOLDER-LorENTz] If a,b are n-tuples in Ly, Ly respectively, 
where p > | then 


arbi — ) ) abi > (af — Dh aP)/P(R — SU oP)”, (23) 
4=1 71 $21 


If0 < p < 1 then (~23) holds; in either case there is equality if and only ifa? ~ b? a 
(b) [Minxowsk1-Lorentz] If a, b are n-tuples in Ly, p > 1, then 


((ay + b1)? — So (a + bi)P)'/? > (a? — So aPy/e + (BR So oryv/P, (24) 


If0 <p <1 then (~24) holds, and in either case there is equality if and only if a 
and 6 are dependent. 

(c) [BECKENBACH-LORENTz] Suppose p > 1, a > 0,8 > 0,7 > 0, and a, b are 
non-negative n-tuples; for m,0 < m < n, define the (n—m)-tuple c by c; = 
(ab;/B)?/?, i= m+1,...,n. Further assume that a—+ ois > 0, and that 
pry yogic, 20 then 


(a aaa | ya ai) ae > (a aE als aan ct) nh 
) aes Das ad; 7 ff) = ae b5C; 


with equality if and only ifa; =cq,m+1<i<n. 


REMARK (i) The case p = 2 of (23), the “Cauchy” case, is the original result of 
Aczél. 


REMARK (ii) The above results are given by Wang C L but other authors have 
given different proof of certain results; [AI pp.57-59|, [Mond & Peéarié 1995b; 
Popoviciu 1959a; Wang C L 1984al. 


2.5.8 VARIOUS RESULTS We first state an extension of (H) that is in [Mudholkar, 
Freimer & Subbaiah]. First note, as is shown in Lemma 1 of the quoted paper, 


that if b is a decreasing n-tuple, and m < n, then for some k,0<k<m-—1, 


By = Brak By, — Bm 
n m—k-1 Se Bicone bine nm ae ke 


a 
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THEOREM 20 Ifa and 6 are decreasing n-tuples, p > 1, m <n, then 
n . m. é 1/p m—k—1 ap [2 ees cee ae n! 1/p' 
Deas (Slat) Co + eae) ) 
t=1 4=1 t=1 
where k is given by (25). 
REMARK (i) An extension of this result has been given in [Iwamoto, Tomkins & 


Wang 1986b], and a simpler proof of this extension, using Steffensen’s inequality, 
VI 1.3.6 Theorem 18, can be found in [Pearce & Peéarié 1995al. 


The following result is in [Mikolds]; it reduces to (M) if pr = 1; see [AI p.369], 
[Alzer 1991i]. 


THEOREM 21 Ifa;,1<j <n, are m-tuples andO<r<1,0<pr <1, then 
m Tr p Tm mm r 
di (dias) sn D(a) - (26) 
t= Ji yr ee ae 

Ifr > 1 and pr > 1 then (~26) holds. 


The next result is a problem set by Klamkin, [Klamkin & Hashway]. It is a 


particular case of Callebaut’s inequality, 2.5.4 Remark(iii). 


THEOREM 22 Ifa and b are n-tuples and if 


ara ear ce: | 
f(k) (Lai bP) (Loar ),0<k<n 


then f is decreasing. 


REMARK (ii) The extreme inequality given by Theorem 22, f(0) > f(n), is just 
(C) 


The following is due to Abramovich; [Abramovich]. 


THEOREM 23 If p> 1 and a,b,c are n-tuples with A, = C,, = 1 and for some 


miSm<n aro, aj Sq, =>, 1<sism,mt+1<j<n, then 
a j 
nr ; Tr i 
>07/ P84? < Dl big? eff? 
=1 iat 
where (dj,),-.-djn)) denotes a decreasing rearrangement of (d,,...dn). 


REMARK (iii) On putting b = c this theorem reduces to 2.1 Theorem 4(b). 
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THEOREM 24 Ifa,b,u,v are n-tuples with u < v then 


1 


Sue) 2) 2 ( (Lowe) ie om > wiaiads < ($7 uja?)? ($7 04b?)? om Si 
a i= i=1 


REMARK (iv) This extension of (C), due to Dragomir & Arslanagié has been 
extended to (H) by Peéari¢; |[Dragomir & Arslanagié 1991; Peéarié 1993). 


The next result is in |Atanassov]. 


THEOREM 25 Let a be an increasing n-tuple and k an increasing m-tuple of 


positive integers then 


L The proof is by induction, using the inequality 
nr 
AnBy = nm S- adj, 
1=1 
where a, 6 are increasing real n-tuples. [ 


THEOREM 26 If a is an n-tuple such that ay < a2/2 <... < an/n and 6 is a 


decreasing n-tuple then 


where ag = 0. There is equality if and only if aj = ia1,1 <%< n, and b is 


constant. 


REMARK (v) ‘This result of Alzer has a proof that is quite long and complicated; 
[Alzer 1992d, 1999b]. It generalizes the following variant of (C): 


Sah < i Serr 
11 at 11. 


The following is a very simple extension of (C) is due to Hovenier, [Hovenier 1994, 
1995]. 
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THEOREM 27 If0 <m<n-—1, and a,b are n-tuples define 


ye i ab; 2 O34 L=m+1 ay L=M+1 pp)! ifm F# 0, 
bee az)? Oe 1 be)? ifm= QO. 


Then Qn, <Qm—1, 0<m<n-— 1. 


lm = 


L] The proof uses the remark that if 1 <m<n-—1 then a,_, < am, because 


ere ys 


i=m+1 1=m+1 


Yat = oat + ‘ a,b; < doa + 


t=m+1 


D 


REMARK (vi) The inequality ajn_1 < apo is just (C). A similar extension of (H) 
has been made; [Abramovich, Mond & Peéarié 1995}. 

The next result is related to inequalities involving arithmetic means of powers 
rather than power means, quantities that have played an important role in statis- 


tics. 
m 


1 
THEOREM 28 Ifa is a real n-tuple and an, = = aw m € N*, and if a, = 0, 


Qa: = 1 then 


IA 


1 
Jn — 1’ 7 n—1l 


with equality in the last two inequalities if and only if a, = ~n—1 and ag = 
—i/V/n-1,2<k<n. 


The first result is in [Pearson], and given a different proof in |Chakrabarti; Wilkins}; 


2. 2 2. 
Q421+03; Qam2O,,-1+O,,; Os 


these authors gave the bounds for the last two inequalities. The second inequality 


is in [Lakshmanamurti]|; see also [Madevskil. 


REMARK (vii) There are of course many other references of interest of which we 
mention the following: |MPF pp.83-189|, [Abramovich & Peéarié; Carroll, Cord- 
ner & Evelyn; Dragomir 1987,1988,1994b; Dragomir & Arslanagié 1992; Dragomir, 
Milosevié & Arslanagié; Dragomir & Mond; Eliezer, Mond & Peéari¢; Liu; Mitri- 
novié & Peéarié 1990b; Péles 1990c; Persson; Yang X\]. 


3 Inequalities Between the Power Means 


3.1 THE POWER MEAN INEQUALITY 
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3.1.1 THE Basic REsuLT The results of the previous section imply some relations 
between the power means introduced in the first section. Here we give the basic 
result, a fundamental generalization of (GA), called the power mean inequality. 
We will refer to this inequality as (r;s), where —oo < r < s < co. Some authors 
refer to (r;s) as Jensen’s inequality, see [HLP!, |[Beckenbach 1946; Cooper 1927al, 


although this name is usually given to (J). 


THEOREM 1 [Power MEAN INEQUALITY] Given two n-tuples a,w and T,s € R with 
r<s then 
"l(a; w) < mls!(a; w), (r; s) 


with equality if and only if a is constant. 


The first proof for arbitrary weights was given in 1879 by Besso, although the result 
had been formulated in 1840 by Bienaymé; [Besso; Bienaymé]. In the case of equal 
weights a proof was given in 1858 by Schlomilch for r and s positive integers or 
reciprocals of positive integers, [Schlomilch 1858b|. Later, 1888, a proof of the 
equal weight case for arbitrary r and s was given by Simon; [Simon]. In 1902 
Pringsheim gave a proof for the case s = 1 and 0 < r < 1 that he attributed to 
Liroth and Jensen; [Jensen 1906; Pringsheim]. 

LJ If r = —oo, or s = ov, (r;s) is just the strict internality of the power means, 
inequality 1(2). 

Using 1(4) we readily see that (GA) implies (0;s), 0 < s < oo, and (1;0), —co < 
r <0, and hence (r;s) when —co <r <0 <8 < oo. 

Further a simple use of the second identity in 1(3) shows that (r;s), —oo < r < 
s <0, follows from the case (r3s),O<r<s<oo. 

Another use of the identity 1(4) shows that we need only consider the two cases 
(iis)i 1 <s< Gopand (1), 0< =< 1. 

Finally suppose that we have proved (1;s), 1 < s < co and that 0 < r < 1; 
then by (1;1/r) and 1(4) t/a"; w) > An(a"w) = (amt'") (a; w))", and by 1(4) 
gylt/ q (ap) (An (a; w))'. These two equations give (1;r), showing that we need 


only consider the case (1;s), 1 < s < oo. 


Following these remarks we give several proofs of (r;s). 


(1) Assume s > 1 and without loss in generality that W,, = 1. 


An (a; w) = S*(agw,) ez 0" < m'!(a; w), by (H), 


41 


proving (1;s). 
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(ii) Assume without loss in generality that 1 <aj;,1<7<n, W, =1, and that a 
is not constant and define 

ine 
f(r) 


f(r) =N(a;w), o(r) =r, reR*. (1) 


$0) =D0(say) moa say) 3 (2) 


n n n 

?' (r) =—__*__, (> wat ) o> war (log ai)” ) = (> wa, log ai) ») {3) 
(dj Wiah) i=1 i=1 ray 

Hence, by (C), sign ¢’ = signr, which implies that ¢(r) > 0,r £ 0. This in turn 

implies that f’(r) > 0, r 40, from which (r;s) is immediate. 

This proof can be given without appealing to (C), [Burrows & Talbot; Wahlund]. 

(117) Make the same assumptions as in proof (1%). | 

Define the n-tuple b by 6 = a Then it is sufficient to prove that 


A, (a; w) 
ols} (b: w) > 1. (4) 


From the definition of b, ie w,b; = 1, so if we put 6; = 1+ Bi, 1<i<n, then 
GB; >-—-l and yes wii = (0. 
Hence, using (B), 


n n 
Ss hiwabi = S_wi(1 + Bi)° 2 > wi(1 + s3;) = |. 
t=1 1 


This immediately gives (4). See [Herman, Kuéera & Sima pp.167-168]. 
(iv)[|Orts| Assume that a is not constant. 
(i) First assume that r,s € N*. 
mt} (a; w) < i" (a; w) follows by (C). 
Now assume that ol! (a;w) < oylk +d (a;w), 1<k<m-—1. Then 


(sole (a; w))" = . wiatr)- < (S watt ) (S wat"), by (C), 
=1 i=1 i=1 


m—1 


= (anf a w))" (ani (a; w)) 


m+1 m—1 
= (anin+ (a: w)) (axle (a; w)) , by the induction hypothesis. 


This gives gl (a;w) < lm + (a; w), and completes the proof for this case. 
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(ii) Now suppose that r,s € Q, and that r = y/z,s = z/x where x,y,z € N* 
and y < z; then 


opin] (a: w) _— ( w; (ai/*)") i/¢ 


a1 


. ( wi(a;/*)*) we" _ onlsl(a; w). 


i=) 


(iii) The general case of positive real r,s follows by taking limits, and as can 
easily be verified strict inequality is obtained. 
(v) Assume that W,, = 1 and consider the extreme values of the function }°"_, was 
as a function of a subject to the condition > wa; = A we easily see that if 
s > 1 then A,(a;w) < ors) (a; w), while if s < 1 the opposite inequality holds. 
(vi) We now give an inductive proof of the equal weight case of (1;s) that has been 
attributed to Steinitz; see [Paasche]. In the case n = 2 assume that 0 < a < b 
when we have to show that 2((a + b)/2)° <a‘ + b8, or 


((a + b)/2)° —a® < b* — ((a +b)/2)° (5) 


This is immediate from the strict convexity of f(y) = y*, y > 0 and the property 
of 1 4.1 Lemma 2. Alternatively, putting 6 = (b — a)/2, (5) can be written as 


(b~ 8)* — (6— 28)* < b— (b— B)* 


which follows by noting that the function g(y) = y* — (y — B)°,y > B, is strictly 
increasing, the last inequality being just g(b — B) < g(b). 
Now let a be a non-constant n-tuple, n > 3, and without loss in generality assume 
that maxa = an, Mina = Qyn_, when by the strict internality of the arithmetic 
mean Gn—, < %n(a) < an. Now write A = 2,,(a),an-1 = A— 4, dn = A+ A when 
it is easily seen that (n —1)A = D0 a; + (A—6+A). Assuming (1;s) for all 
(n — 1)-tuples this last identity gives 

n—2 

nA’ =(n—1)A°+A°< Saf +(A-5+A)9 +A’. 

i=1 
However (A — 6+ A)*° + A® < (A —56)§+ (A +A) since this inequality can be 
written (A —6+ A)* — (A+A%) < (A—6)* — A® which is a consequence either of 
the strict convexity of the function f above, or of the strict monotonicity of the 


function g above. This shows that nA* < }>._, a’ and completes the induction. 
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(vii) Cauchy’s proof of (GA), II 2.4.1 (7), can be adapted to give a proof for the 
equal weight case of (r;s). 

Suppose that n = 2™+*!, and we assume the result for n = 2 and n = 2™, then 
with a, b,c as in II 2.4.1 (iz), 


Mom (b Qom omlOd si(c)\i/s 
Aom+1(a) _ Aom (b) + Blom (c) < (Han) Mano) | by the case n = 2, 
2 2 
ols! (b))*° + (antl), (e))°\ 1/s 
g(a) + inl) by the case n = 2™ 
2 
= om (a). 


The proof for all n is completed by the method of II 2.2.4 Lemma 6. 


(viii) The inequality to be proved is equivalent to 
s 
(2n (a; w) <%,(a°;w), s> 1, 


and so is an immediate consequence of (J), see IJ 1.1 Remark (xi), and the strict 
convexity of the function 7°, s > 1. 

(iz) A simple proof can be given along the lines of Soloviov’s proof of (GA), see 
II 2.4.5 proof (liz). By 1 4.6 Example (vii) the function y(a) = ()7y_, wias)'/* is 
strictly convex and homogeneous on (R4_)". Now assume that W, = 1 and then 
Vx(e) = w, so (1;s) follows from the support inequality, I 4.6 (24); [Soloviov]. 

(xz) If, in the thermodynamic proof of (GA), II 2.4.5 proof (1), the heat capacity is 
allowed to be a function of the temperature then the argument there is readily gen- 
eralized to give a proof of (r;s) in the case 0 < r < s =r-+1; see [Landsberg 1980b; 
Sidhu}. A similar idea occurs earlier in [Cashwell & Everett 1967,1968,1969]. 

(zi) Gao’s proof of (GA), II 2.4.6 proof (lzrii), can be adapted to give a proof 
of (r;s) in the case (1;s) and (r;1), r # 0; [Gao]. Assume without loss in gen- 


erality that a is an increasing n-tuple with ay # a, and for t € R* let x, = 
4 terms 


(@,...,@,4i41,--.0n), and Dj(x) = Ap(zsw) — (ew), 0 <a < ainsi, 1 
i<n. Then 


Ll fais 1-t 
D(a) = us (1 — (FE sw) ) < 0, by internality, 1(2). 


Hence D;, is strictly increasing if t < 1, and strictly decreasing if t > 1, and so, as 
in the quoted proof of (GA), D,(a1) > Oift <1, and D,(a,) < Oift > 1. 

(xii) A very simple proof of the equal weight case with r = 1 and s an integer can 
be found in [Brenner 1980]. 
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(xiit) A proof of the finite non-zero index case has been given by Qi; see VI 1.2.2 
Remark(ix), [Qi, Mei, Xia & Xu]. 

(xiv) A completely different proof is given by Segre, see VI 4.5 Example (iv); 
[Segre]. 

(xv) Another proof can be found in VI 4.6 Remark(vii); [Ben-Tal, Charnes & 
Teboulle]. 

(xut) See also 4.1 Remark (iv). 


In all of these proofs the case of equality is easily discussed. ] 


REMARK (i) Proof (2) is in [Norris 1935]; an alternative calculus proof can be 
found in [Wang C L 1977]. A geometric version of the equal weight case of proof 
(viii) has been given in [Gagan]. An alternative proof of the case when r and s 


are integers can be found in [Ben-Chaim & Rimer; Rimer & Ben-Chaim]. 


REMARK (ii) If 0 <r< s < oo and W, < 1 then an easy deduction from (r;s) 
is that R(r,a;w) < R(s,a;w); further if W, < 1 this inequality is strict; see 2.3 
Remark (iii) and 2.3 Lemma 6(b). It is easy to see that if this inequality holds for 
all a then W, < 1; see [HEP p.29]. 


REMARK (iii) If s = 2r then (r;s) is equivalent to 


mm D) ™ 
(- wat ) < W,, (S- wa? ) 
4z—1 1-1 


which follows from (C); and the case of equality also is given by that of (C). Of 


course this is the basis of the first step in the induction in proof (iv) above. 
REMARK (iv) Using s = 2r = 1/2",m EN, (13s) gives yet another proof of (GA); 
[Schldmilch 1858a]. Assume a is not constant: then by (r;s) and 1 Theorem 2(b), 


A,(a;w) = MU (a;w) > MEI (aw) >---> lim mM? "!(a) = Gy(a;w). 


™m—- CO 


REMARK (v) If (GA) has been proved, without the case of equality Paley used 
an idea similar to that in the previous remark to complete the proof; see II 2.2.3 


Lemma 5. Suppose then a is not constant, proceed as in Remark (iv): 
2 2 
An (a; w) > MR! (a; w) = (2n(a'/?; w) > (6! (a/?; w) ) = 6n(a; w), 


using the weaker form of (GA), obtained say by a limit argument from the rational 


weight case. 
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REMARK (vi) If r= 1,s = 2 the equal weight case of (r;s) is particularly easy to 


prove. 


(ie ) =a +250 am; < oat +S — (aj +42), by (GA), 


t=a1 1<i<j<n ==1 1si<j<n 


Ze 2 
aS az. 


1=1 
See also [Iles & Wilson]. 
REMARK (vii) In IJ 2.2.1 Figure 3 the segment FD is (a, b), this is also the value 
of segment CD in II 2.2.1 Figure 4. Hence these diagrams give proofs of the n = 2 
case of (r;s) for the values r,s = —1,0,1,2. 
REMARK (viii) Ifs=1,r=1/p<1,w=c? ,aw =P? then (r;s) becomes 
1/p' 


She < (Sa)"(Soe)™ 


that is (H). Since several proofs of (r;s) are independent of (H) they give further 
proofs of (H). 


REMARK (ix) If 1 <r < s < oo then (rjs) is pictured geometrically in Fig- 
ure 1, where 0 < a, <-:- < ay, and the curve HL has equation x = t’,y = 
t®, ay <t <p, and R and S have coordinates 1/W,, )7;_, wial, 1/Wr D>, wias 
respectively, so G is the centroid of the points P,....,P, on the curve HL. 


Figure 1 


(t* ,t”) 


> See also VI 4.1 Example (iv). 
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REMARK (x) <A proof of (r;s) in the case s = mr, m € N*, that uses Cebigev’s 
inequality is given in 3.1.4 Remark (i). 


The inequality (r;s) with r = 1, s = 2 has been used to prove the following converse 
of (T). Ifm/4<0<7/2,a—-0<argz, <<at+0,1<k<n, then 


oa > Fe lal 


See [Janié, Keckié & Vasicé; Kocié & Maksimovic; Vasié & Keékié, 1971]. 
Burrows and Talbot have used proof (i) of (r;s) to obtain another interesting 
inequality. If f is as defined in that proof then f’(r) > 0, and substituting in (2) 
b; = (a:/f(r))", 1<i<n, leads to 


1 n 
pucercres S- widi log b; > 0. 
Wn i=1 


That is: 2L,(b;w) =1 = > A, (blog b; w) > 0; or equivalently 


ere -Ww, => (I pre +1 
t=] al 


There is equality if and only if b is constant; [Burrows & Talbot]. 


The following result is due to Bronowski; |[Bronowski]. Ifa > b> 1 and if w is a 
real n-tuple with W,, = 0 then )*_, a” > SOM. 

Several proofs are given in the reference of which the following is the simplest. Let 
r > 1 be defined by a = 6" when: 


ee —) a) 
| 7 pe oe 7 os vi 


(Tle a ) ar , by (r-1;0), 


>(T] be = =1, sinceb>1 and W, =0. 


REMARK (xi) Inequality (r;s) can be used to give a very simple proof of 1 Theorem 
2(b) in the case of equal weights; [Schaumberger 1992]. Note first that if r 4 0 
then ol" (a;a") = on (a). So if r > 0, we have by (r;s) that 


Gn(a;a") > mM!" (a; a") = mM!" (a) > 6, (a), 
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and the inequalities are reversed if r < 0. Letting r — 0 in these inequalities gives 
limy—o WU (a) = Gn (a). 

The function m(r) = (axl? l(a; w)) "is strictly log-convex unless a is constant, when 
m is constant; see 2.3 Lemma 6(b), and 2.3 Remark(iii) The same result follows 
by considering ¢ of (1) since, using (3), ¢'(r)/r = (log om(r)); see [Beckenbach 
1966; Norris 1935]. The log-convexity property is due to Liapunov. Popoviciu has 
proved that log 9t!"!(a; w) is a convex function of 1/r, r > 0, and so Mt"! (a; w) is 
a convex function of 1/r, r > 0. This last result was pointed out by Beesack, who 
used it to give a simple proof of the following result due Hsu; see [Julia], |Beesack 
1972; Hsu; Liapunov; Rahmail 1976). 


THEOREM 2 If0<r<s<t anda is not constant then 


Mn (ai w) — Myi(aiw) _ s(t— 7), 
m(a;w) —amll(a;w) — r(t— 8)’ 


i 


and if0<r<o, 


REMARK (xii) The equal weight case of the second inequality was stated by Hsu 
and given a proof by Rahmail; the general case can be found in [Peéarié & Wang]. 
This result should be compared with 6.4 Theorem 8. 


REMARK (xiii) Further remarks and results on these convexity properties have 
been made in |Beckenbach 1942; Shniad]. 


Inequality (r;s), together with 1 Theorem 2(c), has been used to approximate 
roots of algebraic equations; [Netto pp.290-297], |Dunkel 1909/10]. Suppose for 
simplicity that all the roots are positive and denote them, in increasing order, 
by aj,...,@n,. The numbers orln (a), r € Z, form an increasing sequence with 


lvasreeeees ot"! =i MM pase on = a4. 


—1 1/r 

Now consider ( 8 ) (as, a") , r € N"*, we get an increasing sequence with 
2 

limit @n—14n; equivalently 


l/r 


nr CE Ain i 
2 
T—CoO nN u 
(2) dat 
i=1 
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In general 
l/r 


Pr a ce 


ee = On—p41- 6 
re (pe DEE ayy Poe " 
p-1 


The values of the numerator in (6) are easy to obtain if we take r = 2,4,8,.... 
This is done by forming equations whose roots are the sequences of those of the 
original equation, and iterating this process. If the k-th equation by this procedure 
is 2” + hh gn-1 spac A) + hh) = 0, and then the ratio in (6) is just 


1/2* 
(st 
(n—pt+ 1)", 


In this way, by forming all such expressions, every root of the original equation 


can be approximated simultaneously. 


A different kind of generalization of Theorem 1 is the following result which con- 


tains the equal weight (r;s) as a special case; see [Marshall, Olkin & Proschan]. 
THEOREM 3 Ifa and b are n-tuples such that b is decreasing, but b/a is increasing 
then oe a ae 4 ) a increases with r 

Various rewritings of (r;s) can be found in [Kim Y 2000b]. 


3.1.2 HOLDER’S INEQUALITY AGAIN In this section we will consider the inequality 
mis (ab; w) < t!4! (a; w) onl) (b; w). (7) 


Similar inequalities for power sums have been considered earlier; see 2.2 Remark 
(i), 2.3 Corollary 8. 

It is convenient to deal with various simple cases of this inequality and then state 
a theorem that will cover the remaining more interesting situations. 

As there is no loss in generality we will assume that g <r, q,r © R. Further since 


(7) is an identity if both a and b are constant we assume that this is not the case. 


(a) If either a or b is constant then (7) reduces to a case of (r;s). For instance, if 
a is constant, when by the above assumption 0 is not constant, then (7) holds as 
(s;q) if s <q, strictly if s < q, while (~7) holds if s > q, strictly if s > q. 

(b) If g =r = oo then (7) holds by I 2.2 (16) and (r;s), strictly unless s = oo and 
for some i, 1 <i <n, a; = maxa, 6; = maxb. If g =r = —oo then (~7) holds by 
(r;s), strictly unless s = oo and for some i, 1 <i <n, a; = mina, bj = minb. 

(c) If g < r= oo then (7) holds strictly if s < gq. If g = —oo < r then (~7) holds 
strictly if r < s. 
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(d) If g = 0 then (7) holds for s = 0 and hence for all s < 0, strictly if s < 0 or if 
s=Oandr>0O. 

(e) If r =0 then (~7) holds for all s > 0, strictly if s > 0 or ifs =0 andq <0. 
(f) If g =r =s=0 then (7) is an identity. 

THEOREM 4 Ifa,b and w are n-tuples, ab not constant, then (7) holds if q,r,s € 
R* and satisfy either (a) 0 <q <r and 1/q+1/r < 1/s, or (b)q<0< Tr and 
l/qt+1/r<1/s <0. Ifq¢<0<rand1i/q+1/r >1/s > 0, org <r <0 and 
1/q+1/r > 1/s then (~7) holds. The inequality is strict in both cases unless 
1/q+1/r=1/s anda? ~b’. 


Et oe 1 ae A 
O Let — oe ae then — sae — = 1so t/q and t/r are conjugate indices. 
qd 


Mote omee 


mlsl(ab; w) < ml! (ad; w) =(Ln((ab)*;w))'””, by(r3s) and 1 (4) 
<omlal (a; w)omt"! (b; w), by (H) 


Similar arguments, using (H) or (~H), give the remaining cases. 
The cases of equality follow from that for (r;s) and (H). a 


REMARK (i) The only case not obtained above is the case gq = —r. Taking limits 


suggests that the correct result is 
mina b < Mt" (a; w) mt) (b; w) < maxab. 


By the use of 2.1 Corollary 2 inequality (7) can be generalized. 


CoROLLARY 5 If rj; > 0,1 <i <m, 1/s > 30", 1/r; and ifa™, 1 <i < mw, 


are n-tuples with [[;~, a not constant then 


ai (Lam) < [naan 


with equality if and only if 1/s = pea 1/r; and CQ ms 1 <%<™m are propor- 
tional. 


REMARK (ii) See also IV 2 Theorem 12 for another way of stating this result. 


It has been remarked earlier that certain of the basic inequalities are equivalent. 


It is convenient to collect these equivalencies here. 
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THEOREM 6 (a) (B) <= (GA):  (b) (GA)=> (H): (c) (H) <> (C): 
(d) (H) <== (rs): (e) (H) => (M): (f) (M) => (7); 
(g) (T)==> (C); (h) (t;8), 7,8 > 0, => (GA). 


O (a) For the one implication see II 2.4.5 proof (ivi); for the other implication 
let 0 < a <1, then using (GA) we have: 


(L+a2)*=(1+2)%1'% <a(l+z2)+(l—-a)t=14+az. 


(b) 2.1 Theorem 1, proof (7). (c) 2.2 Theorem 5. 
(d) 3.1.1 Theorem 1, proof (7) and 3.1.1 Remark (viii). 
(e) 2.4 Theorem 9 proof (7%). (f ) See 2.4 

(g)(Tn) with p = 2 is 


which on squaring gives (C). 
(h) Take s = 1 in (r;s) and let r — 0. 0 


REMARK (iii) Better results are possible since for instance (GA) is equivalent to 
(GA) with equal weights; (B) with 0 < a < 1 is equivalent to (B) with a > 1; etc. 
This topic is discussed in [MPF pp.191—209], [Infantozzi; Maligranda 2001). 


3.1.3 MINKOWSKI’S INEQUALITY AGAIN 


THEOREM 7 (a) Let a,b and w be n-tuples and suppose that 1 <r < ov, then 
om!" (a + bw) < ml) (a; w) + mn!) (b; w); (8) 


with equality if and only if either (i)r=1, or (ii) 1 <r < oo anda~ 6, or 
(iii) r = co and for some i, 1 <i <n, maxa = a; and maxb = bj. 

Ifr <1 then (~8) holds. 

(b) If a) = (ay,...,@mj) > 0,1 <7 <n, and ayy = (ay,---,@in) > 0,1 Si < 


m, u an m-tuple and v an n-tuple, and suppose r,s € R, r <, then, 
ois! (onl (a); u); w) < ml) (anf (ayiy;v);-u). (9) 


O (a) If r 4 0 then this is just (M), 2.4 Theorem 9 and Remark (i). Alter- 
natively we can use I 4.6 Example (vii) which shows that M(a) = ml" (a; w) : 


(R*)”" + R is strictly convex. The case r = 0 follows by taking limits. 
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However these methods fail to give the cases of equality when r = 0 so we give 
two independent proofs of this case. 
(1) By (GA) in a quasi-linearization form, see 2.1 Remark (vii), and assuming 


without loss in generality that W,, = 1, 
Tr 
Gn(at b;w) = Ee wici(a; + b;), where C = {c; Gp (c; w) = 1}. 
41 


But infeeo D oj, wici(ai + b;) > infoeo Dri, wiciai + infeec D7, wicibs, by 1 2.2 
(e)(~15) so we get 


Gr(a+b;w) > G,(a;w) + Gn(b; w). (10) 


the case r = 0 of (a). 
More simply: with c= a or b and using (GA), 
Eaeaaien = Gr (c/(at+ b);w) < An(c/(a + B); w); 
now add the two inequalities obtained by taking the two values of c. 
The case of equality follows from that of (GA). 
(72) Since by I 4.6 Example (viii) the function x(a) = 6,,(a; w) is strictly concave 
(10) follows from II 4.6 (~19); see [Soloviov]. 
(b) Assume r,s € R, rs £0, r < s, and without loss in generality that Um = Vp, = 
1 when (9) is 


(oe (mat ayy < (Dom se a, 


r/s a ae NS s/r 3 \T/s 
ox Sout ais) 2 <u jay)" 


j=l 1=1 i=1 j=1 
but this is just 2.4(16). 
The other cases are proved by taking limits. LJ 


REMARK (i) The cases of equality in (9) are discussed in [HELP p.81]. This in- 
equality is sometimes called Jessen’s inequality, |MPF p.108]|; it has been much 
generalized, see [Toader 1987b; Toader & Dragomir]. 


REMARK (ii) These results have been proved by many authors; see [BB p.26], 
[Beckenbach 1942; Besso; Bienaymé; Giaccardi 1955; Jessen 1931a; Liapunov; 
Norris 1935; Schlomilch 1858b; Simon]. 


REMARK (iii) Inequality (10) is sometimes called Holder’s inequality. 
A simple proof of (10) can be given using the inverse geometric means of Nanjun- 


diah, I] 3.4. The proof in fact gives a Rado-Popoviciu type extension of (10). 
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THEOREM 8 Ifn > 1 then 
— w) + Gn (b; i Z os w) + Gn—1(b; = ia 
Gn(at b; w) = Gn_-1(at 5; w) 
with equality only if an Gyn_1(b; w) = bn Sy_1(a; w) 
O By II 3.4 (22) and II 3.4 Lemma 10 (a) 


67 | (G(a; w)+G(b; w); w) 
< 671 (G(a; w); w) + 6, *(G(o; w); w) 
= An + bn = 6, '(G(a +b; w); w), 


which gives the above inequality. 
The case of equality follows from that of II 3.4 Lemma 10 (c). O 


REMARK (iv) A simple proof of the right-hand inequality of II 2.5.3(36) can be 
given using (10). 


1+6,(a;w) =6,(e;w) + Gn(a;w) < Gr(e+ a;w), by (10), 


and nnn 


<A, (e+a;w), by (GA), = 1+ An(a;w). 


More can be proved by using (8) rather than (10), and appealing to (r;s) instead 
of (GA). If 0 <r <1 then 


149ml (a; w) < om (e+ a;w) < 14+ An (a; w). 


Conversely, using the equal weight case of left-hand inequality of IT 2.5.3(36) we 


can prove the equal weight case of (10); [Dragomir, Comanescu & Pearce]. 


Gr (a) 5 G,(0) 


Gn(a+ b) 
6, (d) | 


Gn (0) 


=1+6,(a/b) < @n(e+ a/b) = 


3.1.4 CEBISEV’S INEQUALITY 


We can extend Cebigev’s inequality, II 5.3 (1), to power means. 


THEOREM 9 (a) If0 <r < oo, and ifa, b and w are positive n-tuples with a and 


b similarly ordered then, 
om!" (a; wml (b; w) < mn! (ab: w), (11) 


If a and b are oppositely ordered then (~11) holds. 
(b) If —co < r < 0, and if a and b oppositely, [similarly|, ordered, then (11) , 
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[(~11)], holds. 
There is equality in (11) when r = 0, and in all other cases there is equality if and 


only if either a, or 6 is constant. 


ie The case r = 0 is trivial and is in any case pointed out in II 1.2 (9). Ifr 40 
then by 1(4) we need only consider the case r = 1. This however is just II 5.3 
Theorem 4. L] 


REMARK (i) If the n-tuples a“*), 1 <k < m are similarly ordered and r > 0 then 
from (11) 


8 


m 
gtr (a\*)- w) < gpl! ({] at*): w). 
k k=1 


1 
Now putting s = mr and a) =..-=a'™ this inequality is just (r;s). 


3.2 REFINEMENTS OF THE POWER MEAN INEQUALITY 
The inequality (r;s) has a similar form to (GA) and so it is natural to consider 


extensions similar to those considered in II 3. 


3.2.1 THE POWER MEAN INEQUALITY WITH GENERAL WEIGHTS As we have seen, 
when r,s € R the inequality (r;s) is a particular case of (J), so we can use the 
Jensen-Steffensen inequality, I 4.3, to extend II 3.7 Theorem 22 to allow general 
weights in (r;s) that satisfy II 3.7 (49). In this more general situation however we 
must take full note of the remarks in I 4.2 theorem 12 and I 4.3 Theorem 19 and 
ensure that we are in the domains of the functions being used; that is we must 
require that the sums )*\_, wiat, -\_, wia’ be positive. We will not pursue this 


further but consider the case n = 2, that is the extension of II 3.7 Theorem 23. 


THEOREM 10 If n = 2, wiwe < 0, Wo = 1 a a 2-tuple, r,s € R*,r < s, and if 


wat + was > 0, wyaf + weas > 0 then (~r;s) holds. 


REMARK (i) If we assume that a, < ag this theorem can be put more simply since 
then all we need is that w,a§ + wea > 0, or w2 > —af/(a§ — af). Further we can 
extend II 3.7 (51) and (52) as follows: if wo < 0 then Dt! (a; w) < st!" (a;w) < ai, 
while if w, <0 then yr!” (a;w) > ols! (a;w) > ag. 


REMARK (ii) This simple theorem is behind the interesting inequalities of Nan- 


jundiah, see below 3.2.6. 


3.2.2 DIFFERENT WEIGHT EXTENSION 
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THEOREM 11 Ifa,wu and v are n-tuples, and if r,s € R*,r < s, define the 


n-tuple w by ws" = uv" ; then 


with equality if and only if aw is constant. 


CJ Since 
ml(a;u) (a (aw; us/(s—r)yr/ =) (ee | 


misl(a;v)  \ ols! (aw; us/(s-r)yr/(r—-8)) } \ oll (w; v) 
the result is an immediate consequence of (r;s). LJ 
REMARK (i) See [Bullen 1967; Mitrinovié & Vasié 1966al. 
The following theorem is an application of this result;| Vasié & Keékié 1971]. 


THEOREM 12 If z is a complex n-tuple, w a positive n-tuple, and if p > 1 then 


Sz S (> wi?) ane (zl; 0), 
k=1 k=1 


with equality if and only if w|z|?~* is constant, and z,2j] > 0,1< j,k <n. 
A direct proof of this inequality using (H) can be found in [Bullen 1972]. 


3.2.3 EXTENSIONS OF RADO-POPOVICIU TYPE 


An extension of (R) and (P) to power means is given by the following result. 


THEOREM 13 Assume that a and w are n-tuples, n > 2, andr,s ECR, r¥s. 
(a) Ifr <s and \=rors but \ £40, then 
d x 

Wn ( (snl: (a; w)) — (sm (a; w)) j 

; ; (12) 

>Wr-s ( (ant! Ga w)) = (all) (a; w) ) 


[s 


with equality when 4 = s if and only if ay, = ml! (a; w), and when = r if and 
only if an = gt”! (a: w). 
(b) Ifr <O<-s then 


[ ] Wn [s] Wnr-1 
MN (a; w) | Mn-1(a w) (13) 
ol"! (a; w) ~ Lott! (a; w) | 
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with equality, when s = 0, if and only if a, = ml"! (a; w), when r = 0, if and only 
if G4:= g's! (a; w), and when r < 0 < s, if and only if both conditions hold. 


O (a) The case r #£ 0,8 = 00, when A\=7T, or s #0,r = —ow, when A = s are 
almost immediate. 


As in 3.1 Theorem 1 we can if s # 0 use 1(4) to assume s = 1, or if r # 0 that 
r= 1. Farther if either s = 0, or r = 0, then (12) reduces to (R). So it suffices to 
consider the cases (i) r= 1 < s < oo, and (ii) -oo<r<l=s,r¥0. 


Case (i) In this case if A = s then (12) is equivalent to 
n—-1 s 7m 5 
Was (- waar | + wh *(wndn) >Wr-* o> wins ) 
t=1 t=1 


and when A = 1 to 
i 1/s ciety 1/s 
wis (~ wiai | > wins 3 wa} ) ay (wpas)*”. 
1=1 ial 


An application of (B), or (H), confirms these inequalities and gives the cases of 
equality. 

Case (ii) To consider this case put x = ayn assume that A = s = 1, and put 
f(x) = An (a; w) — My) (a; w). Then 


n n n— om! a/(r—1) 
a= Fe (- (+4 | n—1(@ = ) 
x 
So f has a unique minimum at x = Zo = ml") (a; w). 
As aresult f(x) > f(xo) if x € xo, and simple calculations show that this is the 


desired result. 


(b) The cases of non-finite r and, or, s are straightforward. Further, if r,s € R 


and either r or s is zero the result reduces to (P) by using 1(4). So we may assume 
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that r,s € R*. Then 


[s] 3 we s n 
a7) anid a coe Da 
aay C2 Gr wt) + wean) J 
t(D Ee) 2g Em) 
n—-1 n~* j=1 


The case of equality follows since the logarithmic function is strictly concave. OU 


REMARK (i) Another proof of one case of part (a) of this theorem is given below, 
see 3.2.6 Theorem 24. 


REMARK (ii) The technique used in II 4.1 Theorem 1 proof (7) can be applied to 
the proof of (a) case (ii) to obtain inequalities converse to (r;s). This will not be 


done here as the whole topic will be taken up in 4 below. 


REMARK (iii) Many similar results follow from more general theorems to be 
proved later, see IV 3.2, and so we will not discuss them at this point; see [Bullen 
1968; Mitrinovié & Vasié 1966a,b,cl, 


A simple deduction from Theorem 13 is the following. 
COROLLARY 14 Ifa and w are n-tuples,n > 2, and -co<r<l<s<o,r¥s 
then 


W,, (SMS (a; w) — tt! (a; w)) > Wr_. (am, (a; w) — ol"! (a; w)), (14) 


with equality when s = 1 if and only if ay, = gl"! (a; w), when r = 1 if and only 
if a, = g's) (a; w), and when r < 1 < s if and only if both of these conditions 
hold. 


L Take \ = r = 1 and \ = s = 1 in (12) and add the resulting inequalities. 


The cases of equality are immediate. LJ 


REMARK (iv) Inequality (14) and its analogue (13) are the simplest extensions of 
(R) and (P). 
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If we do not assume that r < 1 < s then (14) need not hold as the following 


example of Diananda shows. 


EXAMPLE (i) Assume thatl<r<s<w,0<é6<1lwp=--:-=uw,=I1,n>8, 
iy S88 Op = Oy = Li Ogg = (1-20) a = A 0), Then (14) reduces 
tol+(n— ion"! (a; w) > nom'"l(a;w) or equivalently %,(b) > st!7!(b), where 
the n-tuple 6 = (k,...,k,1), with k = (n —1)'/"(n—34 (14+.6)"/* + (1—6)"/8). 
Since k # 1 this is false by (r;s). If r << s < 1 repeat the above replacing s by r in 


Gases ONG. 1 Gy. 


3.2.4 INDEX SET EXTENSIONS We now prove a general theorem that implies many 
extensions of the results in II 3.2.2 ; see [Mitrinovié & Vasié 1968d}. 


THEOREM 15 Let A,u>0,A+p> 1, a,b, u,v sequences, I1, Io, J1, Jo index sets 


with I,, J; disjoint, Ig, Jog disjoint, then 
Uns, VigudJs (ony 5, (a; u)) = (ones, (0; v)) a (15) 
>UP VE, (any! (a; u))™ (atl (b; w))* + 0}, Vy, (ae (a; uw)” (ant (bw). 
IfX +> 1 (15) is strict; if \+ 4 = 1 (15) is strict unless 
UAVs, (tr (a;u))” (anh bw)" = 0}, VE (amGl(aiw))”” (ae Gv)”. 6) 


2 


If Aw <0, A+ p= 1 then (~15) holds, with the same conditions for equality. 


‘= This follows immediately from 2.3 Corollary 8(b) with n = 2 on putting 
d= 1/p, » = 1/p! and af = Uy, (MY) (a;u))", af = Uy, (MGl(a;u))"; and bP = 
Vin (o's) (b; v))", be = V,, (o's! (b; v))”. The cases of equality are immediate. © 


REMARK (i) Since Theorem 15 is such an immediate consequence of a very simple 
case of (H) any deduction from this theorem can also be obtained directly and 


easily from (H). 


REMARK (ii) Inequality (15) is easily extended to allow for m pairs of disjoint 


index sets. 
Remark (il) Put hp =, dy dp a dP Se Sa AS i ee, 
u; = 1 = v;, 1 € N* then (15) becomes 
1/p 1\ 1/p' 1/p Alo 1/p \ 1/p' 
(S0 f) (oF) (at) (oer) +(e) (oe). 
i€IUI i€IUT i€l iel iC J ie J 
Since clearly 


S aids = > asd; + S > aidi 
J 


IUJ I 
the last inequality implies the first part of 2.5.2 Theorem 12, and the case of 


equality in that theorem is an easy consequence of that in 2.4 Corollary 10. 
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COROLLARY 16 If J, J are disjoint index sets, a,u,v are sequences, r,s € R, r < 
0< s, then 


ue (alana) ae 
Vi om) (a; v) 
PO? (at aw uy? (smn) 
ya ie (a; : Vee & (a; : | 


The inequality is strict unless 


Uz (amy! (a;u))" Uy (Na; u))" 


Vi (amt(a;v))° Va (an (a;v))° 
Ifrs > 0, r #8 (~17) holds and is strict under the same conditions. 


C] This is an immediate consequence of ‘Theorem 15, by taking a = 6b, = 
Ig=T1, 4 = J, =J,rX=8/(s—r), w= —r/(s—r). O 


REMARK (iv) Defining the following function on the index sets 


ga ( (onl (a; u)) r rs/(s—r) 


AL) See) Se 
( ) yen (at!) (a; v))* 


then Corollary 16 says that v is super-additive if rs < 0 and sub-additive if rs > 0. 


REMARK (v) Taking J = {1,2,...,n—1}, J = {n} (17) becomes 


Uni") (atl (a; w) ar ule) (ott (au)? ul 
= Gri) 
n—-I1 


vials") \ ortlsl (a; v) gr!) (a; v) ler) 
(18) 


with equality if and only if 


Un-1Un\ sr _ (a's! (a; v))* 
( ) (oll (a; u))” 


REMARK (vi) Inequalities of this type for power means seem to have been first 
discussed by McLaughlin & Metcalf, and independently by Bullen; see [Bullen 
1968; McLaughlin & Metcalf 1967a,b,c]. 
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COROLLARY 17 If I, J,a,u,v are as in Corollary 16 andr <0< s then 
Klee ome Urus Ir]. Ur Ir} /_. Uy 
Urs aa . eee (aiu)* (=e = 
Virus Soni), (a; v) (Vr Non? (a; v) Va Som}! (a; v) | 
1 
Inequality (19) is strict unless stl (ay) = st] (a; u). 
L The right-hand side of (17), divided by Uzu; can be written in the form 


r r/(s—T) i; r/(s—r) 
Ur Ur ( (asu)y' ined Us (My (aw) 
Urus \ Vi Soni (a; 0) Urus \Va Sant}! (a; v) | 


which by (GA) is greater than or equal to 
r rU;/(s—r)Urus r 
Ur (My (au) Us (My ww)’ 
Vi Son?! (a; v) Via \ ont?! (a; v) 
On taking suitable powers of this inequality (19) follows. LJ 


yo 


REMARK (vii) Taking J = {1,...,n}, J={n+1,...,.n+m},u=v, s=1 and 
then letting r — O—, (19) reduces to II 3.2.2 Theorem 8(b), together with the case 
of equality, making Corollary 17 a generalization of that result. 
Define the following function on the index sets, a(I) = wm? (a;w), then the 
following is an analogue of 2.5.2 Theorem 12; [Everitt 1963]. 
COROLLARY 18 Ifs > 1 and I,J are disjoint index sets then 

o(IU J) >oa(1)+a(J), (20) 
with equality if and only if sls! (a;w) = g's (a;w). If s <1 then (~ 20) holds 
with the same case of equality. If s = 1 then (20) is an identity. 
[J The case s = 1 is trivial so suppose first that s > 1. 
In Theorem 15 take J) = Ip = J, Ky = Jog =J,r=0,AX=1-— yp, p= 1/s, and 
u=v = w; the result is then immediate. 


If s <1, s #0 there is a similar proof. 
If s = 0 the right-hand side of (20) is 


W W. 
Wros( : G1(a;w)+ 5; (a;w)) 


Wrus IUJ 
Wa /Wio 
<Wrus61(a; w) 1/4 6 5 (a; w) by (GA), 
=Wrus6 1 3(@; w). 
The case of equality follows from that of (GA). LC] 


The following generalizes IJ 3.2.2 Theorem 8 and the notation used is introduced 
there; see [Bullen 1968; McLaughlin & Metcalf 1967b, 1968b; Mitrinovié & Vasié, 
1968d]. 
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THEOREM 19 Ifa,u and v are (n+™m)-tuples, \ € R, 0 < AYO-N0 , < Una, 
s/r >1 then 


=e" (antl ,(a;v)) = ( Mra Gs u)) (21) 
>t (ants (a;w))" - a (ay ra u)) (Caan Gn ee -8)/7 


+ (Mr, (a; v)) - x (aa (a; u)) 3 


and 
. Tl a.0) 5 
Far (hase) — AF (Otello) (Sere) a 
,. sai als], 
> (ata:w)) J (on (ant (a; u)) ( Unam — Tarlo)" (BE 


IfQ <s/r <1 then (~ 21) and (~22) hold. 

Equality occurs if s = 0, when no restriction need be placed on X, or if s # 0 if 
Un ml) (a; u) = (A!) U ppm — Um) SH (a; u). 

Letting r — 0 in (21), (21), gives inequalities that hold for all s, that are strict 


except under the conditions obtained from the above conditions on letting r — 0. 


CJ Proof of (21) case (i):r#0,s40. In this case (21) is equivalent 
to 
1 n+m n+m ay 
as T 
FD wal — SEE (D | wsai) 
ii Um i=1 
1, ee Ly. oe ‘ 
ap Dod — (Sma) Onsen — Tarren 
41=1 Um 1 
1 n+tm 4 nt+m 
wae Ss Vidi mar Me Ma aye 
™ j=n41 m t=n4+1 


This, in turn, is equivalent to 


(Da aa OR Ni 2 a (23) 


. n+m n+m 
te (Ta ae S- ujat)/" > op eas | ye may 


a=n+1 ¢=1 


and this last inequality follows from the n = 2 case of (H), as does the case of 


equality. 
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Proof of (21) case (ii):r#0,s=0. Now (21) is equivalent to 


Vintm Un+im Vin 1 TT aad ren 
a ie ee Ui me ele 
Vin Um - Vin a, Zi 7 


which reduces to an identity for all A. Equivalently we could use (23). 
Proof of (21) case (iii):r=0,s40. Letting r — 0 (21) becomes 


= (ante, (as v)) = 7 (Gnim(a; u)) (24) 


tS Wa oe Un 
== >, 4 ° = ia (Gntm(as u)) > sD vial 7 = (6n(a5 u) \Um/Un 
ee e ee os at 
if n+m 
+ an De U;a; —_— ae (Gn (a3 u) \Um/Un (25) 
™ j=n+1 
or to 
Um Uy, 


(Gn (a5 u)) Aunt nis A(Gntm (a; u)) , 
n+m 
which is a special case of (GA). The case of equality follows from that of (GA). 
Proof of (20) case (iv) r=0,s=0. This case is covered by the previous 
case where the assumption s ¥ 0 is not used. 

Proof of (22) 
In all four cases (22) holds under the same circumstances as (21); we see this as 
follows in two important cases. 
Case r#0,s #0. After some simplification (22) is seen to be equivalent to (21). 
Case r=0,s 0. Letting r — 0 (22) becomes: 


“ea (an) — 992 (Ons and)” (eee) 


Gm (a; uv 


ees (ane (a; v)) — \Unem/Tm a (Sn (a w)) (Fae) 


which after some simplification is seen to be equivalent to (25). ie 
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REMARK (viii) It should be remarked that neither (21) nor (22) depend on v. 


REMARK (ix) If we take \ = 1, u=v then (22) shows that if s/r > 1 then 


o(I) = U; ( (ant? (a; u))* — (am) (a; u))*) 


is super-additive, which generalizes II 3.2.2 ‘Theorem 7. 
Included as special cases of these results are the inequalities in I] 3.2.1, in particular 
those of Example (iii); and for further results see below 3.2.5 and IV 3.2. 


3.2.5 THE Limit THEOREM OF EVERITT ‘The result of II 3.3 is easily extended to 
power means as was pointed out by [Everitt 1967,1969]. His results are included 


in the following theorem, [Diananda 1973.] 


THEOREM 20 If a is sequence and r,s are real numbers with —-coo<r<i1< 
s<oo,r #8, then limp soo 1 (ets) (a) — yt! (a)) is finite if and only if: either 
(a) r=1 and )~~_, dy converges , or (b) for some positive a, )--°_, (an — a)? 


converges. 


The above limit exists because of 3.2.3 (14), but as we saw in 3.2.3 Example (i) the 
limit need not exist if r and s do not straddle 1. However it could still happen that 
Theorem 20 holds under these circumstances. A partial answer to this question 


was given by Diananda. 


‘THEOREM 21 If —oo < r < s < co and the sequence a converges to the positive 
number a@ then limn+co n (sls (a) — ot"! (a)) exists and is finite if and only if the 


series )-~°_, (Gn — a)? converges. 


In the same paper Diananda discusses the analogous lim,_,. (ons! (a) / ol”! (a))". 
By 3.2.3 (13) this limit exists if -oo< r<0<s<oo,r#s, but not in general 
if r and s do not straddle 0. 


THEOREM 22 If a is sequence and r,s satisfy -oo << r<O<s<o,rF 
s, then limn_+oo (nis (a) / og tr| (a))" is finite if and only if for some positive a, 
yp (An — a)? converges. If limn—oo Gn = a,0 < @ < 00, the limit exists, finite, 


under the same condition if —-wo <r<s<o. 


3.2.6 NANJUNDIAH INEQUALITIES 
As might be expected the results of II 3.4 can be extended to power means. The 


arguments being similar to the earlier ones will not always be given in detail. 


226 Chapter III 


If r € R, then the Nanjundiah inverse rth power mean, or just rth Nanjundiah 


mean, of the sequence a with weight w is: 


Wr = a 
(a: w) __ (Sar, = ue ‘ah 1) , e N*, if T fs 0, 
py W 


ihe geo OB 


Of course lt] (Go) =. ‘a; w), and we define the sequences of rth power means 
gl (a;w), and inverse power means yl] (a;w), in a manner analogous to that 
used in II 3.4 for the cases r = 0,1. 

We easily extend II 3.4 Lemma 10 (a) and (b). 


LEMMA 23 (a) With the above notations 
at} onl) w) = lott; w) = dn, ne N*. 
(b) Ifn >1 andr,s € R with r < s, and if W,a°,, n € N is increasing, then 
ol" (a; w) > mt (a; w), (26) 
with equality if and only if a} _, = a>. 


0 (a) Elementary. 
(b) First note that gril (aw) = Mt!" (an 4, An; —W,,-1/Wn,Wn/wWn), and apply 
3.2.1 Theorem 10, noting 3.2.1 Remark (i). 0 


We can now give a very simple extension of (R), a particular case of 3.2.3 Theorem 
13 (a). 


‘THEOREM 24 Ifr,s € R withr < s then 
We ( (amet (a; w))* — (smelt! (a; w))*) 


(27) 
> Wr ( (alt) (a: w))* — ("| (a; w))*), 


with equality if and only if a, = mt”) (a; w). 
0 This follows as in proof (v) of II 3.1 Theorem 1, but using (26) and noting 
that W,, (omrls!)s, n EN, is increasing; 

oes comttel; w) = an = ET ot; w) > orl (ont w), 
which is what we have to prove. The case of equality follows from that for Lemma 
23(b). O 


We can also give an analogue for (M), and use it to prove a Rado type extension 
of (M). 
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THEOREM 25 Ifr > 1 and W,al,, W,b!,, n € N are increasing then 
ml (a+ b;w) > WI (a; w) + l(b; w); (28) 
ifr <1 then (~28) holds. 
O Assume that r > 1 and let 


a. bn 
) dn, = ) 


Simple calculations then give: 


Un = Wr(an + bn)”, Un = AUn, n € N*. 


Ch = 


srl (a; w) + ml") (b; w) 
ml (a + b; w) 


= MI (c;u) + Wd; u) < AL (cu) + AZ (du), by (26) 


=A (e+diu) =1. 


C 
COROLLARY 26 Ifr > 1 then forn > 1, 
Wr { (aml (a; w) + ORE (b; w))" — (l(a + b; w))") (29) 
>Wr-1 ((ank, (a; w) + M7! 1 (b; w))” — (aml! (a +b: w))") . 
O Replace a, b by gl” (a; w), ot (a; w) respectively in (28). i 
We now will generalize II 3.4 Lemma 11 and Corollary 13. 
LEMMA 27 Ifr,s € R,r <s then 
el oul; w) > ote! orl); w). (30) 
Ls] We can assume that r,s € IR* since the other cases follow from II 3.4 Lemma 
11. Further we will assume that r = 1, s > 1, when (30) is 
W,, (— s Wr-1 Ss y"" Wr—-1 (= S Wr—2 S 
ae ——~ An a ———~ An —4 at ————— an — 1 _ ai) 
Wn \Wn Wn Wn Wn-1 Wn-1 
Wr n— Wr n—1 ae 
> (S(T, ae * dnt ) a te - a an-2) ) ) 
Wn \ Wn Wn Wn Wn-1 Wn-1 
or putting, @n = @, @n-1 = 6, dn_2g = c and p= Wy /wn, gd = Wr-1/Wn-1, 
s s\l1/s 4 s\1/s 
p(pa® — (p — 1)b*)'/* — (p — 1) (qb® — (q— 1)c°)” 
1/s (31) 


> (p(pa — (p - 1)6)* ~ (p - 1)(4b— (a - 1)¢)°) 
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Now if (p — 1)y = (p— q)b + (q — 1)c the right-hand side of (31) can be written 


((p(pa =(p=1)b)) = eS p= p= 1)7)') “ 
which by (28) is less than or equal to 
p(pa® — (p — 1)b*)/* — (p — 1) (pb® — (p — 1)9°)"”*. 
So we will have proved (31) if we show that 


pb* — (p—1)7° > qb’ — (q— Lc’; 


equivalently 
s_ (P=4 1 =<)’ P—4,5,P-4 5 
a pe en) See eee. 
7 C= pe ie ~ p—]l ee ike 
This however follows from (J) and the convexity of f(x) = 2°. O 


THEOREM 28 Ifr,s © R,r<s andn>1 then 
W,, (ant! (ot! w) — sels) ot!) w)) > Wr (oe), (at!®); w) — oes! ol”); wy), 


| The proof follows that of II 3.4 Theorem 15, but using Lemma 27, rather 
than II 3.4 Lemma 11. L 


COROLLARY 29 Ifr,s €R,r<s andn> 1 then 
ms (ow) < oll!) w), r<s. (32) 


LJ Immediate consequence of Theorem 28. L] 


REMARK (iii) The above results are stated in |Nanjundiah 1952| with some extra 
conditions on the weights, and was proved in the author’s unpublished thesis that 
was communicated privately to the author who then published Nanjundiah’s proof; 
[Bullen 1996b]. A different proof given in [Rassias pp.27—37|, |Mond & Peéarié 
1996a,c; Tarnavas & Tarnavas] is based on the lemma of Kedlaya, VI 5 Lemma 
5(a); [Kedlaya 1994, 1999]. 

The following deduction from (32) was made by Nanjundiah. 


COROLLARY 30 [Harpy’s INEQUALITY] If p > 1 and 6 is an n-tuple then 


bP. 


n n 
=] 


ania) < Pomp), or Soap) < (—22)"' 


=i 2 
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O In the equal weight case of (32) take s = 1, r = 1/p and a = b? when we 
get : 
Tm Tr p 
POEs aed OD me Cy 
i=l i=l 
where the notation S;(p, b) is defined in 2.3. Now if we put w=(1,2~1/?,...n71/P), 
and S(p,b) = (S; (p,b),1 <i <n), this becomes 


nm 
S (2?(b) < ni PwPronl/?l (S(p,b);w), , 
med 


<n'-PW?S,(p,b), by internality, 1(2), 


= p(y oe 
i=1 


w=1 


<(2) 


n 
p 
4 

i=1 


U 


REMARK (iv) This inequality has been the object of considerable research; for 
further information see [AJ p.181; DI pp.111-112; EM4 p.869; HLP pp.229-239]. 


4 Converse Inequalities 


We extend the discussion of II 4 by considering the quantities 


tls (a; w) 


, Dr(aw = ops! a; w ~ ol] a;w), 
Mi (a; w) == — aa 


Qr' (a; w) = 


defined for all r,s € R. Then the power mean inequality, (r;s), says that ifr < s 
then 
Qe (aw) 21; Dy (aw) 2 0. 


with equality if and only if either r = s or @ is constant. We are looking for upper 


bounds for these quantities assuming that 
O<m<axM<aw; (1) 
upper bounds that depend only on M and m and that improve the trivial ones 


= > Q*(a;w); M—m> DP*(a;w). 
m 
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Various other forms of converse inequalities are possible; consider for instance 3.1.1 
Figure 1. We have the simple inequalities RH < RG < RK and SIl]< SG < SL. 
These imply that if 1 <r <s < ow, a is not a constant and (1) holds, then 


Mr — , Mem" — M'™ms 1/r , 


ms 
Ms ~m°5 . s M'm — Msm" 1/s 
< Mt (2) < (tam (a1(a)) + aa) : 


Such inequalities have been used, for instance in actuarial mathematics; see | Black- 
well € Girschick p.31], |Giaccardi 1955}. 


4.1 RATIOS OF POWER MEANS 


THEOREM 1 (a) Ifr,s € R*, r < s then 
Qi*(a;w) > min Qh (ai; w). 


(b) If r,s € R*, r < 8 and for some k,1 < k <n, M'(a;w) < a, < ml (a; w), 
then 
Q7 (a; w) < Max QV 1 (a5; w). 


l<i<n 


O (a) it is easily seen that 


1/s 
((n 1) (Wy — wx) (NET, (al; w))" (OE, (als w)) ‘) 
Ce 
(c= 1)" DE a — 0) CE Cli)” 


_(@ ~ 1) (Wr — wi) (OE, (ah w)*) 7 


l/r 
© (6 ee a wi (ane), (afsw))” 
min Qe (a5; w), 


Sey 
by (r;s), and by noting that (n — 1)~* 30". (Wn — wi) = 1. 
(b) Assume, without loss in generality, that @ is increasing, when the hypothesis 
implies that 
W(t (a; w))* < 7 wias + we (MU (a; w))”, 


i=l 
ifk 
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and so 
1 n 1/s 
mms (a;w) < as 2 vat 
ith 
Similarly 
1 n l/r 
maw) > (qy—— yw.) 
igk 
Hence 
Qi*(a;w) < Qh, (ai, w), 
and this completes the proof. O 


REMARK (i) This result is due to Gleser, who gives similar results obtained by 


removing arbitrary sub-collections of a; [Gleser]. 


REMARK (ii) Beckenbach, [Beckenbach 1964], has generalized Theorem 1 by as- 
suming that m < a; < M only for z such that 0 < no <i <n; this result is proved 


later, see IV 6 Corollary 3. 


THEOREM 2 Assume that r,s € R* and that a is an n-tuple that is not constant. 
If r is fixed, r > O, there is a unique s = So, 8& = T0,0 < 6 < 1, at which 
(Q?* (a; w))" attains its unique minimum value; if r < 0 there is a unique such 


Sg at which the unique maximum is attained. 


L] Assume, without loss in generality, that the non-constant a is increasing, 


and put g(s) = 9(s) = log(Q”s(a; w))". Simple calculations give: 


va) ; Ss . nm 
eae ss wa; log a; 1 2 
a Wa; ae poe 


i") = or (O Smt ee (ag = Sat ee). 


If then r > 0, (C) gives that g” > 0 and so g’ is strictly increasing. Further 


Wat W,,ar 
lim g'(s) = log( =a } < 0; lim g’(s) = log( =," *— ) > 0; 
8—+—00 (sr Wak $—+00 (Ss Wai ) 
Gy, (a"; w 
g' (0) = log BF ve “ <0, by (GA); 


nm 
/ Desi wa; log a; r 
a Se ie) Se a’) >0O 
g (r) r es 08 ( > mt) 


nee) 


by (J), and the concavity of the logarithmic function. 
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These facts are sufficient to establish the result when r > 0; the case r < 0 is 


similar. te 


REMARK (iii) Some properties of g,,r > 0 are: there is a unique minimum at 
S=8,0<s9) <r; g(r) = 0; if r9 < s < 8’ then g,(s) < g,(s’). 


REMARK (iv) Since Q?5(a; w)Q*" (a; w) = 1 we can easily state a similar theorem 
with s fixed. 


2 


REMARK (v) From the Remark (ii) if O<r<s (QS (a; w))"* = ( OO" a; w))’ = 
1, which is equivalent to (r;s). 


REMARK (vi) Suppose that 1 <r < s then from the properties in Remark (ii), 
applied to gi: (Q51(a;w))” > (Q%1(a;w))", or 


a result that, in the equal weight case, can be found in [Berkolaiko]. An alter- 
native proof has been given in [Mitrovié 1970]. This is a particular case of the 


fundamental inequality between the Gini means, 5.2.1(7). 


THEOREM 3 Assume that n > 2, a an n-tuple with0O <m<a< M, w an 
n-tuple with W, = 1, r,s € R, r <s, and let 8 = M/m, then 


Qi? (a; w) <P" (8B), (2) 
where 
ms s_1\'/r as _ ar 1/s 
(goes) (SSF ea) ae 
r"*(8) = 4 £95(8) = lim T™*(A) = (o—)" exp ( a p - — =), ifr =0, 
y= i) = (2) (= BE 
(3) 
Further if 
—(g4-#5): ifrs £0, 
O(r,s) = ¢ 6(0,s) = im O(r,s) = a ~ at ifr = 0, (4) 
O(r,0) = im, O(r, S)\ “oes - Fy ifs =0, 
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then 0 < @(r,s) <1, and equality occurs in (2) if and only if for some set of indices 
I,Wr=0,a,;= M,iel anda; =m,i ¢ I. 


L] Let us define 
(3) sip a oO) WW 0 ee eM |. 


assuming, as will be shown, that this quantity does not depend on w. 
Writing A= {a; 1<a< 6},W={w; W, = 1}, also define 


"9 (6;w) = sup Q?* (a; w). 
acA 


Then using the basic properties of Q?5, 


P™*(G) = sup P™*(G;w) = sup Q?*(a;w). (5) 
wEew a€A,wEew 


Clearly ['*(3) < G, and simple calculations establish the following identities: 


bn? (8) =T-*""(8), (6) 
(P"#(2))" SEer(o") Ocr<sxico, (P93) S18"), O<5= 5; (7) 
(eG) SPB) opens 0S a < oo, (8) 


Identity (6) shows that it is sufficient to evaluate ["° in the following three cases: 
(a)0O<r<oo; (8) r=0,0<s< 0; (y) -coo<r<0<8s<0o. 
Further using (7) and (8) these three cases can be reduced respectively to a con- 
sideration of: (4) 4", t > 1; (ii) T°: (it) T-1*, 0 <t. 

(i) To evaluate [*(@) let us first consider I4*(G, w). 

Since the set A is compact there is a b € A such that 


ini Wilk 


T(g, w))" = (QL"(b; w))" = . 
(T'"(6,w)) = (Qr"(G w)) O" wsbs) 


(9) 


Tr 
For some k, 1 <k <n, put fors=1lort, w,=w, S| wid§ = (1—w)a;. Then if 


i=1 
1<a <Q, the function ¢, 


OO) Oxide Opa Cae a) 


has a maximum either at x = 1 or at x = @; this is immediate from a consideration 
of ¢’. Since k, 1 < k <n, was arbitrary the point 6 of A given by (9) is such that 
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b; = 1 or B,1 <%t< n. Write J for the set of indices for which the second 


alternative occurs, of course J can be empty, and let y = W;, when 0 < y < 1 and 


t. loys 


Pt: = say. 
(Eon CB ti) any + yay w(y), say 


By (5) (r2*())" = SUPo<y<, Y(y), and simple calculations with y~’ show that ~ 
has a maximum at yo, 0 < yo = 6(1,t) < 1, where @ is defined by (4). 


1/t 
Hence J is not empty and I'!4(@) = (v (A(1, )) , which is the value given by 
(3). 


The cases of equality are immediate from this argument. 


This proves the theorem when either —co<r<s<Qor0<r<s<o. 
(i) As in (7) there is a b € A such that 


Ug -b, 
P18 w) = Q?1(b; w) = din Wide 
(8, w) = Qn" (6; w) (exp 7, w; log bj) 


For some k, 1 <k <n, put 
Wk =U, is wibj = (1 — w)an, Dist w; log bj = (1 — w)ao. 


Then if 1 <a < £ the function @, 


wa + (1—w)a, 


Oe) wlogx + (1 — w) log ag’ 


has a maximum either at « = 1 or at x = @. The argument then proceeds as in 
(1). and gives the theorem when either -coo <r<s=QOor0=r<s<oo. 


(117) As in (2), or (22), there is a b € A such that 
(F-**(8, w))* = CY) wid) (S 7 wid Y' 
i=1 t=1 


For some k, 1 <k <n, put 


Wh = Ww, S— widi =(1—w)a, and ee. = (1-—w)a_y. 
it=1 t=1 
ik ik 
Then if 1 <x < £6 the function ¢, 
(x) = (wat + (1 — w)ay) (wa? + (1 — waa)’ 
has a maximum either at x = 1 or at x = 2. The argument then proceeds as in 


(4) and gives the remaining case of the theorem, —oo <r <0<s< oo. LJ 
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REMARK (vii) The above result is due to Specht, and was later rediscovered by 
Cargo & Shisha who gave the cases of equality; [Cargo & Shisha 1962; Specht]. 
An alternative proof of Specht’s result is in the paper by Beckenbach, | Beckenbach 
1964]. See also |[Laohakosol & Ubolsril. 


Another proof of ‘Theorem 3 has been given by Goldmann, based on the following 
inequality, that in the case r = s = 1 is due to Rennie, see [Goldman; Rennie 
1963]. 


LEMMA 4 If—-co<r<s<o,rs<0Oand0<m<a<WM then 
(M* — m*)(am!") (a; w))” — (MT — m7) (ants! (a; w))° < M8m" — M"m’. (10) 
If rs > 0 then (~10) holds. 


L] This lemma can be deduced from I 4.4 Theorem 23; see |Beesack & Peéari¢; 


Peéarié & Beesack 1987b]. 


To deduce (2) from this lemma rewrite (10) as 


™ 


—p M?—m™ (om! (a; w) o s Ms —ms (m'"l(a;w) © Mém™ = Mm 
s—-r rm m S—T sms 


and use (GA) to get 


& —m" (Se (a; »))*) een é —m* (Mixa 2)" ee 
rm m sm* m 
M?°m™ — M™m* 
(s —r)m™ms 


This, on rewriting, is (2). 


REMARK (viii) Theorem 3 in the special case r = 1, s > 1 was considered earlier; 
see [Knopp 1935]. 

Other references are: [Mitrinovié & Vasié p.78|, [Cargo 1969; Diaz, Goldman & 
Metcalf; Diaz & Metcalf 1963; Lupas 1972; Marshall & Olkin 1964; Mond & Shisha 
1965; Newman M A; Rosenbloom; Shisha & Mond; Wang & Yang; Zhang Z H1]. 


The following more classical inequalities are special cases of Theorem 3; |Kan- 


torovic; Schweitzer P]. 


THEOREM 5 (a) [KANTOROVIG’s INEQUALITY] Ifa, w are n-tuples, n > 2, with W,, = 1 
andQ<m<a< M, then 
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with equality if for some index set I, Wy = 1/2,a; = M,icJ, anda;=m,ig¢ I. 
(b) [Scuwerrzer’s INEQquauITy] If a is an n-tuple,n >2,0<m<a< M, then 


(2 «) (> + = oe (12) 


t=1 t=1 
with equality if and only if there is an index set I containing n/2 elements, and 
a; = M,i eT, anda; =m, i ¢ J; in particular (12) is strict if n is odd. 


a (a) We give four proofs of this result. 
(1) Put r= —1, s = 1 in Theorem 3. 


(17) [Henrici] Determine two n-tuples a, @ as follows: 
a, =a;M + Bim, a, =a,;M~* + Bm", C4 


It is easily seen that both of these n tuples are non-negative, and further 


2 
m 
1 =aj;a, = (Oy ae Bi)" Se aip§ oy (13) 
so in particular a + Bs 
Now let A= Soe, wiai and B= di _, wi8i when 
p= > ueeRewost (14) 
eas | 
Hence the left-hand side of (11) is equal to 
M— 2 
(AM + Bm)(AM~! + Bm7') =(A+ B)? + Apt ny 
M —m)? 
eas ey eel 
<(A+ B+), by (GAY, 
9(M+m)* — (M+m) 
= a rename gr ee ok 
ere) AMm ~ 4Mm 


This completes the proof of (11). There is a equality if and only if A+ B = 1 
and, using the case of equality in (GA), A = B. From (14) the first condition 
implies that a + B =e, which from (13) implies that for 1 <i <n either a; = 0 
or G; = 0; equivalently a; = M orm. So if I is the set of indices for which a; = M 
the condition A = B implies that W; = 1/2. 

(417) [Ptak] 


mr 


1x1 a 


Wi ww a; ~ VmM 
Qj = ui( se) Dol ) 


es. 


rm 


1 


war 
| 
oS 
315] 
+ 
<5 
Z 
x 
eo) 
g 
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(iv) It is possible to deduce (11) from (12). We can without loss in generality 
assume that that w; = u;/V, V,u; € N*,1 <i<n, V, = V. Then simple 
calculations show that (11) reduces to a case of (12). 


(b) This is just a special case of (a). O 


REMARK (ix) Proof (iz) is based on a method used in [Pdlya & Szegé 1972 p.71| 
to prove inequality (20) below. 

REMARK (x) The observation that (12) implies the more general (11) is due to 
Henrici; see [Henricil. 


REMARK (xi) Theorem 3 has been used to obtain a matrix inequality that gen- 


eralizes Kantorovic’s inequality; see [Mond 1965a] and VI 5. 
REMARK (xii) Kantorovié’s inequality has been obtained in the form 


(a) — Hn(a) < (M —m)? 
Hn (a) ~ 4Mm ’ 


by Weiler, who then points out that because of (GA) the same inequality holds 


with the harmonic mean replaced by the geometric mean; [ Weiler]. 


A completely different type of converse inequality has been proved by Rahmail; 
see [Pecari¢é 1983b; Rahmail 1978; Vasié & Milovanovic]. 


THEOREM 6 If0 < r < s, w an n-tuple, a a monotonic, concave n-tuple, and 
n = (0,1,2,...,n-—1),n2=(n—1,n—-2,...,1), then 


om} (a; w) < aM! (a; w); (14) 
where if a is increasing 

a = mt! (n; w) /IN (n; w); (15) 
while if a is decreasing, 

a = Ml) (hi; w) /MUT (A; 


WwW). 


If a is convex with a,j = 0 and0<s <r then (~14) holds with a given by (15). 


a4 


REMARK (xiii) The proof uses the monotonicity of the n-tuples - 1 14-1; 
4 peewee 
a a See: 


and -, 
n—1 


REMARK (xiv) The second part of the theorem has been generalized to k-convex 
n-tuples; see [Milovanovié & Milovanovié 1979]. 


The following result is related to those in 2.5.4 and to II 3.8 Theorem 29. 
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THEOREM 7 If the n-tuples a, b,b/a are either all increasing, or all decreasing, 
and ifr <s then f(x) = Qvs((1—2)b+2a;w), 0 < x <1, is decreasing. In 
particular Q?*(b;w) > Q?S(a; w). 


REMARK (xv) In the special case r = 0,s = 1 and a constant this is due to 


Peéari¢; the general result was proved by Alzer; [Alzer 1990€; Pecarié 1984d]. 


4.2 DIFFERENCES OF POWER MEANS 
An upper bound for D?*(a;w) was given by Mond & Shisha, and is Theorem 10 
below; [Mond & Shisha 1967a,b; Rosenbloom; Shisha & Mond] 


We first prove two lemmas. 


LEMMA 8 If0<m<a< M andr < s define f(x) = r(x” — ax* — GB) where 


M"—m" Mem" — M"™m* 
Seas Vo, = —Fpsams then f(x) > 0,m<a< M. 
L] Simple computations show that if we consider f(x), x > 0, then f’ has a 


unique zero. Since f(m) = f(M) =0 all we need to show is that f’(m) > 0. 
However putting y = M/m, f’(m) = rm"™~!(r —asm$—") = rg(y)/(y® — 1) and so 
sgn f’(m) = sgn(rs) sgng(y). 

Noting that g(1) = 0 and g’(y) = rsy”~*(y5~" — 1) and that g’(y) > 0 if rs > 0, 
g'(y) < 0 if rs < 0, completes the proof. 0 


LEMMA 9 With the above notations define the function h by 
a8 — (ax + B)/", ifrs £0, 
h(x) =< wt/s — nO eC) ifr = 0, 
Mii ee) —ai/" ifs =O, 
on the interval J, 
y= { [min{M*,m5},max{M*,m*}|, ifs 40, 
Man", is 0. 


(e) 
Then there is a unique y €J where h takes its maximum value. Further 


(1 — 6)ms + oMs)*/* — ((1-6)m™ +0M")", ifrs £0, 
h(y) = 4 ((1—6)ms + 0mMs)/* — m9 M?, ifr =0, 
mi-6 M9 — ((1 —6)m" + 0M")*/", if s = 0, 
where 
ym, 
ee ae 
Ae bye a 
a if sa. 


Mr —ms’ 


Means and Their Inequalities 239 


CJ Let us consider the case rs # 0. 

Since h(m’) = h(M*) = 0 and, by Lemma 8, h(x) > 0,2 EJ, it is clear that for 
at least one y EJ and h'(y) = 0. 

Suppose that y is not unique; that is there are two points yj, y2, yi < y2, such that 
h takes its maximum value at both. 

Now if h’(x) = 0 then 


ie Ce gic (cea(- — =) + Te —1)). 


s(ax + 2B) 


Since h’’(y;) < 0,4 = 1, 2, it follows from the above that for i = 1,2 we must have 


that ~ (ayi(— _ -) + a —1)) <0. 

Now for some 2, yi < % < yo, h’(x) = 0 and this is a local minimum of h. However 
from the expression for h” we see that h’’(x) < 0. This is a contradiction, so y is 
unique. 

The cases r = 0, or s = 0, can be discussed in a similar manner, and the rest of 


the lemma is a result of simple calculations. I 


THEOREM 10 Assume that n > 2, a an n-tuple withO <m<a< M, w an 


n-tuple, r,s € R, r <s, anda,fZ,h,y,0@ are as in Lemmas 8, 9 then 

Dr (a; w) < A(y) (16) 
with equality if and only if for some index set I, W; = 0,a; = M,i€ J,a;=m,i¢ 
I. 


0 iy rs0 
Applying Lemma 8, 


nr mr 
r\- Wia, > r(ay— wa; + WG); 
1=1 1 


and so 


D"*(a;w) < mS! (a; w) — (a(anl? (a;w))° + a)" = h( (am! (a; w))*), (17) 


with equality if and only if for each i, 1 <71<n,a; =m or M. This by Lemma 
9 gives (16), with equality if and only if for each i, 1 <i <n, a; =m or M, and 


nr S 
Y = Doni Wie. 
After simple computations this completes the proof in this case. 
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(ii) If instead of using Lemma 8 we note that ifm <x < M,q> 0 then, by the 


strict concavity of the logarithmic function, 


nt > Mae —m?)/(MP—m) a MP —2°)//(MP—m*)_ 


with equality if and only if z = M or m, then we can obtain (16) in the case r = 0, 
or s=0. 


This completes the proof. L] 


REMARK (i) The case r = 1, s = 0 was considered earlier; see [Knopp 1935]. 


ReMARK (ii) In [Cargo & Shisha 1962] it is shown that the maximum of D?5, 
and also of Qf’, occurs at a vertex of the n-cube; see also |[Pecarié & Mesihovié 
1993}. 


REMARK (iii) The methods used to obtain converses of (J), I 4.4 Theorem 28, 
and (GA), If 4.1 Theorem 1 proof (7) can also be used here; see [Bullen 1994al. 


4.3 CONVERSES OF THE CAUCHY, HOLDER AND MINKOWSKI INEQUALITIES 
Converse inequalities for (C), (H) and (M) can be obtained as corollaries of the 


results obtained in sections 4.1 and 4.2. 


THEOREM 11 Let b and c be n-tuples, p € R,p > 1,0<m< M, B= M/m, 
and suppose that, m < b!/? /c\/P < M, then 


n pp 1/p am of 1/p’ _ ap! / : 
(CF) h)”. 09 


Further if @ = a (to ~ a) then equality occurs if and only if there 
is a set of indices I such that, (1 — 6) >> 
M,iel,=mié¢ I. 

If0 <p<1 then (~18) holds. 


LJ If p > 1 this is an immediate consequence of 4.1 Theorem 3 by putting 
S=p,T= —p', (oe p/P’ e-1/p and Wy = bse; / Bhar OnCk, 1 = a < nN. 
The other cases can be found in [Beesack & Peéari¢; Vasié & Peéarié 1983]. O 


be replaced by the simpler (B / b) \/p (C/ c)'/ P. see |Crstici, Dragomir & Neagul. 
Other results have been given in [Barnes 1970; Laohakosol & Leerawat]. 

A particular case of (18) is the following result; [Watson; Greub & Rheinboldt; 
Masuyama 1982,1985). 


REMARK (i) If b < b < B,c < c¢ < C then the right-hand side of (18) can 
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THEOREM 12 [CasseEv’s INEQua.ity] If b,c,w are n-tuples with 0 << m, <b< Mj, 
0<m2<c< Mo, where mym2 < M, Mo then 


( vsti) 3 met) < c Cat SEY (Swab wibicr) (19) 


t=1 


REMARK (ii) The case of constant w can be written 


(-#)"(Da) ure <3 ( (2s (we) ¢ a) , (20) 


al 


and is called the Pélya-Szego inequality; see |Polya & Szegé 1972 p.71]. Clearly 
(19) and (20) are equivalent. 


REMARK (iii) Inequality (20) is a special case of Kantorovié’s inequality, 4.1 (11); 
conversely, as Kantorovié pointed out, (11) follows from (20). For a generalization 
of (20) see [Chen Y L] 


REMARK (iv) All of the inequalities (11), (19) and (20) can be deduced from an 
integral form of Schweitzer’s inequality, VI 1.3.1(11); [AI p.60, Remark 2], [Makail. 


An alternative proof of these results has been given by Diaz & Metcalf that is 
based on the case p = 2 of the following theorem; [PPT p.115], |Diaz & Metcalf 
1963 1964a,1965; Mond & Shisha 1967b; Shisha & Mond]. 


THEOREM 13 If w,b and c are n-tuples, p > 1, and if0 <m< cl/P'p-1/P < M 


then 


(M? —m?) So wick + (m? MP?’ — M? mPP JS aw? < (M?? — mPP Souk Ci, 


al t=1 $1 


(21) 
with equality if and only if for alli, 1 <<1< n, cy!” b. /P _m or M. 
The same inequality holds if p < 0 but if0 < p< 1 then (~21) holds. 
L] This is a consequence of I 4.4 Theorem 23; see [PPT pp.114-115]. L 


Let us now see how inequality (20) follows by taking equal weights and p = 2 in 
(21). Put m? = m2/M,, M* = M2/mz, in this special case of (21) to get 


= ac My mm = 
ae : mee LS (met Fe) Lobes 


41 
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Or 


This on rewriting gives (20). 
A converse of (M) can be deduced from the converse of (H) given in Theorem 11; 


[Mond & Shisha 1967b]. 


THEOREM 14 Let b,c,m,M,{,0,p be defined as in Theorem 11 but now with 
m< bP (b+e)/?', c/P'(b+c¢)/ < M; then 


1 1 
Ol) ee) 
(Sr (bi + c1)?)/? 
where E is the right-hand side of (18). 
There is equality if and only if: (i) there is a set of indices, I, such that 


(1 — 0) Sb:(b; + o@)?~* =O S| Bi (b; + 4)”, 


i€l iG 


< E; (23) 


with (b;/(b i +c) aad = M, or m according asi € I, ori € I; 


and, (ii) there is a set of indices, J, such that 


(1-6 )S ci(bi +)? 1 =O) @i(b i+)? , 


EJ it~ J 


with (c; / (bi + c;))'/? = M, orm according asi € J, orig J. 
If either 0 < p< 1, orp <0 ,then (~24) holds. 


a If p > 1 then by Theorem 11 

n * _ 
> (64 + 44)? = > bi(bi + 4)? 7? +S ci(bi + 4)? 

4=1 4 (=1 

“8) aaa (O°: + oj)? 
71 
+E o aye O70: fee). 
t=1 i=1 


which gives the result in this case. 


The other cases have similar proofs. LJ 
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THEOREM 15 Let 6 and c be n-tuples, p>1,0<m< bl/P cl/p < M; then with 


the notation of 4.2 Lemma 9, 


: 1 1/p’ 
Se b3C; cP — ) 


with equality if and only if there is an index set, I, such that (1 — @) 0 ,<, bic; = 
0» iar O1Ci, and b,/? ctl? = M, orm, according asi € I, ori € I, 


Ei This follows from 4.2 Theorem 10 in a manner similar to the way in which 
Theorem 11 follows from 4.1 Theorem 3. i 


REMARK (v) In the cases p = 1,2 converse inequalities of a different type have 
been obtained by Benedetti who considers the maximum possible value when the 
n-tuples have terms that are restricted to certain finite sets of values. However 
it is beyond the scope of this work to consider the converses of (C), (H) and (M) 
in more detail. The reader is referred to the standard works |AJ; BB; PPT] for 
further references in this area; see also [Dragomir & Goh 1997b; Izumino; Izumino 
& Tominaga; Toth]. 


REMARK (vi) Converse inequalities have been based on the order relation of I 3.3; 
see |Peéarié 1984al. 
REMARK (vii) A converse of the equal weight case of 3.1.3 (9) has been given by 


Toyama; see [AI p.285], [Toyama]. 


1/rs 


ol] (als! (agy)) < (min{m,n})/”° antl (ott) (a)). 


This was given a simpler proof and extended to the weighted case in [Alzer & 
Ruscheweyh 2000). 


REMARK (viii) Leindler has proved that if 1 < p,q,r < oo, and if 1/p+1/q = 
1+ 1/r then 


CSD aby? wy WO Within) 


mMm=— OO M=-— OO nm=—oo Mm=—oco 


see [Leindler, 1972a,b,c, 1973a,b, 1976; Uhrin 1975}. 


The next result is a discrete form of a result of Zagier; [Alzer 1992e; Peéarié 1995b; 


Zagier]. 
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THEOREM 16 Let a,b,c,d be sequences, a and 6 decreasing to zero, c,d < 1 and 


kt A=), a, BS yb => GD >, ad, then 


> a,b; > es A, Dogs db; é 
= max{C’, D} 
In particular if a,b < 1 


S- aidi > ue a; i=1 “1 
oo max{A, B} 


L For any 7 > 1, 
j 


ore) ora) 
S aici —= Ca; + S (ai — a; ) Cj = Ca; + S- (ai — Gis Ci; 
a=1 


11 wl 


SO 
oro j 
D; So aici < jCa;+ DS “(ai —a,;) < max{C, D}A;. 
a=1 i=1 
Hence 
[o-.@) 
Ab; D; Ss ACY 2 max{C, D}A;Ab;. 
t=1 
which on summing over 7 gives the required result. L 


REMARK (ix) Obviously from (C), 


yah < min {A,B o 2/205 byt? \. 
t=1 t=1 tae) 


The following result is in [McLaughlin]. 


THEOREM 17 Ifa,b6 are real 2n-tuples then 


n ; 2n 2n n s 
(S- aribai—1 — ayi—1bai) < Saf 58; = (S— aids) 
t=1 a=1 ti C1 


An inequality that is a mixture of (H) and (M) has been proved in [Iusem, Isnard 
& Butnariul. 


THEOREM 18 Ifa and b are two n-tuples, p > 2, define c; = ae 1<it<n, then 
Tr 


»» ain BP \t/p _ » aid; < AOS aP)t/P +. » ch)l/P)P —S (a? + cf). 


t=1 
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If 1 <p< 2 the opposite inequality holds. 


5 Other Means Defined Using Powers 

There are many other generalizations of the classical arithmetic, geometric and 
harmonic means besides the power means. Some generalizations are based on the 
very close connection of the power means with the convexity of certain functions; 
such generalizations are taken up in the next chapter. Other generalizations are 
really only defined in the case n = 2 and these are considered in VI 2. Here we 
study some generalizations that like the power means are based on the use powers, 


logarithms and exponentials. 
5.1 COUNTER-HARMONIC MEANS 
DEFINITION 1 Ifa and w aren-tuples andr € R then the r-th counter-harmonic 


mean of a with weight w, is 


y "wart 
* war 
Ts ifr eR, 


nm ; ee | ) 
5ft)(a;w) = 2 da (1) 
max @, i f= "Co, 
mina, 1b pe HCO: 


As with previous means we will just write 9!” (a;w) when n = 2, git! if the 
reference is unambiguous, gr (a) will denote the equal weight case, and if J is an 
index set the notation gi! (a; w) is used in the manner of I 4.2, IT 3.2.2. 

The following identities are easily obtained: 9!/2! (a, b) = G(a, b), and 


94 (a; w) = An(a;w); HO! (a; w) = Hn(a;w); 


9!) (a; w) =An(a;a"-tw), HI (a;w) = (HT (a-t;w))", r eR. 


REMARK (i) The reader can easily check that §!!(a) is the point at which the 


function $7", ((a; — x)/ x)” takes its minimum value. 


THEOREM 2 (a) If1 <r < oo then 
9l"l(a;w) > ml(a; w), (2) 


and if —-co <r <1 then (~ 2) holds. Inequality(2) is strict unless r = 1,00 or a 
is constant. 
(b) If -coo <r < 0 then the following stronger result holds: 


sll (a; w) < ml (a;w). (3) 
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Inequality (3) is strict unless r = —oo,0 or a is constant. 
L The cases r = +00 are trivial so assume that r € R; then 
ol"l(a:w) \7* 
Ha; w) = l(a; w (sete | : (4) 
eS DN Has) 


If 1 <r < oo then (r;s) and (4) imply (2), while if —-oo < r < 1 (~2) is implied. 
This completes the proof of (a). 


Now assume that r < 0 then: 


af eget =I 
< (mlrtt(a-t;w))",  by(a), 


=m!" (a;w). 


9H"! (a; w) = (9b (a-?; w)) 


This gives (b), and the cases of equality are immediate. O 


REMARK (ii) Inequalities (2) and (3), together with 1 Theorem 2(c) justify the 
cases r = too of Definition 1; see [HIP p. 62]. 


REMARK (iii) Inequality (2) in the equal weight case and with r = 2 is due to 
Jacob; [Jacob]. 


THEOREM 3 Ifa and w are n-tuples and if -oo <r <s< oo then 
ala; w) < 9!!(a;w), (5) 


with equality if and only if a is constant . 


is (7) By 2.3 Lemma 6(b) and 2.3 Remark (iii), m(r) = }>;"_, wiaz is strictly 


log-convex if a is not constant; see also 3.1.1. So by I 4.1(3), if -co< r<s<o, 
log om(r) — log om(r — 1) < log om(s) — log om(s — 1); 


which is just (5) in this case. If either r = —oo or r = oo the result is immediate. 
(77) In the case that (s—r) € N the following proof has been given; see [Angelescu]. 
First note that m(r — 1)x? — 2m(r)z + m(r +1) = 7%, wi(x — a;)2at~*. Hence 
this quadratic does not have any real zeros; so m?(r) < m(r + 1)m(r — 1), which 


implies (5) with s replaced by r + 1. 0 


It is easy to check that these means have the properties (Ho) and (Co), and (5) 
shows that they are strictly internal. However counter-harmonic means do not 
have the properties of (Mo) and substitution. Consider the following examples; 
[Beckenbach 1950; Farnsworth & Orr 1986}. 
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EXAMPLE (i) Ifa = 1,b = 2,c = 3 then 92)(1,2,3) = 7/3, H7/(1,2) = 5/3 but 
921 (5/3, 5/3, 3) = 131/57 £ 7/3 

EXAMPLE (ii) Consider h(x) = Ge (x, 1) = (1+27)/(1+2) ; then h(0) = 1 = A(1) 
and h has a minimum of 2(/2—1) at = /2—1. 


EXAMPLE (iii) Consider x(a) = §!"!(a) then 


Vis = Ga a ye, 


ere 
and so gi (a) is monotonic if0 <r <1. 


THEOREM 4 If1<r< 2 then 
Ha +b;w) < 54! (a;w) + 52) (6; w); (6) 


if0<r<1 then (~ 6) holds. 


Inequality (6) is strict unless either r= 1 ora~ b. 


al The case r = 1 is trivial so assume r > 1; then by Radon’s inequality, 2.1 
(9), with n = 2, p=r we get that 


@ w,ar ) ve te Opes wt)" 
(2. wer ys (on, wi8f)"*) 
> 


— < Hi (a;w) + HE (bw). 
Then (6) follows using (M) on the numerator of the left-hand side, and (~ M) on 
the denominator. 

The case of equality follows from the cases of equality in the inequalities used in 
the proof. 


The proof when r < 1 is similar. ie 


Theorem 4 is trivial if r = oo but if 2 <r < o, or —o < r < 0 then counter- 


examples show that the theorem may fail. 


EXAMPLE (iv) If 2 <r < oo take a = {l,c¢,€,...,€} and b= {1,c€?,€?,...,€7} for 


a suitable positive e. 


REMARK (iv) These means and their properties seem to be due to Beckenbach; 
[Beckenbach 1950] where an alternative proof of (6) can be found. As a result (6) 
is often called Beckenbach’s inequality; another inequality with the same name 
is given above in 2.5.5; see also [BB p.27|, [Bellman 1957b]. The above proof is 
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due to Danskin; [Danskin]. Other references are [Bagchi & Maity; Bellman 1954; 
Brenner & Mays; Castellano 1948; Lehmer; Wang W L & Wang P F 1987}. 


5.2 GENERALIZATIONS OF THE COUNTER-HARMONIC MEANS. Various authors 
have generalized the ratio in 5.1 (1) and while not obtaining such detailed results 
have extended Theorem 3. 


Mitrinovié & Vasié considered 


mls! (a*; w) 


Pe) = 
™ ott} (a2—*; w) 


showing that if r = s then F is increasing, or decreasing, according as rk > 0, or 
rk < 0; if s <r then F has a unique maximum at x = rk/(r — s), whereas the 
same point is the unique minimum if s > r. The methods of proof are those of 
elementary calculus; [Mitrinovié & Vasié 1966a]. The equal weight case with r = s 
had been considered earlier; see [Izumi, Kobayashi & Takahashi; Kobayashi]. 

Liu & Chen, [Liu & Chen], have considered the ratio 


(als) (a; w))" 


Ra, wr, 3;t) = (nla wy) 


—) 


which if s =t=vr and, r —1 is substituted for r is just (1), in the case of r finite. 


They then generalize (6) as follows. 


THEOREM 5 Ift >1, ands >12>r then 
R(a + b,w;7r,s;t) < Ra, w;r, s;t) + R(b, w; 1, s;t). 


while ift <1, and s <1< r the opposite inequality holds. 


Other authors have used ratios similar to those in the previous section to define 
new means; |Castellano 1948; Dresher; Gini 1938; Gini & Zappa; Godunova 1967; 
Ku, Ku & Zhang 1999; Pdles 1981; Pompilj]. 


5.2.1 Gint MEANS’ Let a and w be n-tuples and for p,q € R define the Gini mean 
of a with weight w by 


1 = 
ex ree ee 
Tm y] ? 
GP4( Dias Wit 
n Qa, w) a iW n p 
n war ae oe ? 
[Te a; ? if p= q. 


Convention Since 6°%7= 67? we will assume in this section 
that p>q. 
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The Gini means include both the power means and the counter-harmonic means 


as special cases as the following simple identities show. 
GP (a;w) = MPI (a; w); G2?! (a; w) = H!(a;w). 


The means 


prtt 4 qrti 
ertir b) = [r+1] ee ene eae R 
(a,b) = 9" (a,b) = <= rer, 
have been called Lehmer means; [Alzer 1988c; Lehmer]. When r = 1 the Lehmer 
mean is called the contraharmonic mean®; 
b? + a? 
67 (a,b) = HI (a,b) = 
(a,b) = §"(a,b) = 5, 


Some properties of Gini means are given in the next theorem. 


THEOREM 6 (a) 


lim 6F4(a; w) = 624(a; w) 


lim 6? 7(a;w) =maxa; lim 6°7(a;w) = mina. 
p—oo q—>—00 
(b) Ifp, < po, m < 4 then 
os (a; w) < Ore (a; w); (7) 


further if either py # p2 or qi # q2 then inequality (7) is strict unless a, is constant. 
(c) Ifp>1>q>0 then 


Gh (at byw) < GF (a; w) + GH (b; w). (8) 


O (a) The first limit is a simple use, after taking logarithms, of l’Hopital’s 
Rule’. 
As to the second: 


| oO 1,6) 
log (im. BR (a; w)) Bae ra G03 wiaz) — oe), ual) ) 
— ij 1 S ye. 


=log(maxa), by 1 Theorem 2(c). 


e The contraharmonic mean is the solution z of the proportion «—a:b—z::b:a and is a neo-Pythagorean 
mean; see VI 2.1.4 


i See 1 Footnote 1. 
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The third limit is handled in a similar manner. 
(b) It is easily seen that if p 4 q 

pec he ais Se)= ee ena), 

P—4q 

where m is the function defined above in the proof of 5.1 Theorem 3, or in 3.1.1. 
This function is log-convex and so (7) in the case p; ~ q; and po ¥ q2 is immediate 
from a basic property of convex functions, I 4.1 Remark (v), and the fact that the 
logarithmic function is strictly increasing; see [PPT pp.119-120]. The remaining 
cases follow by taking limits. 
(c) Assume that p > q > 0 and write the right-hand side of (8) as 


(onl? (a; w))?/P- (gpl (B; w))?/ 
Mc RR WO iE 2 
(seid! (a; Tn) ace (oma! (0; w))/e- 


Now apply Radon’s inequality, 2.1 (9), in the case n = 2, and p in that reference 


GPa; w) + G4 (b; w) = 


taken as p/(p — q) to get 


(srl! (a; w) Ee gylP Pl (p. ro) al 


G77 (a; w) + S778; w) 2 
(snr'a (a; w) - orig l(b: w))/ q) 
Now by (M), p> 1, and (~M), 0<q< 1, 


sl?! (a; w) + Met (bw) S oll (a + b; w) 
mala; w) + m2! (b; ay ld (a +b; w) 


Hence 
6? (a:w) + G?7(b; w) > 


The other cases of (8) are easily proved. 0 


REMARK (i) The proof of (b) is due to Pecari¢ & Beesack; [PPT p.119|, |Pecarié 
& Beesack 1986}. 


REMARK (ii) The case py = 1,qi = O of (7) has already been proved; see 4.1 
Remark (v). 


REMARK (iii) Inequality (8) was first proved by Dresher and is sometimes referred 
to as Dresher’s inequality. The proof, which generalizes that of 5.1 (6), is due to 
Danskin; [PPT pp.120-121], |Danskin; Dresher]. A very detailed examination of 
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the case n = 2 has been made in [Losonczi & Pdles 1996]. See also [B® pp.233, 
264), [Guljas, Pearce & Peéari¢]. An extension of (8) is given in IV 7.1 Corollary 
5. 


REMARK (iv) Note that Liapunov’s inequality, 2.1 (8), is just 


S)'(Giw) <6)" (Gu), 0<tas< 7. 


REMARK (v) ‘These means have been generalized to allow for complex conjugate 
p and q, [Pdles 1989]. For another generalization see V 7.3. 

Gini means have been studied in detail by many authors; see for instance [Aczél 
& Daréczy; Allasia 1974-1975; Allasia & Sapelli; Brenner 1978; Clausing 1981; 
Daréczy & Losonczi; Daréczy & Pdles 1980; Farnsworth & Orr 1986; Jecklin 1948b; 
Jecklin & Eisenring; Losonczi 1971a,c 1977; Pales 1981, 1983a, 1988c; Persson & 
Sjostrand; Stolarsky 1996]. 


5.2.2 BONFERRONI MEANS’ Another kind of generalization has been suggested by 
Bonferroni, the Bonferroni means; [Bonferroni 1926, 1950}. 


Let a be an n-tuple and define 


with obvious extensions to BP?" (a) etc. 


THEOREM 6 With the above notation ifh >0,q<p—h< p then 
BiG) BR a): 
cl For a proof the reader is referred to the references. L] 


5.2.3 GENERALISED POWER MEANS In a very interesting paper Ku, Ku & Zhang 
have considered a very general extension of power means ; |Ku, Ku & Zhang 1999). 
Let kj, 1 <%i< m, be distinct positive functions defined on the n-tuples a, and 
write k = (k1,...,km). If w, x are m-tuples, x allowed to be non-negative, and 


such that ye w,;x;, = 1. If r € R the r-th generalized power mean of a is: 
i oe A i 
al) (a; kU) eau WiL;4 (k;(a)) ) , ue eee U, 
| Ne a) ifr =0. 


The generalized power means include power means, certain Gini means, in partic- 


ular the counter-harmonic means. 
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EXAMPLE (i) Take k;(a) = a, and 2; =W.?, 1 <i <n, when al! n(@; k; w, £) = 


ol”! (a; w). In fact, as we easily see, 
al] (a; ky w £2) = gl") (ky (a),..., km (a); wz). (9) 


q 
a; 


bee Wia; 
we find that al; ~I (a: k;w,x) = 6! I (a,w), p#q. 


EXAMPLE (ii) More generally take x; = k;(a) = aj, 1 <i <n, when 


To obtain an extension of (r;s) here we need two further concepts. 
Firstly we define an order on the set of xz; x >> x’ <=> there is a i9, 1 < ig < mM, 
such that 
Ly = oe 1 < a = 20, Vigti = Care 
ti <2, ig +2<i<m, if in +2 <M. 
Secondly we define a condition of equality for the k: EQ(k, x > z’,a) holds if and 
only if 


m 


(ki(a) — ki, (a))” =0 <a is constant. 
igtio,miét', 
EXAMPLE (iii) If for some distinct 7,7 we have k;(a) = kj;(a) <> a is constant 
then EQ(k, x > z’,a) holds for all distinct x, x’, with x > zw’. 


EXAMPLE (iv) Particular cases of Example (iii) are given by: k;(a) = ols (a; w), 
and ki(a) = lay OE 6. Gy ee) for 1 <i <™m, and where 
0 Fy a! <r e N: 


THEOREM 7 (a) Ifr,s € R, r < s, then 


with equality if and only if a is constant. 
(b) If k is decreasing, that is k;(a) > ki41(a), 1 <i<m,r>0, andz > x’ then 


all (a; k;w,2) > al” | (a; k;w, 2’). (10) 


Ifx # x’ and if EQ(k,x > z',a) is satisfied then (10) is strict unless a is constant. 


O (a) This is immediate from (r;s) and (9). 
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(b) (4) r =0. Choose a 8 so that Bkp > 1. Let io be the suffix given in x > z’, 


then since k is decreasing, 

(Akg) BR) E NAR ee SBR Ge ee Tea <0. 
Further )°"", wiai = D2, wiz) =1 and so Se wi(ay—ar) = ame Cees 
Using these facts we get that 


Ball (a; k;w, x) = | [ (eh) (a) [] (Gk) (a) 


t=1 t=1t9+1 
> (Bkig(a)) 0 —™ TT (Bieay™*(a) TT (Bhi) (@) 
4=1 i=io+1 
= (Bhig) e012 (a) TT (Big)™**(a) TT (Bhi) (a) 
t=1 t=t9 +1 
> TT (Bk) #7) (a) [Ts ymt(a) [| (Bhi) (a) 
i= oe i=io+1 


—8 I kM (q) = BA, (a; kw, 2’). 


Equality holds if for i # ig, 1 < i < m, (Gkj)*(*~*) (a) = (Bk; )@**-*). Since 
x >> a’ there is some 7 such that x; # x; and so the condition in the last sentence 
implies that if i 4 io then k;(a) = k;,(a), and so by the condition EQ(k, x > z’,a), 
we must have that a is constant. 

(1) r >0 

As the proof of this case is analogous to the one above it will be omitted. The 


reader is referred to the reference for more details. U 
REMARK (i) Particular cases of inequality (10) are inequalities 5.1(2),(5) and 
inequality 5.2.1 (7). 
EXAMPLE (v) Let m = 3 and ki(a) = %,(a), ko(a) = Gn(a), k3(a) = Hn(a) and 
take r #0 in (10). If x > wx’ then 
(w 212" (a ) + Wert267 (a) + w3r3H), (a)) 
> (wx, Ay, (a) + wex9G;, (a) + wsx3H;, (a) 


1/r 


l/r 


The quantity here, Re 1 [a; k; w, x], can be considered as a two parameter family of 
means lying between the extremes A,(a) and H,(a). 

5.3 MIXED MEANS Let a be an n-tuple, k and integer, 1 < k <n, and denote 
by ok) sad ol) the k, kK = (); k-tuples that can be formed from the elements of 


a. 
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DEFINITION 8 Ifs,t € R then the mixed mean of order s and t of a taken k at a 
time is 


Mn(s, tk; a) = mls) (ma), 1 <i <k). (11) 
EXAMPLE (i) The following special cases are immediate: 


M,,(s,t; 13a) = M,(s, ska) = MN (a); My(s,t;n; a) = Mel (a). 


REMARK (i) An immediate consequence of (r;s) is that 20, (s, t; k; a) is an increas- 
ing function of both s and t. 
The main results of this section are due to Carlson, Meany and Nelson; |Carlson 


1970a,b; Carlson, Meany & Nelson 1971a,b]. 


THEOREM 9 If —cwo <s<t< oo then 
Mn, (s,t;k —1;a) < WMy(s, t; k; a). (12) 


If s > t then (~ 12) holds, and there is equality in both cases if and only if a is 


constant. 


L Denote by a, 1 <j <>k, the collection of (k — 1)-tuples formed from the 


elements of al), Then each at, 1<h<r' =(,",), occurs (n—k+ 1) times 


in the collection of a 1<j7<k,1<i<-k; note that Kk = k/(n—k+1). 
Firstly 


oll (as) = onl (onl) (al)),1 <j <k); 


and so if s < t we have by (r;s) that 
mak) > oll (oll (ak) 1<7<k 13 
ig (1 Bea k ( 1 (O45) ey ). ( ) 
Hence, by (11), and using the above notation, 


M,(s, tk; a) >nle (anf (mi! (ak), 1 <7 <k),1<i< *) 


-sn) (a! a). <n <0!) 
=M,,(s,t;k — 1;a). 


If s > t the inequality (13) is reversed. The cases of equality are immediate. O 


We now wish to obtain an inequality between different mixed means. 
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Suppose that k + 4 > n; then of) and a!) have m,m = m(i,7,k, @), elements in 
common,m#0,1<i<j<A= ie For convenience we introduce the following 


notations: 


s k £ 
a = ME (ay); 73 = MP (ay); 


<i<n, 1<j<h 
6g = ME (aA Nal); ray = Mal” Nal); 
LEMMA 10 IJIfk+2&>n then 
7 =M (73,1 <i<n), 1<j <r (14) 
o, =Ml(oj,1<9<d), 1<iK<e. (15) 


O We only give a proof of (14) as that for (15) is similar. Further if t = oo 
the result is immediate and so we will assume that ¢ is finite. Let us also assume 
that t £ 0. 

Under these assumptions the sum on the right-hand side of (14) is a linear com- 
bination of t-th powers of the elements of a Since the summation extends over 
all the k-tuples as*) the sum is unchanged if the elements of a” are permuted. 
Hence the right-hand side is a multiple of 7;; and by taking a constant it is seen 
to be actually equal to 7;. 


The case t = 0 can be handled in the same way. L] 


THEOREM 11 If—co<s<t<oandk+é>n then 
Mn (t,s;k;a) < Mn(s,t; 4a), (16) 


with equality if and only if a is constant. 


LJ We only consider the case where s,t¢ are finite and non-zero as the other 
cases are either trivial or similar. Using (11), Lemma 10, 3.1.3(9) and (r;s) the 


following can be established. 


M(t, s;k3a) = MN (a,,1 <i < k) =m (Ml (a,,,1 <7 <A), 1 <i <n) 
<a! (ml! (13,1 <7 <A), 1 <i <r) 
=m) (r,,1 <7 <A) =Mnls,t; fa). 


This gives (16) and the case of equality follows from that of 3.1.3(9) and (r;s). 0 


REMARK (ii) Taking k = 2 =n we see, from Example (i), that both (12) and (16) 


include (r;s) as a special case. 
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Consider the following 2 x n matrix 


M = Whats. t: 15a) NE (S54; .2,0) ... Mr(s,t;n—-;1;a) Mt,(s,t;n; a) 
“NM Sone) D6 = Ley va. (8 22a): GAs) lea) 


where we assume that s < t and a is not constant. The inequalities (12) and (16) 
can be summarized as saying: (i) the rows of M are strictly increasing to the right; 
(ii) the columns, except the first and the last, strictly increase downwards; and of 
course the entries in the first column both equal SM!*!(a), while those in the last 


column both equal 9"! (a). 


EXAMPLE (ii) Taking n = 3,t =1, s =0, k = 2, a = (a,b,c) in (16) gives the 


inequality 


Va) Nee eG OT OES). (17) 
g ; 


8 
a further discussion of this inequality, that can be compared with V 5.4(35), is in 
[Carlson 1970a]. 


EXAMPLE (iii) Another particular case of (16) is given when t = 1, s =0,k = 
n—1, 
An (Gn—-1(a,); 1 Sk <n) < Gn (An-1(a,)s 1 Sk <n); 


see [AI p.379|, |Carlson 1970b}. 


REMARK (iii) Further results can be found in II 3.5 Remark(iv), V 5.4 and other 
mixed means are discussed in II 3.4, and 3.2.6 above; see also 6.2 Remark (i) and 
[Acu; Mitrinovié & Peéarié 1988b; Ozeki 1973). 


6 Some Other Results 
In this section are a few results on power means that do not fit into the above 


discussion. Still more results can be found in the references: |[Jecklin 1963]. 


6.1 MEANS ON THE MOVE Hoehn and Niven proved a very interesting result, 
called means on the move, that was generalized by Brenner and others; |Aczél & 
Péles; Brenner 1985; Bullen 1990; Hoehn & Niven]. 

If a, w are n-tuples, and r € R then the result of Hoehn and Niven considers the 


behaviour of opt! (a+ te;w) ast > oo. 


THEOREM | With the above notation, 


Jim (ON (a + te; w) — Wn (a + te; w)) = 0; (1) 
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equivalently, 
jim (st'"} (a + te; w) — t) = An (a; w). 


L] Let us first note that both of these limits exist. 

If we put f(t) = oy!” (a+ te; w) —2,(a+te;w) then a simple calculation and 1(2) 
give mina — 2,,(a;w) < f(t) < maxa — A, (a; w), so f is bounded. 

Simple calculations show that if M,(t) = ol! (a + te;w) — A,(a + te; w) then 
M! = (M,_1/M,)"~* and so f’ = (M,_1/M,)"~’ —1. Using this we have by 
(r;3s) that f’ <0. 

So f is a bounded decreasing function, limy.. f(t) exists and is in the interval 
[min a — 2, (a; w), max a — A, (a; w)]. 

If r 4 0 then 


M,(t) — Mi(t) = (We?) wilt + a4/t)")” —1-An(a;w)) = O(1/t), t > 00. 


by Taylor’s theorem®. This completes the proof in this case. 
If r = 0 then by (GA), 0 > Mo(t) — Mi (t) > M_i(t) — M1(#), so the result follows 
from the r # 0 case. C 


REMARK (i) It follows from the above argument that if r <1 < s and if a is not 
constant then M/ > M!. This is not in general true if r,s do not straddle 1; see 
[Hoehn & Niven]. 


REMARK (ii) Generalizations of this result can be found in IV 4.5 and VI 4.3. 


Another interpretation of this result is that translating the data values to larger 
values pushes the power mean of the translated values closer to their arithmetic 
mean. Alternatively the power mean of the translated values translated back 
moves closer to the arithmetic mean of the original values; [Farnsworth & Orr 
1988; Wang C' L 1989b}. 

The idea in the last remark has been used to introduce a further generalization of 


the power means; [Persson & Sjdstrand]. 


DEFINITION 2 Ifa and w be n-tuples with W,, = 1, and t > 0 define 


1/ 
(oo wi(ad + t)P/a) 7? — t) ", ifpg £0, 


(TI, (a? + ty — 2), Pa 03-46, 
nasa PPP, ifp#0, q=0. 


glPalit (g. w) = 


8 See I 2.2 Footnote 2. 
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THEOREM 3 With the above notations, and q # 0 


(a) om?! (a; w) = lPsh?(a: w); 

(0) Jim al (a; w) = oll (a; w); 

(c) old's (a; w) < tl (a;w), 9 <t. 
L 

(a) This is immediate. 

(b) (4) p#0 


"wal / 1/q 
1+ PRs it | oyna)! 1) 


=tl/9 (1/8) (So wa) + +10)", by I 2.1(5 ), 


-w) + O(t7*), t > oo. 


—) 


=m ( 
(1) p=0 


. q 
mM (a; w) =t'/4( J] (1+ “ty _ :) 1/q 
T=1 


nm 


/ q 1 
=ti/a(1 4 asi o(y-2) — 1) ", by 12.1(5), 


=i! (a; w) + OE"), £ + 00. 


(c) We will only consider the case 0 < q < p as the other cases are similar. The 
proof of Theorem 1 shows that if s < t then 9t!?/4(94 + 5: w) < or'?/(a% + t; w). 
Raising both sides of this inequality to the power 1/q gives the result. ai 


6.2 HLAWKA-TYPE INEQUALITIES One theme in this book has been the study 
of sub-additivity or super-additivity of the difference between two sides of various 
inequalities, the difference being regarded as a function on the index set; see [ 4.2 
Theorem 15, II 3.2.2 Theorem 7, above 2.5.2 Theorem 12, 3.2.4 Corollary 18, and 
below IV 3.1 Theorem 1, Corollary 2. In an interesting paper Burkill, [Burkill], 


considered replacing the super-additivity of a function o on the index sets by an 
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inequality related to convexity, called H-positivity; |PPT p.176-178]. Let I, J 


and K be disjoint index sets the set function o is H-positive if: 
off UJUK) +o0(D) +o(J)+0(K) > o(IU J +o(JUK)+0(KUD; (2) 


An inequality of type (2) was called by Burkill a Hlawka inequality, because of 


the basic result for triples of n-tuples due to Hlawka: 
ljat+b+el+ lal + b+ lel > la+bl+[b+el+let+al: 


see [DI pp.125-127 |. The general result for n-tuples a,, 1 <i<™m, 


m 
Sle = » la; + aj| + S- la; +a; +a,|—---+(-1)" “la, ++-- aml > 0 
i=1 1<i<j<m 1<i<j<k<m 
holds in general only if m = 1, trivial, m = 2, (M), or m = 3, Hlawka’s inequality; 
[Jiang & Cheng]. 

In his paper Burkill proved several results of this type by considering : 

(a) o(1) = W;6;(a; w), and (b) o(J) = Wo (sr! (a;w)), where ¢ is a function 
with ¢” — (r —1)¢’ > 0; in all cases I C {1, 2,3}. 


In particular he obtained the following result. 


THEOREM 4 Ifa and w are 3-tuples, with W3 = 1 then: 


63(a; w) + A3(a; w) 
wi/(witwa) we/(witwa) 
2 


> (wi + w2)a; 


+ (we + ga ge 4 (w3 i wan eg 


If in addition r > 0 and 6: Ry + R, with ¢” — (r —1)¢’ > 0 then: 


# (an! (a;w)) + %s (6(a);) 
> (wy + we) h(M ot) aaa (3) 


+ (we + w3) (ont (ao, a3; W2, W3)) + (w3 + wi)o(any! (a3, 41; Ws, wy). 


The methods of proof were elementary and the paper caused much interest. In 
particular if in the second case r = 1, when the mean is the arithmetic mean, the 
condition on ¢ implies that it is convex. This simpler condition has been used to 
obtain the same result, see [Baston 1976; Vasié & Stankovié 1976], and [Peéari¢ 
1986] for a different proof. It was Pecaric who noted that (3), with r = 1, implies 
the following more general result; [PPT pp.171-180]. 
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THEOREM 5 If ¢: [a,b] + R is convex, w an n-tuple, a a real n-tuple with 
a<a;<b,1<i<n, andif2<k <n then, 


Wa( (t 9) 6(aa(asw))-+(" 1) te (#Ca)ia) (4 


1 Q;.W; +---+4,; We 
>—) igs Ae ee iag. 42 11 te tk \ 


Inequality (3) with r = 1 is the case n = 3,k = 2 of (4); further in the case 
o(x) = |z| (4) has been called Djokovic’s inequality and is equivalent to the Hlawka 
inequality; [Djokovié 1963; Takahasi, Takahashi & Honda; Takahasi, Takahashi & 
Wada]. 

REMARK (i) The above results imply certain inequalities for mixed means due to 
Kober, II 3.5 Remark (iv), [Kober; Mesihovié; Ozeki 1973]. 


6.3 p-MEAN CONVEXITY The main results of this chapter can be, and have 
been, derived from the properties of convex functions. It is possible to reverse this 
process. 
If —co < p< oo, a,b > 0 define 
aca { m'\(a,b) if ab #0, 
0 if either a= 0 or b=0. 


We then say that f : R” +> [0, co[ is p-mean convex if: 


f (Aw + (1—A)y) < m3 (F(a), F(y)), 
for all z,y, and A, 0 < A <1. There are obvious definitions of p-mean concavity, 


p-mean log-convexity etc.; [Das Gupta; Uhrin 1975, 1982,1984). 


In particular Uhrin has proved the following theorem. 
THEOREM 6 Ifp+q > 0, if f is p-mean concave, and g is q-mean concave then 
the convolution f xg, f « 9(u) = fe f(u— v)g(u)du, is (p~* + q7* + r)7*-mean 


1 
concave if —-— < ee 
ap Dag 
Following the comments in II 1.2 Remark (ii) we can make a completely different 


< oo. 


definition and say that a positive function is p-th mean convex, p € R, on [a, bj? if 
for allz,y,a<a2z,y<bandA,0<A <1, 


f(r +1—dry) < ml (F(x), f(y); A, 1 - A); 


equivalently if p 4 0 this is just the statement that f? is convex; if the inequality 


is reversed we say that f is p-th mean concave on |a, }| 


6.4 VARIOUS RESULTS 


2 Here the terminology p-convex is more usual but when p is an integer this is confusing; see I 4.7. 
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THEOREM 7 (a) If a is an n-tuple and the n-tuple b is defined by b; = a,b; = 
(a; + a;_1)/2, 2 <i<n, then, with the notation of 4.1, 


Q7°(b) < 2Q77°(a). 
(b) Ifn > 2 and a is an n-tuple of distinct entries then 


gmt?! (a) 2 Cay nin | la; — a;|, 
axZ 


where ; 
De SPORE. if n is odd, 
pn = 


min{27~1, 1} aia (2k —1)?, ifn is even. 
(c) Let f : [0,a] + R be (k +1)-convex, with f(™ (0) =0,1<m<k—1, aa real 


n-tuple with entries in [0,a], w an n-tuple then 


f (oam!* (a; w)) < Un(f(a);w). 


(d) Let a be an m-tuple, r € R, and define the sequence recursively by 


= om" (Opesieepdgee sy Sm. 
Then 
ian ae Tene 
— MG al<i<m), ifr, 
lim an, = (wary) ( ) * 
M+ 00 ; m-+1 


O (a) See [Math. Lapok, Problem F 1930, 50 (1975), 11-12]. 

(b) The case n = 2 is in [Mitrinovi¢, Newman & Lehmer]; see also [AI p.340], 
The case p > 1 was stated without proof in [Ozeki 1968]; a proof was given in 
[Mitrinovié & Kalajdzié]. A proof for p < 1 is given in [Russell]. 

(c) This is a generalization, by Vasié, of a result of Markovié. A different proof has 
been given by Peéari¢é who also shows that the same inequality holds if f (a/ ‘) is 
convex on (0, a*]; [Keékié & Lackovié; Markovié; Peéarié 1980a; Vasié 1968]. 

(d) See [Elem. Math. 29 (1974), 15-16]. LJ 


THEOREM 8 If n > 2 and w is an n-tuple, W, = 1, a a real n-tuple with 
m<a<M, and ifr <s,t #0, then 


ea B Ty (aw) (hn (ai w))" ga 


s(r—t o's! (a: w))° - (anit (a; (a; w))” —~ mils-r) 


r(r —t)) 
s(r —t) 


vice r) 
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REMARK (i) This result is due to Mercer and the proof uses his mean-value the- 
orem, I] 4.1 Lemma 3. If s = 2,r = 1 and t — 0 the above inequalities reduce to 
those of IT 4.1 Theorem 2(b); [Mercer A 1999]. Compare this result with the first 
part of 3.1.1 Theorem 2. 

The following is an extension of Sierpinski’s inequality, II 3.8 (57); |Alzer, Ando 
& Nakamura}. 


THEOREM 9 Ifa,w are a decreasing n-tuples, n > 3, then ifr > 0, 


(alt) (a; w))""* (ant (a; wy)” 


a © 5 
G7" (a; w) 7 

with equality if and only if a is constant. 
O This follows from II 3.8 Theorem 27 by taking x = 0 and x = r. C 


REMARK (ii) II 3.7 Corollary 28 is the case t = 1 of this theorem. As in that case 
we note that it is sufficient to assume that the n-tuples a, w be similarly ordered, 
see II 3.8 Remark (viii). 


REMARK (iii) Further interesting properties of the left-hand side of (5) can be 
found in |Peéarié 1988; Peéarié & Raga 1993}. 

In the case of the special sequence v = {1,2,...} certain special results are ob- 
tainable of which the most interesting is perhaps the following. 


THEOREM 10 Ifr>0O andn>1 then 


[r] nf] 
ip Mt (v) y n! (6) 


n+l ply mee 


LJ The left-hand inequality is obtained by using the function f(x) = x” in I 


4.1 Lemma 8. The same lemma with f(x) = loga gives the outer inequality; it 
remains to prove the right-hand inequality. 
The right-hand inequality is obtained if we show that vpn = (3>)_, 2")/ n(nt)r/™, 


n = 1,2,... is an increasing sequence. Now define the two decreasing n(n — 1)- 
tuples, by: 
(n — k) 
forO <k<n—1, Qg(n—1)41 = Gk(n—1)42 = *** = Gk(n—1)4n-1 = (nie? 
n—1—-k 
and forO< k <n —2, densi = Okn4e = ++: = Oknan = 


((n— 1)) 1/(n—1)° 


Then vpn > Un—i is equivalent to 


n(n—1) n(n—1) 


So us YO a. 
=) east 
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To see this it suffices, from I 4.1 Corollary 11, to prove that 


ye m 
[ [2 = [[a: 1<m<n(n—-1). - 


G1 t==1 


Now when m = n(n — 1) both sides of this last inequality are equal, and equal to 
ft: 
For some unique k,j,O<k<n—1,1<j<n—1,m=k(n—1)+ 9 and then 


ne n —k)J 
| CD (n— k) 
aE . (n—k- ie (n|[K(n—1)+1]/n) 


Note that m = k(n — 1) +7 = kn + (j —k); so there are two possibilities: (i) 
4—k>0. (ti) 7 —k <0, when we write m = (k-1)n+n+j-—k. 

Evaluating Ih, b; in these two cases and comparing with the above value of 
[]-.., ac gives the result; for details see either the paper of Martins or that of 


4=1 


Alzer. OC 


REMARK (iv) The outer inequality in (6) is called the Minc-Sathre inequality, 
[DI p.85], [Minc &Sathre]; the right-hand inequality is due to Martins, [Martins]. 
The final form above is due to Alzer, [Alzer 1993d; Chan, Gao & Qi; Kuang; Qi 
1999a, 2000a; Qi & Debnath 2000a; Sdndor 1995b]. 


REMARK (v) Considered as bounds on the central ratio the extreme terms are 


best possible as was pointed out by Alzer. 


REMARK (vi) Martins has pointed out that in the case of a; = i7,i > 1, his 
inequality improves the equal weight case of (P), being just 


W+41(a) S L,, (a) 


On+1 (a) Gn (a) 


This lead Alzer to further observe that the following improvement of (R) holds in 


this special case: 


An +1(a@) — Gnyi(a) > An(a) — Gn(a). 


The following result concerning the factorial function due to Alzer; [Alzer 2000a]. 


THEOREM 11 There are two positive numbers a,Z, 0.01 <a < B < 11.3, such 
that inequality 
(ant) (a; w))! < onl (a!; w) 
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holds for all positive n-tuples a, w, with W, = 1, if and only ifa <r < 8B. 


Whenever the inequality holds it is strict unless a in constant. 


REMARK (vii) For the exact definition of the two constants a, @ the reader should 


consult the reference. 


REMARK (viii) The case r = 1 is just (J) applied to the strictly convex factorial 


function; I 4.1 Example(ii). 


REMARK (ix) In the case of harmonic and geometric means, when r is outside the 
above interval [a, G], it is known that the inequality only holds for certain n-tuples 
a; see the above reference. 


A related factorial function inequality, also by Alzer, says that 


4 ((a!)?, (—)?) 21. 


x! 


This generalizes a well-known inequality of Gautschi where the harmonic mean is 
replaced by the geometric mean, see [DI p.84], [Alzer 1997c, 2000b]. 


The following result is due to Mercer, [Mercer A 2002], generalizes II 5.9 (15). 


THEOREM 12 Ifa and w are n tuples with a not constant, m < a< M, and 
1/t 
W,, = 1 then, defining M't! = M'(M,m:;a) = (m' + Mt — (ont (a; w))") , te 


R, ifr,s€ R with r < s, 
m < M!")(M,m;a) < M!5(M,m;a) <M 


C Using the substitutions in 1(3) and 1(4) it suffices to consider the inequality 
MU(M,m:;a) < M!4(M,m:;a), t > 1. Farther we can, without loss in generality, 
assume that a is increasing. 

Let V = Ml4(M,m;a) — M"!(M,m;a) then simple calculations show that: 
AV/da; = wi(1-(ai/ml)™), and 0|M'—a,|/Oa; = +(wias*(MEHI)O-9/t41), 
according as a; > Mla; < MM, 

Using these relations we can let the a; < M"! tend to m and those a; > Ml! tend 
to M, to get for some positive W,,W2,W, + W2 = 1, 


V > ((L—Wy)mt + (1 — Wa)M*)'"" — ((1 — Wi)m + (1 — Wa) M); 
and so V > 0 by (3s). O 


REMARK (x) II 5.9 (15) is just M!-(.M,m;a) < M((M,m;a) < MUM, m;a). 
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REMARK (xi) It is readily checked that lim;._.. M ll (M ,m;a) = m, and that 
lim Ml4l(M,m;a) = M. 

Finally we remark that if r € R then oy!” (a), has the property of m-associativity, 
1<m<n, see Il 1.1. It has been proved that if two means, one defined on n-tuples 
and the other on m-tuples means, have this property and if both homogeneous and 
symmetric and one at least is an analytic function then the means are r-th power 


power means for some r € R; [Kuczma 1993]. 


IV = QUASI-ARITHMETIC MEANS 


The power means are defined using the convex, or concave, power, 
logarithmic and exponential functions. In this chapter means are 
defined using arbitrary convex and concave functions by a natural 
extension of the classical definitions and analogues of the basic 
results of the earlier chapters are investigated. First however we 
take up the problem of different convex functions defining the 
same means; the case of equivalent means. The generalizations 
(GA) and (r;s), their converses and the Rado-Popoviciu type ex- 
tensions are studied under the topic of comparable means. The 
definition can be further extended although this leads to the top- 
ics of functional equations and functional inequalities so is not 
followed in detail. 


1 Definitions and Basic Properties 


1.1 THE DEFINITION AND EXAMPLES The power means oy”! (a;w), r € R, de 
fined in the previous chapter can be looked at in the following way. 
If r € R and x > 0 define 


=z fae if r £ 0, 
#2) = 4 ire 0: 


log x, 


then 
ml) (a; w) = ¢(—— > wid(ai). (1) 


This suggests the following definition; [DI pp.217- 218; HLP pp.65-70}. 


DEFINITION 1 Let [m,M] be a closed interval in R, and M : [m,M]» R bea 
continuous, strictly monotonic function; let a be a real n-tuple with m <a< M, 
w be a non-negative n-tuple with W,, ~ 0; then the quasi-arithmetic M-mean of 


a with weight w is 
1 nm 
: = a 
Mn(a;w) = M (a 3 wiM(a,)) (2) 


The function M is said to generate, to be a generator or to be a generating function 


of the mean IN,,. 


266 
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In addition we will sometimes speak of the quasi-arithmetic mean, or just the 


M-mean, of a with weight w. 


In the case of n = 2 the above definition has a simple geometric interpretation. 


— y=M(x) 


M(a,) 
Figure 1 


w,M(a )-+w.M(a) 


W, 


M(a,) 


ay / a. 


M(a,,a.;w, Wo) 


REMARK (i) The functions used to define the quasi-arithmetic means will be writ- 
ten M,N, F etc', and the corresponding means will then be It, 0, ¥ etc. Letters 
such as 2,6,5,Q that already denote particular means will be avoided if there 
is any possibility of ambiguity. These functions are finite except perhaps at the 


end-points of their domains. 


REMARK (ii) The function M~* is continuous, strictly monotonic and defined on 
the closed interval [min {/M(m),. M(M)}, max{M(m), M(M)}}. Since we can 


write MN, (a;w) = M7? (2, (M (a); w)) the internality of the arithmetic mean, II 
1.2 Theorem 6, implies that Ope wiM(a;)/W,,) is in the domain of M71, and 


so the right-hand side of (2) is meaningful. 


REMARK (iii) As usual 9t,(a) will indicate the mean with equal weights, and a, 
and, or w, may be omitted when there is no ambiguity; further t;(a; w) will have 
the meaning expected when J is an index set; see Notations 6(xi), II 3.2.2, II 


2.0.2. 


REMARK (iv) As will be seen below, 1.2 Remark (ii), there is no loss in generality 
in assuming that M is strictly increasing, although in particular examples this is 


not always the case. 


REMARK (v) Note that in this chapter we do not assume that the n-tuple a is 


l Except in Figure 1 where M replaces M. 


268 Chapter IV 
positive’, just that m < a < M; a is always finite even if either m, or M, is not . 


REMARK (vi) We also allow w to have zero elements. In general this allows the 
statement of inequalities to include the case of all k,1 << k <n, in the statement 
of the k = n; then case of general k arises when w has n — k zero elements. So 
there is a need to restate the cases of equality as the conditions need only apply 
to those elements of a with non-zero weights, that is to the essential elements of 
a; see [ 4.3, IT 3.7. 


In the following discussions all the n-tuples a,w, and the functions will be as- 
sumed to satisfy the various conditions in Definition 1. However in applications to 
particular cases and in the discussion of Rado-Popoviciu type results we will for 
simplicity take w to be positive. In addition in the case where several means are 
involved it is clear that the n-tuples a must be restricted to the intersection of the 


various intervals |m, M]| involved. 


The following lemma states some simple properties of quasi-arithmetic means. 


LEMMA 2 (a) The quasi-arithmetic M- mean has the properties: (Sy*), (Sy) in 
the essentially equal weight case, essentially internal, essentially reflexive, (Co) 


and, if M is increasing, (Mo). 
il Tm 
(b) There is a unique a, mina < a < maxa such that M(a) = Ww oS w;M(a,)). 


Furthermore unless a is essentially constant, some a; is less than a, and some a; 
is greater than qa. 

(c) Ifn > 2, a a fixed n-tuple and a is given with mina < a < maxa, then there 
is a non-negative n-tuple w with W,, = 1 such that It,(a;w) = a; further this w 
is unique if and only ifn = 2. 

(d) Ifu, v are non-negative n-tuples with U, #4 0, V;, 4 0 and ifu/Un <u/V, then 
Mn (a; u) < Mt, (a; v). 


Cl ~— Al of (a) is trivial; the terminology in (a) is explained in II 3.7. 

(b) This is immediate from Definition 1 and by noting that S7i, wi(M(a) — 
M(a;)) = 0, which implies that unless all the terms of this expression are zero 
some must be positive and some negative. 

(c) This is an immediate consequence of the fact that, given a, I2,(a;w) is a 
continuous function from the compact set of w to the closed interval [min a, max a| 


(d) This is trivial. S 


7 That is, Convention 3 of II 1.1 will not apply in this chapter. 
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REMARK (vii) This lemma justifies the use of the word mean and generalizes parts 
of Il 1.1 Theorem 2, II 1.2 Theorem 6 and III 1 Theorem 2. 


REMARK (viii) These means are discussed in detail in [HLP pp.65-101], [Mitri- 
novié & Vasté pp.104-113], [Aczél 1948a,1956a,1961la; Chisini 1929; de Finetti 
1930,1931; Jecklin 1949a,b). 


From the remarks preceding Definition 1 the power means form an example of a 
scale of quasi-arithmetic means. Further examples of quasi-arithmetic means, and 


scales of quasi-arithmetic means, are given in the following examples. 


EXAMPLE (i) [Burrows & Talbot; Rennie 1991] If y > 0 and if [m, M] = R let 


_J7y, ifyAl, 
M(x) = {7 Vie anol 


Then IN,(a;w), written in this case Wt, »(a; w), is 


A,(a;w), ios T. 


Properties of these means are given below; see 2 Example(vi), 5 Example (iv). 


EXAMPLE (ii) If y> 0, 74 1, taking M(x) = y/* gives another family of means, 


called the radical means: 
Hee = 
; <2 ores sade Oe 
Tn asw) = (loe, (7 dow oo 


EXAMPLE (iii) If M(x) = 2°, x > e~', we get the so-called basis-exponential 


mean; if its value is yz then 
1 Tm 
i wa. 


EXAMPLE (iv) If M(x) = 2!/*, 2 > e7!, then in a similar manner we get the 


basis-radical mean; if its value is v then 
n 
1 1 ag 
yl? oe ) w,a;! “ 
W,, - 
t=1 


REMARK (ix) The above means are some of the many introduced and used by 
the Italian school of statisticians; see [Bonferroni 1923-4,1924-5,1927; Gini 1926; 
Pizzetti 1939; Ricci]. 


The following results can be obtained. 
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THEOREM 3. If a is a positive n-tuple then 


S (An(a))™ SD at 2 1/a, < 3 2A, (a)) ee onl] (a) = = ya 


41 71 


S_( m!"l(g <dve a;, where r < max{a;; a; < DU" (a)}. 


hao | 4=l1 
with equality if and only if a is constant. 


0 See [Pizetti 1939]. 0 


EXAMPLE (v) Various trigonometric means have been studied; see in particular 
[Bonferroni 1927; Jecklin 1953; Pratelli]. 


IfO<a<an/2 6Gn(a;w) = aresin ( gb Soy Wi sin ai), 
€,,(a;w) = arecos ( y= yoy -1 Wi COS ai); 
UO arotan (qo pay Ws tan ai) 


and ifO<a<7/2, C€%,(a;w) = arccot ( > iy Wi Cot ai). 


if0<a< 7/2, Sy (a: 


The following result is due to Jecklin; [Jecklin 1953]; see 5 Example(xi); see also 
2 Example(iii). No proof will be given as the theorem follows from more general 


results given later. 


THEOREM 4 Let a be a positive non-constant n-tuple and write a, 3,7,6 for the 
solutions in (0, 7/2] oftanaz = 1/2, cotx = 2x, cot x = x, tana = 22,respectively 
and ¢, ¢ for the solutions in R*, of cotz = 1/2, tana = 2/zx respectively. Then: 


Hala) < CS, (a) < Ona) < Gala) < S,(a) — Ca) <2, (G), 0<a<a; 
fn (a) < €&n (a) < Gp(a) < Gn(a) < En(@) < Tr(a) < Orla), as<aK<f; 
Hn(@) < €&n(a@) < Gn(@) < Gn(@) < En(@) < Qn(@) <En(a@), BS acy; 
n(@) < €Xn(a) < Gn(a) < Gn(a) < €n(a) << Qila)< Tr(a), yeas 
Hn{a) < Gy(a) < €8,(a) < G, (a) < Ep(a) < On) <r), yea<s 
Gn(a) < Hn(a) < CT, (a) < Gala) < Cn(a) < Qn(a) < Tr(a), g<a<o; 
Grn(a) < Hn(a) < Gn(a) < €T,(a) < Cn (a) < Qp(a) < Tr(a), 6<a<7/2 


REMARK (x) A somewhat related mean is the following defined in [Ginalska]. Let 
a > 1 then the exponential mean of a is: €,(a) = exp(([]j_, log ai)*/”). 
While it is not difficult to show that €,,(a) < 6,(a), the exponential and harmonic 


means are not comparable. 
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1.2 EQUIVALENT QUASI-ARITHMETIC MEANS It is natural to ask how far the 
knowledge of the quasi-arithmetic M-means determines the function M; or, when 
do two functions generate the same mean? Equivalently: if-for two functions M 
and N the quasi-arithmetic M-mean of a with weight w is always equal to the 
quasi-arithmetic V-mean of a with weight w, is M = N? 

This is answered by the following result due to Knopp and Jessen; see [HIP 
pp.66--68], | Jessen 1931b; Knopp 1929]; a more general result can be found in 
|Bajraktarevié 1958]. 


THEOREM 5 In order that N,(a;w) = MNy(a;w), for all n and all appropriate 
n-tuples a in the common domain of M and N and all non-negative w, W,, # 0, 
it is necessary and sufficient that M =aN + BG for some a, 3 € Ria £0. 


LJ Suppose first that the condition holds, then: 
1 m 
M (Mn (a; W ) —W. (S— wiM(a;)) 
nM i=1 


reo wiN(ai)) +B 
=aN (My (a; w)) +B = M(MNyr(a;w)). 
So, by 1.1 Lemma 2(b), It, (a; w) = It, (a; w). 


Now suppose that 202(a;w) = te(a;w) for all appropriate 2-tuples a and w, 


assuming, without loss in generality, that w; + w2 = 1. That is 
M—*(wiM(a1) + waM(a2)) = N7* (wi (a1) + w2N(az)). 


Putting 6 = MoN~',a; = .N(a;),7 = 1, 2, this is equivalent to saying that for all 
(x1, 22), 
b(wiri “ wW2X2) = w19(£1) + wed(x2). 


Hence by a well known result, see [Aczél 1966 p.49], d(x) = ax + 6 for some 
a,BER,a#40. Thus MoN7}(2) =axr+ GB, or M=aN +8. 0 


REMARK (i) This actually proves more: M = aN + G once Me(a;w) = No(a; w) 


for all appropriate 2-tuples a and w. 


REMARK (ii) An immediate consequence of this result is that MM and —M define 
the same mean. Hence in 1.1 Definition 1 we can, without loss in generality, require 


that M be strictly increasing. 
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EXAMPLE (i) Using this result it is possible to fit the geometric mean into the 
family of power means in a neat manner. If r € R, define F"! (2) i Cle 
that is 


Tr 
af 
a, Wee 


Fl(a) = 
log x, ie: 
Then for r = 0 the quasi-arithmetic F!]-mean is the geometric mean, and by 
Theorem 5, for all other values of r it is just the r-th power mean. 
A similar procedure can be used to fit the mean 9%;,, into the Nt,, family of 


means; see 1.1 Example (i). 


As a result of Theorem 5 it is possible to define a metric on the class of all 
continuous strictly increasing functions M on [m, M] normalized by M(m) = 
m,M(M) = M. If M and WN are two such normalized functions let n € N* be 
fixed and define 


p(M,N) = sup{t; t = |Nn(a;w) — MNn(a;w)|, w >0,m <a < MY}. 


This metric defines a metric space that is homeomorphic to the one using the sup 
norm; it is bounded but not totally bounded; see [Cargo & Shisha 1969]. 


As we saw above, the power means are the basic quasi-arithmetic means; we now 


show that they are the only homogeneous quasi-arithmetic means. 
THEOREM 6 Let M :]0, co|h R be continuous and strictly monotonic and suppose 
that for all k > 0, and all positive n-tuples a and w 


Mn(ka;w) = kM, (a; w). (3) 


Then for some r € R and all positive n-tuples a and w, MN, (a;w) = ot"! (a; w). 
& Clearly the power means satisfy (3). 
By Theorem 5 we can assume that M(1) = 0. By (3) 

M,, (a; w) = k-* Mn(ka; w) = Rn(a;w), 


where K(x) = M(kz). 
By Theorem 5 there are a(k), 6(k) € R, a(k) 4 0, such that K = a(k)M + G(k). 
Further since M(1) = 0 we have that 6(k) = K(1) = M(k). 


Hence for all positive x, y 


M (ay) = a(y)M (x) + M(y). (4) 
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; _ ,  a@2)—-1 aly)-1 
Interchanging x,y and subtracting gives ——_—— = ————,, or (a—1)/Misa 
g y gg Ma) MG) (a= 1)) 


constant, c say. 


Substituting this in (4) gives the following functional equation for M: 
M(ry) = cM(2)M(y) + M(z) + M(y). (5) 


There are two cases to consider: c = 0,c £ 0. 
Case(i) c=0 
Then (5) reduces to 
M (ay) = M(x) + M(y), (6) 


of which the most general continuous solution is M(x) = Alogaz; see [Aczél 1966 
p.48|. So, by Theorem 5 IN, (a; w) = Gn (a; w). 

Case(ii) c #0 

Putting V = 1+cM, (5) is equivalent to N(zy) = N(x)N(y), of which the most 
general continuous solution is V(x) = 2"; see [Aczél 1966 p. 48]. 

So M(x) = (2” — 1)/c and by Theorem 5 MN, (a; w) = Mt"! (a; w). O 


REMARK (iii) The above proof is a simplification of one due to Jessen, and can be 
found in [HZP pp.68-69]; | Ballantine; de Finetti 1930,1931; Jessen 1931a; Nagumo 
1930; Poveda). 


2 Comparable Means and Functions 

We now turn our attention to generalizations of (r;s) that are valid for quasi- 
arithmetic means. The result, Theorem 5 below, provides yet another proof of 
(GA), as well as of (r;s); it seems to have first been proved by Jessen; [HIP 
pp.69-70,75—76|, |Dinghas 1968; Jecklin 1949a; Jessen 1931b}. 


DEFINITION 1 The quasi-arithmetic M-mean and the quasi-arithmetic N-mean 
are said to be comparable when: 
(a) the functions M and N have the same domain; 


(b) for all n and all appropriate n-tuples a and non-negative w, W,, # 0, either 
Mn (a;w) < Nn(a; w), (1) 


or for all n and all appropriate n-tuples a and non-negative w, W,, # 0, (~1) 
holds. 


REMARK (i) Thus (GA) says that the arithmetic and geometric means are com- 


parable, and (r;s) says that any two power means are comparable. 
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LEMMA 2. If M and N are continuous functions on [m, M], and if N is strictly 


monotonic and convex with respect to M then 
N (In (a; w)) < An (N (a); w) (2) 


for all n-tuples a such that m < a < M, and all non-negative n-tuples w with 
W,, #0. If N is strictly convex with respect to M there is equality in (2) if and 
only if a is essentially constant. If N is concave with respect to M (~2) holds. 


O Putting b = M(a), ¢ = No M7 then ¢ is convex, see I 4.5.3, and (2) 
reduces to b(An (b; w)) < A, (f(b); w), which is just (J), 1 4.2 Theorem 12. 
The rest of the theorem follows from the cases of equality in (J), and from the fact 


that if @ is concave then —¢ is convex. C 


REMARK (ii) In particular cases some care is needed in choosing the domain 
[m, M]. The function NV o M~* has to be convex on [M(m), M(M)], so assuming 
that M is increasing we must choose m and M so that M(m) and M(M) lie in 
the domain of convexity of Vo M7}. 


REMARK (iii) This simple result has been rediscovered many times; see [Bonfer- 
roni 1927; Bullen 1970b,1971b; Cargo 1965; Chimenti; Jecklin 1947; Lob; Shisha 
& Cargo; Watanabe}. 

The hypotheses Lemma 2 are weaker than those of ‘Theorem 5 below so this re- 
sult can be used to deduce inequalities between means not obtainable from that 


theorem. 


COROLLARY 3 If0 <r <s <0, a an n-tuple witha > ((s—r)/(s+r))",wa 


positive n-tuple, then 


n Wi 
eras (emer anaey 2 
1+ (mm) (a; w))* Sita 8) 


with equality if and only if a is constant. 


O Ifr¢0take M(x) = 2", N(x) = 1/(1+2°) then VNoM7? is strictly convex 
provided 0 <r <s and 2°/" > (s—r)/(s+r). The result is then immediate from 
Lemma 2. If r = 0 the same argument applies taking M(x) = logz. O 


EXAMPLE (i) When s = 1 and r = 0 (3) becomes 


nm 


Wi 
pees ee dds pe Be > 1. 4 
1+ G6,(a;w) ~ or . 


11 
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and if a < 1 (~4) holds. The equal weight case of (4) is due to Henrici and so (4) 


is known as Henrici’s inequality. 


In general inequality (4) cannot be improved by replacing the geometric mean by 
an r-th power mean, r < 0. However the following related result has been proved 


by Brenner & Alzer: 


Wr 
Se ee a ee de 
3 w;, |  1-Sn(ajsw) ~~ 
(=i La; > Wr ik oo: 


— 1-A,(a;w) — ~ 


also in this case the inequalities cannot be improved by using other power means 
in the denominators . 

See [AI p.212; DI pp.121-122], [Brenner & Alzer; Bullen 1969a; Kalajdzié 1973; 
Mitrinovié & Vasié 1968c]. 

The proof of Corollary 3 depends on the strict convexity of the special function 


No M~? defined there. If then we consider any function f such that 1/(1+ f) is 


strictly convex on |[m, M], (3) can be generalized as follows. 


COROLLARY 4 If the function f is such that 1/(1+ f) is strictly convex on [m, M], 
then 


n 


Wr Wi 
1+ f(An(a; w)) <2 1+ f(a)’ ©) 


¢==1 


provided m < a < M, and there is equality if and only if a is constant. 


EXAMPLE (ii) Both Bonferroni and Giaccardi have used the strictly convex func- 


tion M(x) = xlogz, see I 4.1 Example (i), to deduce from Lemma 2 that 


1 Tm 
An (a; w) log An (a; w) < F- S| wing log aj; 


i=1 
[Bonferroni 1927; Giaccardi 1955]. 


EXAMPLE (iii) Using a definition in 1.1 Example (v) Lemma 2 can be used to 
prove that 


,(a;w) < Gy(a;w), 


provided that 0 < a < 1/2; [Lob]. 


We now give the main result of this section. 
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THEOREM 5 Let M and N be strictly monotonic functions on |m, M], N strictly 
increasing, |respectively, decreasing], then for all n and all n-tuples a, m<a< M, 


and all non-negative n-tuples w, W,, < 0, 
Mn (a; w) < Mn(a; w) (6) 


if and only if N is convex, |respectively, concave], with respect to M 

If N is strictly convex,|respectively, concave], with respect to M there is equality 
in (6) if and only if a is essentially constant. 

If N is decreasing, (respectively, increasing], and N is convex, [respectively, con- 
cave], with respect to M then (~6) holds. 


LJ This is an immediate consequence of Lemma 2. 


O 


REMARK (iv) The cases of equality in Theorem 5, as well as conditions for (~6), 


can be obtained by a similar discussion. 


COROLLARY 6 ‘The quasi-arithmetic M-mean and quasi-arithmetic N-mean, 
with M and N having a common domain, are comparable if and only if either M 


is convex with respect to N, or N is convex with respect to M. 


EXAMPLE (iv) In particular if M7? is convex then It,,(a;w) < A%,(a; w), while if 
M is convex then IN, (a;w) > An(a; w). 


EXAMPLE (v) If M(x) = 2", N(x) = 2°, rs # 0, then No M7!(x) = 29/7, which 
is strictly convex if r < s, so (6) is a generalization of these cases of (r;s). The 
cases when either r = 0 or s = 0 can be discussed similarly by taking M or N to 


be log. 


EXAMPLE (vi) Similarly, for the means in 1.1 Example (i), taking M(x) = p?, 
N(x) = v*, p,v > 0, then No M71(z) = v'&x* which is strictly convex if v > p. 


So under this condition we have that 
My n (a; w) < My n (a; w), 


with equality if and only if @ is constant; this result is in [Bonferroni 1927; Pizzetti 
1939]. 


THEOREM 7 Let M and WN be strictly increasing functions on [m, M], and suppose 
that for all 2-tuples a, m < a < M, and all non-negative 2-tuples w, W2 0, 
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Mo (a;w) < Ne(a;w) then for all n, n > 2, and all n-tuples a, m < a< M, and 
all non-negative n-tuples w, W,, # 0, inequality (6) holds. 


O Suppose that (6) has been established for all n, 2<n<k. 
We can write Ith41(a; w) = (a; W), where 


Qi, ifl<i<k-—l, 
aj; = Wk Wk+1 ait 
Wy (a4, an413 ea et _), ift=k; 
Wk + Wk4+1 Wk + Wk+i1 
and ; 
Wi; ifl<i1<k—-l1, 
wi; = 
Wet wei, ift=k; 
The hypothesis of the theorem implies that a < a* where 
{ ifl<i<k-l, 
* Wk Wk+1 “¢ ° 
a; Me (ax, ar 5, SE _), if a =k; 
‘i Wk + Wk41 Wk + Wk41 


So by monotonicity, 1 Lemma 2(a), and the induction hypothesis, 
Misi (a; w) = WM, (G; WH) < My, (a*; W) < Ne (a*; W) = M41 (@; w). 
C 


COROLLARY 8 Let M,N be strictly monotonic functions defined on |m, M]| and 
let M =aM + B,N = 7N +6, where a, ,7,65 are real numbers chosen so that 
M(m) = N(m) = 0,M(M) = .N(M) = 1. Then inequality (6) holds if and only 
if the graph of M lies above the graph of N;; equivalently, if and only if for all 


Q1,42, mM <a,,aq < M, and positive w1,w2 with wy + we = 1, 


wiM(a1) + weM (a2) — M(wiait+weaz) 
M (a2) — M(a1) 
y w1N (a1) + woN (a2) — N(wiai+weaz) 
~ N (a2) — N(a1) . 


El By 1.2 Theorem 5 the means in (6) are given by M,N, as well as by M,N; 
and by Theorem 7 it is sufficient to consider the case of n = 2. However in this 
case the result is immediate using the geometric interpretation in Figure 1. L 
Other necessary and sufficient conditions for (6) have been given in [Mikusiriski]. 
The first is that MV be less log-convex than M in the sense that for all distinct 


a1, a2 


A? M (az, a2) ss A? NM (ay, a2) 
AM(a1,a2) ~ AN(a1, a2) 


278 Chapter IV 


where: 
M M 
AMF(a1, a2) = M(a2)—M(ax), A2M (ay, a9) = “Ae 4 a) a £2), 
MM" Ne 
The second condition is given in I 4.5.3 Theorem 34 : Tyr > nak see also [Cargo 


1965]. 


A simple generalization of Theorem 5 is the following result. 
THEOREM 9 If N is strictly increasing then 
f (Mn (a; w)) < Mn (f(a); w) 


if and only if N o f o M~ is convex; further if this last function is strictly convex 
this inequality is strict unless a is essentially constant. 


In particular 
f(An(a;w)) < Gr (f(a); w) 
if and only if f is log-convex. 


O The first part is immediate by applying (J) to the n-tuple M(a) using the 
function N o f co M~+. The second part then follows on taking Nt, = 6,, and 
2 | Ge Pee O 


COROLLARY 10 (a) Ifa and w are positive n-tuples then 
(An, (a; w))™ 


with equality if and only if a is constant. 


nai) < &, (aw), 


(b) [SHanNon’s InEQuaLity] If p and q are positive n-tuples with P, = Qn = 1 then 


mr nm 
S_ alogp < S— a log qi. 


i (a) Since xlogx = loga® is strictly convex, see above Example (ii), this 
result follows from the second part of Theorem 9. 
(b) Take w = g,a = p/q in (a). A direct proof can also be given by noting that 
the inequality is just 
Tt 
0< >> pi(gi/pi) log(qi/pi), 
t=1 


which is an immediate consequence of (J) and the convexity of x log x. O 
REMARK (v)_ It is easy to see that Shannon’s inequality holds with log replaced 
by log, for any base b > 1. The inequality is fundamental to the notion of entropy; 
[MPF pp.635-650], |Rassias pp.127-164]|, [Mond & Peéarié 2001]. 


The concept of comparability can easily be extended to functions; see [HIP pp.5- 
6). 
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DEFINITION 11 If A is a subset of R” then the functions f,g: At» R are said to 
be comparable if either for alla € A, f(a) < g(a), or for alla € A, f(a) > g(a). 


EXAMPLE (vii) The quasi-arithmetic M-mean and the quasi-arithmetic M/-mean 


are comparable if and only if the two functions of 2n variables 


m(a,w) = M*(S° wiM(ai)), n(a,w) =N* OL wiN(as)), 


4 
are comparable. 


EXAMPLE (viii) The basic result III 3.1.3 Theorem 7(a) just says that for allr ¢ R 
the function ol" (a+ b; w) is comparable to the function gpl (a;w) + opin (b; w). 
On the other hand III 3.1.4 Theorem 9 shows that ol” (ab; w) is not in general 
comparable to t!"! (a; w)st!"! (a; w). 


We can rephrase III 3.1.2 Corollary 5 as a theorem concerning comparability. 


THEOREM 12 If r; > 0,0 <i < m, then the functions gylrol (ie a; w) 


and [[;_, gla: w), defined on the non-negative non-zero n-tuples a,w, are 


comparable if and only if 1/ro > S>"., 1/ri, when 


m m 
miro ([ a; w) < [[ mite, w). (7) 
t=1 


w=1 


i Taking a = (1,0,...,0), 1 <i<™m, in (7) implies that 1/ro > le. 
The converse is immediate from III 3.1.2 Corollary 5 and (r;s). O 
Properties of analogous generalizations of the weighted power sums defined in III 
2.3 Remark (iii) have been considered; see [Vasié & Peéarié 1980al. 


If a,w and M are as in 1.1 Definition 1 define 
mr 
Su (a;w) = Ma!($" wiM(as)), (8) 


under the conditions: (i) w > 1,(ii) M :]0, co[h]0, ool, (iii) either lim,_.., M(z) 


= 00 or limg_.9 M(x) = oo. 


THEOREM 13 Sy and Sw are comparable if either (a) M and N are strictly 
monotonic in opposite senses, or (b) M and N are strictly monotonic in the same 
sense, and M/N is monotonic. If in case (a) M is increasing, or in case (b) M/N 
is decreasing then 


Sy (a;w) < Smu(a;w) 
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O The proof is along the lines of [HZP Theorem 105, pp.84-85). O 


REMARK (vi) Further properties of these sums are given below in 5 Theorems 9 
and 10. 


3 Results of Rado-Popoviciu Type 

Inequality 2(6) is, in a certain sense, an ultimate generalization of (GA), and it is 
natural to ask if certain refinements of (GA), such as were discussed in II 3, have 
extensions to quasi-arithmetic means. If so they should include as special cases 
not only the results in II 3 but also those in III 3.2. 

In this section such extensions are considered, and we also discuss certain particular 


cases that could have been proved using the methods of the earlier chapters. 
3.1 SOME GENERAL INEQUALITIES 


THEOREM 1 Let [m, M] be a closed interval in R, and M : [m,M]++R bea 
continuous, strictly monotonic function, and N : [m,M]++ R be continuous and 
convex with respect to M; let a be a sequence, m < a < M, and w a positive 


sequence. For all index sets I define 
a(N,M;w; 1) = a(1) = WN (Mrz (a; w). 
Then a is sub-additive, that is if I, J are two non-intersecting index sets then 
a(IU J) <a) +a(J). (1) 
Further if N is strictly convex with respect to M inequality (1) is strict unless 
N (Mr(a;w) = N(Mz(a;w). If N is concave with respect to M then (~1) holds. 


O This is an immediate consequence of (J), and the convexity of Mo M7?.0 


COROLLARY 2 Let [m, M] be a closed interval inR, and M,N,K,£L:[m,M]| HR 
be a continuous, with M and K strictly monotonic, N convex with respect to M, 
L concave with respect to K; let a be a sequence, m < a < M, and v,w positive 


sequences. For all index sets I define 
BUI) = aN, M;u; I) — a(£, K;w; 1), 


where a is as in Theorem 1. Then £ is sub-additive, that is If I, J are two non- 


intersecting index sets 


BIIU J) < BU) + BC). (2) 
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If N is strictly convex with respect to M, and CL is strictly concave with respect to 
K then (2) is strict unless (a) N(Mtr(a;v)) = N(Mtz(a;v)) and (b) L(Ar(a;w)) = 
L(Ks(a;w)). If N is strictly convex with respect to M, and if for some a,b € R, 
£L = ak +6 then equality occurs in (2) if and only if (a) holds; and if N =aM+B 
and L is strictly concave with respect to K then equality occurs if and only if (b) 
holds. 


L] This is a trivial consequence of ‘Theorem 1. L] 


REMARK (i) These results, that are almost trivial consequences of (J), include as 
special cases many of the complicated inequalities discussed in II 3 and III 3.2; 
[Bullen 1965,1970b,1971b; Mitrinovié & Vasié 1968d]. 


REMARK (ii) If in Corollary 2 we take NV concave with respect to M and £ convex 
with respect to K then (~2) holds and the cases of equality are easily stated. 

As with (R) and (P) the simplest cases of the above result occurs when J = 
{1,...,n} and J = {n+1,...,n +m}, n,m > 1. Then if as in II 3.2.2 we put 
@ = (Q4,...,An4m) and @ = (@n41,.--,@n4m), and use a natural extension of the 


notation of II 3.2.2(14) we have the following deduction from Corollary 2. 


COROLLARY 3 With the assumptions of Corollary 2, and the above notations, 


Vie Onan @ w)) — Wrtm Lo (a; w)) (3) 
< (Vo (20tn (aw) — WnL (Bn (a; w))) + (Vn (itm (a; w) — WinL (Ron (a5 w)) ). 


In particular 


Va N (Mn (a; w)) Fe WL (Rn (a; w)) (4) 
< (Va iN (Mn (a5 w) — Wr £(Bn—s(a5 w)) + (aN (dn) = nL (an), 


REMARK (iii) The cases of equality in Corollary 3 are easy to state as conditions 
(a) and (b) of Corollary 2 reduce to: 

(a)’ N(Mn(a;v)) =N(Mm(ajv)), (b)! L(An(a; w)) = £(Am (a; w)). 

The following general inequality extends the Mitrinovié & Vasié result that con- 


tains extra parameters, II 3.2.1 Theorem 5; see [Bullen 1970b,1971b]. 


THEOREM 4 Let a,v,w,M,N,K, ZL be as in Corollary 2, and let u,v € R, then 


bl W, 


Ww, (w o M7! (An (M(a); v) + 1) ey be oy, Oe (2, (K(a); w) + ’)) (5) 


< Wh, (w o Ma! (X’An—1 (Ca); 2») A 1’) —~Lok! (ns (K(a); w) as )) 
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where 


y = Vantin MoN™* 0 Lan) 
— UnWn M(an) 


Wr fee 


eg lene, get, ieee, 
Wes Wrh-1 , 


VS 
VnWn-1 


If N is strictly convex with respect to M, and L£ strictly concave with respect 
WrVn—1 

to K then (6) is strict unless (a) M(an) = Twin (M (a); 2) + p’, and (b) 

K (an) = An—1(K(a); w) +’. 


LJ Since Lo KK! is concave, 
WrLo kt (2, (K(a);w) + v) 


= Wr-1 Wn 
=W,LokK : (= (ns (IC(a); w) ae v') + ae) 


> Wr Lok" (Qn. (K(a);w) + ¥") + wn L£(an). 
Since N o M7? is convex 
WrN o M7? (2%, (M(a); uv) + 1) 
= W,N o M7" An (0 _1(M(a); uv) + x) 4+ == MoN 0 L(an) 
mr W,, T™ a ae W,, 10) 
< Wr oM71(0'n—(M(a);v) + 1") + wn L£(an). 
Inequality (5) is now immediate, as are the cases of equality. LJ 


Remark (iv) IfA=1,H=v=0,uv=w, WN = CL then (5) reduces to a special 
case of (4)—-the simple case in which the last two terms on the right-hand side are 


absent. 


3.2 SOME APPLICATIONS OF THE GENERAL INEQUALITIES We first state some 
results of the type considered in II 3.2.2 and II] 3.2.4 . 


THEOREM 5 (a) Ifr/t <1 then u(I) = Wy (on! (a; w))’ is a sub-additive function 
on the index sets. 

(b) Ifr/t < 1 < s/u then v(I) = V; (a! (a; v))" — W, (om! (a; w))" is a sub- 
additive function on the index sets. 

(c) Ifr <0 <5 then p(I) = (mn!) (a; wy) [ton (a; w)) is a log-subadditive 
function on the index sets. 

1 (a) In3.1 Theorem 1 take V(x) = 2’, M(x) = 2",r £0, M(x) = loga, r= 0. 
(b) In 3.1 Corollary 2 take M, N as in (a), and L(x) = a", K(x) = 2°. 
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(c) In 3.1 Corollary 2 take M(x) = 2", K(x) = #8 and N(x) =L(x) =logr. O 
Using 3.1 Corollary 3 we now give generalizations of I] 3.2.2 Theorem 8 and III 3.2.4 
Theorem 19; the notation is defined in those references and is also used in 3.1 


Corollary 3 above. 


THEOREM 6 (a) Ifr/t <1<s/u then 


Wr+tm (Ones (a; w))” - n+ ( MT an (G5 v v))’ 
> W,, (snl (a; w))"— Vo (Olt! (a; v)) + Wor (SH! (a; w))"— Vn (SU (a; v))*, 


with equality if and only if: either (i) r/t <1< s/u and M!(a;v) =H . (a; v), 
and Ml (a; w) = mt (a; w); or (ii) r/t <1=8/u and Ml(a;v) = Mt, (a; v); or 
(iii) r/t =1<s/u and MI (a;w) = om (a-w); ory) e/t= 1 s/u. 


In particular 


W,, (at's! (a; w))" — Vp (anit) (a; v))" (6) 
> War-1 (ml) (a; w))~ ao Vapors (lt! (a; v)): al (War, = Und), 


with equality if and only if: either Se r/t<l<s/t and ym" ~ (a v=o) (a; w)= 
an; or (ii’) r/t < 1 = s/t and gl) (G0). G5 Ord) at 1-6) and 
srls) a) = a4; Orv’ ) ryt = 1 3/7%, 

(b) Ifr <0 <s then 


ee ea ek |e ee. 
(me m(aiv))" ~ (tl(asv))™ (ein!) (a; uy) 


with equality if and only if: either (i) r < 0 < s and the conditions in (a)(i) hold; 
or (ii) r < 0 = s and the condition in (a)(ii) hold; or (iii) r = 0 < s and the 
condition in (a)(iii) hold ; or (iv) r =O=s. 


In particular 


(mt masa) VO" (amas w)) "(ten (sw) 


eee | (a;w)) "7 

(amil(a;v))"™ "(at (as) 
with equality if and only if: either (i’) r < 0 < s and the conditions in (a)(i’) 
hold; or (ii’) r <0 = and the condition in (a)(ii') holds; or (iii’) r = 0 < s and 
the condition in (a)(iii’) holds; or (iv') r=0=s. 


(7) 


L] These follow immediately from 3.1 Corollary 3 using the method in 3.2 
Theorem 5. L 


REMARK (i) If v = w,r = 0,s = u=t = 1 then (6) reduces to (R), and if 
v= w,r =0, s =1 then (7) reduces to (P). 
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THEOREM 7 Let r € R, f : Ri. +> R4 be such that 1/(1+4 f) is strictly monotonic, 
and either 1/(1+f(x'/")) is strictly convex when r # 0, or 1/(1+f(e*)) is strictly 


convex when r = Q, and if for all index sets I, we define 
Vy Wi 
x(1) = 7 - > 
1+ f(My (a; v)) 21+ Ke 
then: (a) x is sub-additive; (b) in particular, using the notation of Theorem 6, 


cee 
1 -- f(s (a; v)) iI 


i aL 
oes res 
Ve. n+m ip: 
1+ f (SR (a; v)) 1+ f(a) 


with equality if and only if ol”! (a;v) = st”) (a; w); and, 


Vi as Wi 
Tppattlan) 2-14 ie ®) 


? 


Un — Wn Van-1 an Wi 
<4 + | —_4—__ _y° __— __ |, 
test (route Lie) 
with equality if and only if ay, = mm” (a; v). 
L] These results follow from 3.1 Corollaries 2 and 3 using M(x) = x", r 4 0, 


M(x) =log#, r =0, N(2) = K(x) =£-"(a) = ES Y, 7 


REMARK (ii) It should be remarked that in particular cases the exact intervals in 
which the functions 1/(1+ f (a1/ ")) and 1/(1+ f(e®)) are strictly convex need 


not be R4 and this puts some restrictions on the n-tuple a. 


REMARK (iii) Repeated application of (8) leads to 
- Wi V, a UO: 
PS eg eet LC » = es aang (9) 
2 1+ f(a) ~ 1+ f(mtt(a;v)) 1+ F(a) 

with equality if and only if a is constant. If v= w, and f(x) = 2°, O< r<s, (9) 
reduces to Henrici’s inequality, 2 Corollary 3. So (8) is a Rado type extension of 
Henrici’s inequality. 
REMARK (iv) If v = w various inequalities above are much neater, and the corre- 
sponding functions of index sets are not only sub-additive but also decreasing. 


We now consider some special cases of 3.1 Theorem 4. 
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THEOREM 8 (a) If -co<r/t<1<s/u<o,r#0, then 


Wa ( (aml (a; w))” — (AEE)/"an-* (aml (@s))") (10) 
> Wr ( (antl (a; w))" - (any rag (ml! (a; v))'), 


with equality if and only if either: (i) r/t < 1 < s/u and a, = mis! (a; wo) = 


V, = Tm r os Ss eee 
(sao yon) (as 2); or (ii) r/t = 1 < s/u and a, = ml! (a; w); or (iii) 
nm—-iln 
r/¢é<1=8s/u and a, = (pean) romttl (as) or (iv) Fit bs) u: 
(b) 
Vawn /UnWn 
Wr (%n (as w) — (6,(a;v)) / ) (11) 


2 Woes (Xn. (a3 w) — (Gn_1 (a; 1) aaa | 


with equality if and only if an = (@n(a; py) nn a/ Vos 


(c) If\ > 0 then 


VnWn 
Wr (Qn (a; w) — \T Ww, G,,(a; v)) (12) 
V,—1W 
> Ws (Un. (a: Vn/Vn—1 onan gs 
<i Wr (Ql (a; w) — a Wr LUn (a; v)) ) 


with equality if and only if a, = A¥"/“"-1G,_1(a;v). 


0 (a) Take K(x) = 2’, L(x) = 2", M(x) = 2", N(x) = &* and w=v=O0in 
3.1 ‘Theorem 4. 

(b) Take K(x) = L(x) = N(x) = 2, M(x) = logaz and wp = vy = 0 in 3.1 Theorem 
A. 

(c) Take K(x) = L(x) = N(x) = —2, M(x) = logaz and uw = v = logX in 3.1 
Theorem 4. L 


REMARK (v) By taking M(x) = logs the result in (a) can be extended to cover 
the case r = 0; and similarly taking V(x) = log x the case s = 0 is obtained. 


REMARK (vi) Inequalities (11)—(12), as well as the extra cases mentioned in 
Remark (v) can all be obtained from II 3.2.1 Theorem 5 by taking special values 
of A and wp. 


4 Further Inequalities 
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Much of this section could have been placed earlier in either Chapter II or Chapter 


III but the use of quasi-arithmetic means simplifies many of the arguments. 


4.1 CAKALOV’s INEQUALITY The following special case of 3.1 Corollary 3 is a 


simple generalization of (R). 


THEOREM 1 If M is defined on R*., n > 2 then in order that for all positive 


n-tuples a and non-negative n-tuples w, W, #0, we have the inequality 

Wr (An(a; w) — Wn(a;w)) > Wr—1(An-1(a; w) — Mr(a; w)), (1) 
it is necessary and sufficient that M7! be convex. If M7! is strictly convex then 
(1) is strict unless a, = IN,_-1(a; w). 


& Taking N(x) = K(x) = L(x) = a, and v = w in 3.1(4) gives (1); and the 
case of equality follows using Remark (iii) of that section. 
On the other hand with n = 2 in (1) we get, writing b; = M(a;), 7 = 1,2, 


w,M~1*(by) + woM~*(b2) > M7} ee + aes). 
wy, + We W1 + We 
So if (1) holds for all positive a, w then M~' is convex. 0 


REMARK (i) In the case of equal weights this result is due to Popoviciu, [Popoviciu 
1959b, 1961al. 


REMARK (ii) If course if MM = log then (1) is just (R). 


Suppose now that not all of a1,...,@,—1 are equal, that is a’, is not constant, then 


(1) can be written 
QL, (a; w) = IG, (a; w) = Wr-1 


An—1(a;w) —WMn—-i(a;w) ~ Wh - 
That is to say the left-hand side is bounded below, as a function of a. Further this 
lower bound is attained if and only if a, = Dt,_,(a;w), and this is not possible 
if maxa’, < a,. In particular the lower bound is not attained for non-constant 
increasing n-tuples. As a result we could ask if the lower bound could be improved 
in that case. This problem was first considered by Cakalov, in the equal weight 
case with M = log, when of course IN, (a; w) = 6,(a); [DI p.43], [Cakalov 1946]. 


THEOREM 2 If M is strictly monotonic, w a positive n-tuple and a an increasing, 


non-constant, positive n-tuple and ifn > 2 then 


Wr we, 
W,, — wt (ln (a; w) — Mn (a; w)) a Wa, nw nls w) — My_1(a; w)), (2) 
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provided M~! is convex and 3-convex, or 3-concave, according as M is increasing 


or decreasing. 


GI We assume that M71 is convex, 3-convex and increasing; the other case 
follows similarly. 

Let D(a) be the difference between the left-hand side and right-hand side of (2) 
and we have to show that D(a) > 0. 

For simplicity we will write m = M7, and D,(x) = D(a’), where ai = aj, 1 < 
t<kanda,;=a2,k+1<i<n,ay <a <azy,. Further let B;(a’) = B;(x) = By = 
A; (M(a'); w)) = M (Ii (a’; w)), 1<i<n. Then forl1<k<n-—l, 


Since m is 3-convex it is differentiable, I 4.7 Theorem 44(b), and simple calculations 

give 

W,.(Wr os Wx) 
Wr — Wy 


(2) =M' (x) ( (m! o M(x) — m!(Bn)) 


Wr—1(Wr_-1 = WW, ) / / 
a ras 


On rewriting this becomes 


— WnWeM' (x) (M(x) — Br) 
7 WrWn—i(Wn = w1)(Wn-1 = W,) 


+ Wi (Wr — wi)(Wr-1 - Wi) (M (2) — Bx) IM(@), Bas Baas m')) 


D,(x) (WW (W —w,)[M(a), Br; m’] 


As M7" is convex we have by I 4.1 Theorem 4 (b) that [M(zx),Bn;m’]1 > 0; 
M~ is 3-convex so m’ is convex, I 4.7 Theorem 44(b), and, by I 4.1 (2*) and I 
A.7 Remark(ii), [M(x), Bn, Bn_1;m']2 > 0; M is increasing, by hypothesis, and 
differentiable since m is differentiable, so M/’ > 0. 

Hence Di (x) >0, 1<k<n-—1, a, <2 <a,. This implies that 


DG) D4 (Ga) = Daca Guat) = Daag) 2 DA-o Gyo) See Dita) =0 
LJ 


REMARK (iii) This proof is an adaption of the proof (lzxii) of (GA), II 2.4.6; see 
also proof (ai) of (r;s), III 3.1.1 Theorem 1. 


Since the means in (2) are almost symmetric, Theorem 2 can be stated as follows: 
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THEOREM 3 If M, w are as in Theorem 2, and if a is non-constant with maxa/, < 

Gy, then 

,(a;w) —Mn(a;w) > An(An—1(a; w) — Wtn-1(a; w)), (3) 
Wr-1(Wn — Wj) 


= Wey and where j is defined by a; = minay. 


where A, 


REMARK (iv) It is easily seen that A, > W,r_1/W,, and so, for this restricted 
class of sequences, (2) is more precise than (1). In general, unlike W,_1/Wn, the 


lower bound .,, is not attained. 


EXAMPLE (i) If A, is replaced by a \/, > Ap, there are n-tuples for which (3) would 
then fail. To see this take M = log, aj = 1—6€,€>0,a.= = Qa, = 1, when 
A, (a; w) — Gn(a; w) 1 —(w,/Wn) - (1 ln 
Wn—1(a;w) —Gn_s(a;w) — 1 — (ws/Wa-s) — (1 = 2/7’ 
and as € — 0+ the right-hand side tends to An. 
EXAMPLE (ii) There is no corresponding result for (P). To see this consider the 
following: a] =... =@n_2 = 1, @n_1 = Gyn = & and let py > (n — 1)/n when 
rn A, (a) / Gn (a) 
ore (An—1(a)/Gn_1(a))™ 
This shows that the exponent (n —1)/n that occurs in (P) cannot be improved by 


= 0. 


assuming that a is increasing; [Bullen 1969d; Diananda 1969]. 


4.2 A THEOREM OF GODUNOVA The following simple theorem has many inter- 


esting corollaries; see [Godunova 1965]. 


THEOREM 4 Let M :]0,00//+ R be continuous, strictly increasing, with M7? 
convex and limz.9 M(x) = 0, or —oo; suppose further that a and b are two 
positive sequences, — that for each n,n > 1, w\™ is a positive n-tuple with 
We”) =1, and 3°, we bp < C, k > 1. Then 


3 bn Mn(a;w™) <C so On. (4) 
n=1 n=1 


1 nm 
HC = ling se Fs > b,, then the constant in (4) is best possible. 
k=1 
Os By 2 Example (iv), Itn(a;w™) < A,(a;w™) = WP, wan, n> 1. 


Hence 
Tm 


J bn Mn (a; wi) <3 ba (S wax) = Sra >» wy Dn (5) 


n=1 k=1 k=1 


[o.@) 
<C > az, by the above hypothesis. 
k=1 
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Now let a,x = 1, <k<m, =0, k > ™; then from (4) 
— i 
C>—S by bn )\>—S bd, 
zs d. +— 3 M~*(M(1)W) > = me 
using the hypotheses on M. This completes the proof. I 


COROLLARY 5 The following inequalities hold for all positive sequences a and real 
numbers p,q > 1. 


ta) Ye (@- r at)”) <a 
o 3 (Ta) <a 
(c) > Eee tanr(E)(Dosin wag)? ) <i) 
(d) Soe Tory) ae Sa 
. YGAGLo") LF 
(f) (eT )"”) <> 


O These all result from Theorem 4. In (a), (c) and (e) a is replaced by a?, 


ely oraait Pee | 
and M(x) = x1/?. Then: in (a) take wi” = "ae b= 2 ak os 
to q 


n _ k 1 
in (c) wl = ean ie = art n,k > 1; in (e) w\ ae by = 


n,k > 1, noticing ae and use (5). 


1 1 
k+1? fo ca ON tel): 
In (b), (d) and (f) take M(x) = log. Then: in (b) take wb as in (a); in (d) 
take w‘™), b as in (c); in (f) take w™, b as in (e). 


(f) Same as (e) but with M(x) = log, and the sequence just a. CJ 
(n!)l/n 
REMARK (i) Since e~! < aT I 2.2(a), Corollary 5(f) implies Carleman’s 


inequality, II 3.4 Corollary 16; see [PPT p.231]. 


(ny _ (go *B" 
REMARK (ii) Taking M(x) = x1/? or logz, w; ~ (a+ Br 


where a,3 > 0,a+ 6 > 1, then an inequality of Knopp, a generalization of 


,b, =1,7,k > 1, 


Carleman’s inequality, follows from Theorem 4; [Knopp 1930; Levin 1937}. 
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REMARK (iii) Another proof of (4) that leads to many other examples has been 
given; [Vasié & Peéarié 1982b]. 


4.3 A PROBLEM OF OPPENHEIM In this section we consider the following in- 
teresting question. If the quasi-arithmetic M-means of a and b are in a certain 
order when can it be deduced that their quasi-arithmetic N-means are in the same 
order? 

The question was first studied, and solved, by Oppenheim for the arithmetic and 
geometric means, in the case n = 3; [Oppenheim 1965,1968]. The extension to 
general n, and in particular the important condition (6) below is essentially due, 
to Godunova & Levin, [Godunova & Levin 1970], who however failed to apply 
their theorem, Theorem 6 below, to Oppenheim’s problem. Another answer to the 
general case is given in [Vasié 1972]; the discussion below follows that in [Bullen, 
Vasié & Stankovic]. 


THEOREM 6 Let a and 0 be increasing positive n-tuples, n > 3, such that for 


somem,1< m<n, 
aj<b, 1<i<n-—m; a, > bj, n-mt+2<i<n. (6) 


Let w be another positive n-tuple, and M : R, + R an increasing concave function 


with xM’'(x) also increasing. If 
An (a; w) < An (bw), (7) 


Wr—m 
and if0 <a <1——]-~ then 


™ 


An (M(a);w) — aM (An (a; w)) < An (Mb); w) —aM(An(b;w)). (8) 


If a = 0 we do not need to assume that xM'(x) is increasing. If M is strictly 
increasing, M’ strictly decreasing, and xM'(ax) strictly increasing, a condition 
that can be omitted if a = 0, then (8) is strict unless a = b. 

O IfO0<A<1 and cy, = (1 —A)ag +Adz, 1 < k& <n, then c, like a and 8, is an 
increasing positive n-tuple. 

Further define (A) = An (M(c); w) -aM (An (c; w)), when (8) is just (0) < ¢(1). 
This last inequality will follow if we can prove that $/ > 0. 


Now 


Wr¢' (A) = Soh - ay) M' (cr) a(n —ai))M wee) (9) 
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If a = 0 the right-hand side of (9) reduces to its first term and since M’ > 0 and, 
from (7), )\\_, wi(b; — az) > 0, we have that ¢’ > 0. So let us assume that a # 0. 
From the definition of c, 


nm Tr 
S| wici a 2 WiC; = Canin Wy ate Vaya 
C4 i=n—mMm+1 
Consider first the last term on the right-hand side of (9). Since M is concave M’ 
is decreasing, I 4.1 Theorem 4(b), and so, again using 7", wi(bj — a;) > 0: 


(do wi(b; — ai) M' (= » iuige;) < o( wi(b; — a;))M' (en—m4ill — “a )) 
<a (S wi (bj — a3)) M' (Cams) ge 
ve (1 > eS 


Tm 
= S> wi(bi — a;)M'(cn—m4i), by the monotonicity of M'(zx) (10) 
t=1 


Now we turn to the first term on the right-hand side of (9). 


do wilt — a;)M' (ce) = 3B wi(bj — aj) M'(cr) — es wi (az — b;)M'(cx) 


t=n—-—m+i1 


m—m iC 
= S- w; (bj — a3) M'(en—m4i) — ys wilag — bs) M'(Cn—m4) 
t=1 i=n—m+1 


= S w;(b; — ai) M"(Cn—m41), by the monotonicity of M’. (11) 


From (10) and (11) we see that ¢’ > 0. 0 


REMARK (i) It is easily seen that (~8) holds if M is convex and decreasing, with 
xM/'(x) decreasing; and if M is convex, increasing and xM’(x) is increasing and 
if (~7) holds so does (8). 


COROLLARY 7 Let n > 3,1<m<_n, let a,b be two increasing positive n-tuples 
that satisfy (6), and let w another positive n-tuple. If s © R and 


mls! (a; w) < mls! (b; w), (12) 
Hino ae et and s > 0, 
Wh 
Sn ( uy (Me Gi < Gn (b; w) (13) 
n\@;,W)\ oa, S Vn\9V,W); 
sts! (a; w) 


292 Chapter IV 
and ifQ0<t<-s, 
( (ant (a; w))* — a(ams! (a; w))")""" < (Gs (bw) — a(amlsl(b; ww)". (14) 


If (~ 12) is assumed and if s < 0 (~13) holds , or ifs <t <0 then (~14) holds. 
There is equality in (13), (14) if and only ifa = b. 


0 This is immediate from Theorem 6, and Remark (i), by taking M(z) vari- 


ously as x", log x, e”. L] 


REMARK (ii) The case n = 3,m = 2, uw, = wo = w3, 8 = l,a = 2/3 of (13) 
is due to Oppenheim. By consideration of a special case Oppenheim pointed out 
that if s = 0 the analogous inequality to (13) with 6,(a;w) replaced by 2,,(a; w) 


does not hold in general. The correct form is given, as we have seen, by (14). 


EXAMPLE (i) In general (8) does not hold ifa > 1—Wr_m/W,. Let n = 3, 
W1 = We = w3, 0 < ay < ag < az3,0 < by < be < bg Then (6) implies that 
ay < b1,b3 < a3 and a = 2/3. If s = 1 then (13) says that aj +a2+a3 < bj +b2+b3 
ayjaga3z [ 6; + b2 + bg 
bi b2b3 (2 + a2 + ag 
a—1, a3 = b3 = bp = a,a > 2, then 


a ee ce -2 
ee 1) + O(a7’). 


3a 
implies that A = ) < 1. However if aj = 6b; = l,ag = 


So if a > 2/3 and a is large enough we have that A > 1. This gives the counterex- 
ample that is due to Oppenheim. 


The weakest case of either Theorem 6, or Corollary 7, namely a = 0, gives an 


answer to the problem of Oppenheim stated at the beginning of this section. 


COROLLARY 8 Let M : Ri »& R be strictly increasing with M’ decreasing. 
Suppose further that a,b and w are positive n-tuples, n > 3, with a,b increasing 
and satisfying (6). Then 


An(a;w) < An(b;w) => Mya; w) < Mn (d; w). (15) 


If M' is strictly increasing there is equality on the right-hand side of (15) if and 
only if a = b. 
This corollary is clearly equivalent to the following: 


COROLLARY 9 With the notations and conditions of Corollary 8, and if N : Ry 1 


R is strictly increasing then 


Nn (a;w) < Mn(bw) > Mn(N(a);w) < Mn (N (0); w). (16) 
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REMARK (iii) Using Remark (i) we see that Corollary 9 holds if we assume instead 
that M is decreasing, and M’ increasing; if instead we assume that M and M’ 


are increasing then the inequality right-hand side of (15) is reversed. 


REMARK (iv) Bullen, Vasi¢ & Stankovié have given a more general condition than 
(6) for the validity of (15); but then (16) fails and so this more general result has 


fewer applications. 
COROLLARY 10 Let a,b and w be as in Corollary 8, and s,t € R. 
(a) Ift <s then: 
mm'sl(a;w) < m's!(b; w) => In (a; w) < oll (b; w); (17) 
(b) Ift > s then: 


olsl(b; w) < mlsl(a;w) => mlb; w) < ma; w). (18) 


There is equality on the right-hand sides of (17), and (18) if and only if a = b. 


0 Immediate from Corollary 8 and Remark (iii), using M(x) = x", logz or , 
er 


L 
REMARK (v) The casen = 3,s=1,t=0, ors=0,t=1, w, = we = wz of (17) 
and (18) are those originally discussed by Oppenheim in a very different manner. 


REMARK (vi) Since the larger a the stronger is inequality (8), Corollary 7 is more 


precise than Corollary 10. 


COROLLARY 11 Let a and b be positive n-tuples, not being rearrangements one 
of the other, but such that their increasing rearrangements satisfy (6), and w be 


another positive n-tuple. Further suppose that 
mina < minb < maxb < maxa, 


then there is a unique s € R such that 


<mlil(b;w) ift<s, 
mli(a;w), >omll(bw) ift>s, 
=mll(b;w) ift=s. 


LJ This is an immediate from Corollary 10 and the continuity of oy! (c; w) as 


a function of r. L] 
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REMARK (vii) A generalization of Theorem 6 can be found in [Vasié & Peéarié 
1982b}. 


4.4 Ky FAn’s INEQUALITY The following important inequality is due to Levin- 
son; [Bullen 1973b; Gavrea & Gurzau 1987; Gavrea & Ivan; Levinson 1964; Peéarié 
1989-1990]. 


THEOREM 12 [Levinson’s INgEquatity] Let J be an interval in RR and M:ItHR 
be 3-convex, w a positive n-tuple, n > 2, a and b n-tuples with elements in I and 
satisfying 

maxa < minb, ay + by = = Ga + bp. (19) 


Then 
An (M(a);w) — M(An(a;w)) < An (M(b); w) — M (An (b; w)). (20) 


If M is strictly 3-convex then equality occurs in (20) if and only if a, or b, is 
constant. 

Conversely if for a continuous M : I ++ R (20) holds, holds strictly, for all positive 
2-tuples w, and all non-constant 2-tuples a@ and 6b with elements in IJ satisfying 


(19), with n = 2, then M is 3-convex, strictly 3-convex. 


LO In proving (20) we can assume without loss in generality that a is increasing, 
when of course 6 is decreasing. 
The proof is by induction on n. So first let us consider the case n = 2. 
Note that if 7; € J,1 <i <5, a > 4j43,0 <2 < 2, the 3-convexity of M implies 
that 

[Zo0, £1, 22; M2 > (x3, 24,25; Mo, (21) 
and (21) is strict if M is strictly 3-convex; see I 4.7 Lemma 45 (b); 
Putting 29 = 61,21 = %o(b; w), x2 = be, x73 = A2,%4 = Ag(a;w), Xs = ay, and 
given (19), (21) reduces to the n = 2 case of (20), with strict inequality if (21) is 
strict. 


Now assume the result for alln, 2<n<m-—1. 


Am (M (a); w) — Am (M(b); w) 


= we (m—(M (a); w) — Ym—1(M(b); w) J + We (Mm) —~M(bm)) 
Wan 


< 
= W,, 


Wm 
(mM (Anal; w)) ci M (Qin —s (0; w))) a W.. (M (am) — M(bm)); 
by the induction hypothesis, 
< M(Qm (a; w)) — M (2m (b; w)), by the casen = 2. 
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The case where M is strictly 3-convex, and the case of equality are easily obtained 
from this proof. 

Now assume that n = 2 and that (20) holds when a; = 7,6; = 4+ 3h,a2q = bo = 
x + 3h/2, we = 2w, = 2. Then (20)reduces to 


6h? [2 + 3h,2+2h,x2+h,2; M]3 > 0. (22) 


The hypotheses imply that (22) holds, or holds strictly, for all  € J and h > 0, 


small enough; so M is 3-convex, strictly 3-convex; see I 4.7 Lemma 45(e). 0 


REMARK (i) If M is 3-concave (~20) holds, 

REMARK (ii) Inequality (20) is just the a = 1 case of inequality (8). 

REMARK (iii) Peéarié has shown that (19) can be replaced by a, — b) = ++: = 
An — b,; [Peéarié 1982]. 


COROLLARY 13 Let n> 2, and let a and 6 be positive n-tuples that satisfy (19), 
w another positive n-tuple. If s > 0 andt < s ort > 2s; ors = 0 and t > 0; or 
s<Oands>t> 2s then 

ift £0 


( (ant? (a; w))" — (ants! (a;w))*) < ( (antl (b; w))" — (gmt!s! (b; wv) (23) 
while if s > 0 


Gn (a; w) 
Gn (b; w) 


o's) (a; w) 
omlsl(b; w) 


Equality occurs in any of these inequalities if and only if a, or b, is constant. 


= (24) 


0 This follows from Theorem 12 and J 4.7 Examples (iv), (v). For (23): in 
(20) take M(x) = x", put r = s/t and replace a by a’. For (24): in (20) take 
M(x) = log x, and replace a by a’°. O 


REMARK (iv) Corollary 13 is analogous to 4.3 Corollary 7. 


A particular case of this last corollary is a famous inequality due to Ky Fan; |BB 
p.5; DI p.150]. Several independent proofs of this interesting result will be given. 
The following notation is standard in the discussion of the Ky Fan: if a and w are 


1 
positive n-tuples, n > 2, withO<a< 5? then we write 
27, (a;w) =An(1—ay,...,1-anjw), ©),(a;w) = 6,(1—a1,...,1—a@n;w), (25) 


with obvious extensions to other means. 
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THEOREM 14 [Ky Fan’s INEQquatity] If a and w are positive n-tuples, n > 2, with 
1 
O< a << 9 then 
Gr(a;w) — An(a; w) 


AW) — Ani o5 w) 26 
G,(a;w) ~ (a; w) 26) 

with equality if and only if a is constant. 

O (i) This is just a special case of (24); take s = 1 and ay +b) = ---=a@n+by, = 


im 

(i) Noting that f(x) = log ((1—2)/z) is strictly convex on ]0, $]; the result follows 
from (J); [Chong K K 1998]. 

(iii) A very simple proof of the equal weight case can be based on the Cauchy 
principle of mathematical induction, II 2.2.4 Theorem 7; [BB p.5], [Dubeau 1991b). 
Writing @ = %,(a), when 0 <a < 4, then (26), in the equal weight case, is just 


a 27 
< 
tine —~ |-@ ( ) 


i=1 
When n = 2, and putting p = a,a2, (26) reduces to p(1 — 2a) < a*(1 — 2a). This 
however is immediate by the n = 2 case of (GA), and the fact that 0 <@ < $. 
Now suppose that (27) holds for a particular value of n > 2 we first show that it 
holds for 2n. 
Let @, = Un (a1,.--,Gn),@2 = An(An4i,---, Gan), @ = An(a1,.--, Gan) then 


IA 


( = ) (; oe ); by the induction hypothesis, 


ae by the case n=2. 
La 


Now we show that if (27) holds for a value of n > 2 then it holds for n — 1. 
Let @ = A,_-1(@1,..-@n_1), then: 


a lie a4 1/n 2, (G, Q4,- . +) An-1) . ; - 
( — ) <> ————. , by the induction hypothesis, 
La La 1 — ,,(G,a,,-.-,An—1) 
_ a 
~1-@ 


This completes the induction, by II 2.2.4 Theorem 7. 

(iit) [Sandor 1990b] Inequality (26) is an easy deduction from Henrici’s inequality, 
2(4). In 2(4) putting a; = (1 — b;)/b;, 1 <i <n, gives (25) with a replaced by b. 
(iv) Another proof, due to Segre, can be found in VI 4.5 Example(v); [Segre]. UO 


Among the many generalizations of (26) the following are worth noting. 


Means and Their Inequalities 297 


then 


ho] ke 


‘THEOREM 15 Ifa and w are positive n-tuples, n > 2, withO<a< 


Hn(a;w) — Gn(a;w) 
H,(a;w) ~ 6; (a; w) 

Gn(a; w) — 6, (a; w) <An(a; w) — A! (a; w); 
1 1 1 1 1 1 


(@) Sala) ~ h(a) Gala) ~ Wa) An(a)’ 


with equality if and only if a is constant. 


REMARK (v) The first inequality is due to Wang & Wang, [Wang P F & Wang 
W L; Wang WL & Wang P F 1984], and as a result the combined inequality, 


Hn(a;w) — Gn(a;w) — An(a; w) 

Pl RE a Ee 

H,(a;w) ~ G,(a;w) ~ A,,(a; w) 
is called the Ky Fan-Wang- Wang inequality. 


REMARK (vi) The second inequality, an additive analogue of the Ky Fan inequal- 
ity, is due to Alzer; [Alzer 1988a,1990e,1997b; McGregor 1996; Mercer P]. 


REMARK (vii) The third inequality is due to Alzer, [Alzer 1990g]; it generalizes 


the equal weight case of an earlier result of Sandor, [Sandor 1991al: 


1 1 1 1 
a ee 
H,(a;w) Hn(a;w) ~ Ay(a;w) An(a;w) 
Alzer, |Alzer 1995a], has also proved 


1 1 1 1 


ue ee Sipe a ee ee 
H,(a;w) Hnlajsw)~ Gi (aw) Gn(a;w) 
Reference should be made to VI 2.1.2 Theorem 13. 


Extensions to all power means have also been obtained; [Wang Z & Chen; Wang, 
Li & Chen 1988]. 


THEOREM 16 Ifa is an n-tuple, n > 2, withO<a< — andr,s€R,r< _s, then 


ho] 


ol (a) Zz M9 (a) 


rene 


milla) ~ smil*!(a) 
Di, Bem. 
if and only if |r + s| <3, and > — ifr >0, and r2” < 82° ifs < 0. 
Ss 


In addition we have various extensions of Rado-Popoviciu type due to Wang C L; 
|Alzer 1990i; Kwon 1996; Wang C L 1980c,1984b}. 
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then 


OO 


THEOREM 17 Ifa and w are positive n-tuples, n > 2, withO<a< 


Wr-1(An—1(a; w)G),_, (a; w) Ai, (a; w)@n—1 (a; w)) 
< Wr (An (a; w) GF (a; w) — Ai (a; w)G@n(a; w)); 


(Ses) ) 7 (Soaca fete)" 
Gn—s(a; w)/G),_, (a; w) ~ \Gnla;w)/Gr(aiw)] 


Much research has been carried out on this inequality and many generalizations 
have been given by several authors. There is an important survey article by Alzer 
that contains interesting related results and a comprehensive bibliography, [Alzer 
1995a]. Converse inequalities have also been proved and Alzer has given various 
Ky Fan inequalities for the pseudo arithmetic and geometric means, see II 5.8; 
[Alzer 1990q]. 

For further information see all the above references and also the following: [Alzer 
1988b, 1989f,g,h,i, 1990f,h,j,k,m,1991e, 1993a, b,1996b,1999a,2001b; Alzer, Rusche- 
weyh & Salinas; Chan, Goldberg & Gonek; Chong K K 2000,2001; Dragomir 
1992b; Dragomir & Ionescu 1990; El-Neweihi & Proschan; Farwig & Zwick 1985; 
Gao P; Jiang; Ku, Ku & Zhang 1999; Lawrence & Segalman; McGregor 1993a,b; 
Mercer A 1996,1998, 2000; Neuman & Peéarié; PeGarié 1980b,1981c; Pecarié & 
Alzer; Peéarié & Raga 2000; Pecéarié & Zwick; Popoviciu 1961b; Vasié & Janicé; 
Wang C L 1988a; Wang C S; Wang W L 1999; Wang & Wu; Wang Z, Chen & Li; 
Yang & Wang ; Yang Y 1988; Zhang Z L; Zwick}. 


4.5 MEANS ON THE MOVE The results of III 6.1 have been extended to a certain 


class of quasi-arithmetic means; see [Boas & Brenner; Gigante 1995a]. 


THEOREM 18 If M:R4 +> R and a and w are positive n-tuples then 
lim (My (a + te; w) — t) = An(a; w) 
t—-oo 


provided M satisfies one of the two following sets of conditions. 


M'() jim (MAYO _ 9 


M(t) tt M=1(E) 


(a) Jim M(t) = Jim M~1(t) = 00; Jim 
_ Milt+s) 9 (MOY +8) 
MG ae Mae 
(b) jim M(t) = Jim M~*(t) =0;M has the other properties listed in (a), and 
_ (M"")'(E+ 8) 
ee M(t) 


where €,7 — 0, ast — oo. 


= 1, uniformly on compacts sets, ofs; 


=1, (M7)'(M@®0+ 6) = (+n) (Mt o M)(t), 
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REMARK (i) It is easily checked that if M(x) = x", r # 0, then M has these 
properties. 
Further extensions can be found in [Aczél, Losconzi & Pdles; Aczél & Péles; Bren- 


ner & Carlson]. 


THEOREM 19 Let M be a homogeneous function on positive n-tuples differentiable 
at e, and such that if a is constant, a = (a,...,a), say, then M(a) = a. If 
OM /Oaxz(e) = we, 1 << k <n, then W,, = 1 and 


Jim (M(a + te) — t) = An (a; w). (28) 
If M has continuous second order derivatives in the neighbourhood of e, 
M(a+ te) =t+ %n(a;w) + O(1/E), t > 00. (29) 


O By Euler’s theorem on homogeneous functions, see I 4.6 Remark (ii), 


O 
ee on (a) = M(a). Substituting a = e gives W,, = 1. In addition 


lim (M(a + te) — t) = Jim t(M(t~'a + ¢) —1) 


t—+0o 
= lim M(e+ - ~ M(e) 


= VM(e).a, which is (28). 
Finally if M if has continuous second order derivatives in the neighbourhood of e, 
M(a+ te) =tM(e+a/t), by homogeneity, 


* O 
=tM(e) + S- Ok = (e) + O(t~*), by Taylor’s theorem, 
k=1 


which is (29). O 


REMARK (ii) An interesting application of this result to define scales of means is 
in [Persson & Sjostrand], see III 6.1. 


5 Generalizations of the Holder and Minkowski Inequalities 
In section 2 we discussed the comparability of means and obtained the inequality 
2(6), a generalization of (r;s). It is natural to ask if the other inequalities between 
the power means, III 3.1.2(7) and III 3.1.3(8), that are derived from (H) and (M), 
have analogues for the more general means being considered here. 

First we give a simple generalization of [II 3.1.3 Theorem 7(b) and inequality II] 
3.1.3(9); [Aumann 1934; Jessen 1931al. 
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THEOREM 1 Let M and N be continuous strictly monotonic functions defined 


on the same interval, then for all appropriate aa) = (Girone St Sn, 
a) = (a,;,...,@mj), 1 <j <n, and non-negative n-tuples u and v, 
Mn (Mm (a); u); 7) < Mn (Mn (arzy}v); ¥) (1) 


if and only if the quasi-arithmetic H-mean, where H = .N o M7}, is a convex 


function on the set of sequences on which it is defined. 


LJ (1) is an easy consequence of the property of the function H stated in the 


theorem. ‘= 


REMARK (i) A simple condition that implies that the function H above satisfies 
the required condition is given in Theorem 7 below. 

We now consider a more general problem and to fix ideas suppose that we have 
three functions K : [ki,k2] + R, L: [@, 02) BH R, M : [m1,m2] % R. and the 
associated quasi-arithmetic means: R,(a;w), £,(b; w), and Mt, (c; w) where w is a 
positive n-tuple with W,, = 1. 


We are interested in obtaining inequalities of the type 


f (Rn(a; w), £n(b; w)) > Wn (F(a, 5); w) (2) 


or its reverse, where f : [k,, ke] x [€1, €2] + [m1, m2] is a continuous function. 
The most important examples of f are (i) f(z,y) = x+y, when inequality (2) 
is said to be additive, and (ii) f(x,y) = zy, when inequality (2) is said to be 
multiplicative. For instance the III 3.1.2(7) is multiplicative, while III 3.1.3(8) is 
additive. 

The extreme generality of (2) means that often different looking inequalities are in 
some sense equivalent and it is worthwhile clearing up this point before proceeding 
to the main theorem. 


(A) A new inequality can be obtained from (2) by changing f as follows. 


Let o : [m1,ma] + [91,32] be strictly monotonic and continuous and put g = 
oof, J =Moa', when (2) becomes 


g(Rn(a; w), Ln (b; w)) > In (g(a, b); w), (3) 
if we assume o to be increasing, or (~3) if we assume o to be decreasing. 
EXAMPLE (i) In particular taking o = M, we have that 7 = 1, and (3) becomes 

g(Rn(a; w), Ln(b; w)) > An (g(a, 6); w), 


where g = Mo ff. 
(B) Instead of changing f we could change a and 0 as follows. 
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Let « : [ky, ke] + [81, $2], A: [41,22]  [t1, te] be strictly monotonic and contin- 
uous, put a* = (a), b° = A(b), and let g: [s1, 89] x [t1, te] + [m1, m2] be defined 
by g(s,t) = f(«~*(s),A~*()) and finally put S = Kon ,T =Lo"", then (2) 
becomes 

9(Gn(a*; w), Tn (b*; w)) > Dtr(g(a*, b"; w), (4) 


or (~4). 
EXAMPLE (ii) In particular taking k = K, X = £L then S = T = 1 and (4) becomes 
g(An(a*; w), An(b*; w)) > Mtn (g(a*, b*); w), 


where g(s,t) = f(K~*(s),£7*(E)). 

DEFINITION 2 Inequalities derived from an inequality of type (2), or (~2), by 
a finite number of applications of the procedures (A), and, or (B) are said to be 
equivalent. 


REMARK (ii) This relation is an equivalence relation’. 


REMARK (iii) It is clear that both of the operations (A) and (B) take strict in- 
equalities into strict inequalities; so if the cases of equality are known for an 


equality then they can be determined for the equivalent inequality. 


EXAMPLE (iii) It is not difficult to see that every multiplicative inequality is equiv- 
alent to some additive inequality. Suppose that f(x, y) = xy and that the domains 
of both K and £ are Ry when (2) is just 


Rn (a; W)£n(b; w) > My (ab; w) 
Using (4) with « = A = log this becomes 
Gr(a*;w) + In(";w) > Un(a* + 8°; w) 


where a* = loga, b° = logb, S=Koexp, T = Loexp, U=M oexp. 


EXAMPLE (iv) Consider III 3.1.2(7) with q,r,s positive then, as in Example (iii), 


putting yj = e?, yo =e", y3 = e* we get the following equivalent inequality; 


Wy, n(a*; w) sn My, n(b°; w) 2 Ws n(a- 5 b*; w), (5) 


3 That is if we write (1)~(J) when the two inequalities (J),(J) are equivalent then: (i) (J)~(J), 
(i) (D)~(J)=(J)~(J), (iii) ()~(J) and (J)~(K)=(1)~(K); see [CE p.559; EM3 p.402]. 
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provided 1/ log, + 1/ log ye < 1/ log 73, 71, ye, 73 > 1; these means are defined in 
1.1 Example (i). The case (a) of equality for III 3.1.2 (7) shows that in the case 


of non-constant a*,b” there is equality in (5) if and only if 1/logy + 1/logy. = 
ba b* 
1/logy3, and yf = 5 - 


EXAMPLE (v) The reader can easily check that the additive inequality III 3.1.3(8) 


is equivalent to the multiplicative, 
CoD w;(log a;)" Yew) w; (log b;)") > (exp 3 w,(log ajbi)"),  r > 1. 
t=1 


THEOREM 3 A necessary and sufficient condition for (2), respectively (~2), is 
that the function 


H(s,t)=M(f(K~*(s),£-*())), 
be concave, respectively convex. 
O Use (A) as in Example (i) and then (B) as in Example (ii) to get the following 
inequality equivalent to (2), 
H (%n(a*; w), An (b*;w)) > An (H (a*, b*); w) 
which just says that H is concave. L] 


EXAMPLE (vi) Letf(z,y) = zy and M =1 then H(s,t) = K~*(s)L7‘(t). If A is 
concave then (2) gives the following generalization of III 3.1.2(7). 


An(ab;w) < Arla; w)Ln(b; w). (6) 


In particular if H(s,t) = s'/9t1/" then H is concave if q,r > 1 and q7! + r7! <1; 
if all these inequalities are reversed then H is convex. In either case we get III 
3.1.2(7) with s = 1. To get the general case take H(s,t) = s?/4t?/", using p here 
for the s used in HI 3.1.2(7). 


EXAMPLE (vii) If H(s,t) = (s!/? + t'/P)P? then H is concave if p > 1, see I 4.6 
Theorem 40 (d), (e), and (2) reduces to (M). 


lo lo 
EXAMPLE (viii) Finally taking H(s,t) = exp( 7 a log s + ae log t) then H 
1 
is concave provided 1/ logy + 1/logy2 < 1/logy3, see I 4.6 Theorem 40 (d), (e), 


and then (2) reduces to (5). 


It follows from the discussion of convex functions of two variables in I 4.6 that it 
is often convenient to assume the existence of continuous first and second order 


derivatives of functions being used, and not much generality is lost in so doing. 
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COROLLARY 4 If H is defined as in Theorem 3 and if Hy, < 0, or H3, < 0, and 
Hi, Hi, — Hi > 0 then there is equality in (2) if and only if a and 6 are constant. 


CO Immediate using I 4.6 Remark (iv) and I 4.6 (21). ; O 


REMARK (iv) If the inequalities in Corollary 4 are not strict other cases of equality 
are possible. More precision can be obtained but for details the reader is referred 
to [Beck 1969b]. 


EXAMPLE (ix) Consider the case considered in Example (vi) above, that is 
H(s,t) = s?/4t?/" then: 
Hig(s,t) = EE — rsh reir; Hih(s,t) = 2 — 1sr/aerl 2s Hib(s,t) = 
2 
P’sP/a-lyp/"-1 Hence 
qr ; 
(Hi, Hyp — HY2)(s,t) = (1 — p/q— p/n) sl Darl. 
Clearly if p/q >0,p/r > 0 and p/q+p/r < 1 then H is concave, by I 4.6 Remark 
(iv). If these inequalities are strict then by Corollary 4 there is equality if and 
only if a and 6 are constant. Suppose however that p/q+p/r = 1, as in (H) when 
= 1, then we have to consider the quadratic form h? Hi, + 2hkHy, + k*H4,, and 
2 2 
in this case this is just _P sp/appl? (h/s —k/t)*, which is zero if h/s = k/t; so 
qr qr 
then there is equality in (2) if a? ~ 0". 
CoroLLaRy 5 If f(x,y) = «+y, when H(s,t) = M(K71(s) + £7'(¢)), and 
if BE = K'/K",F = L'/L",G = M'/M" and if all of these first and second 


derivatives are positive then (2) holds if and only if 


G(at+y) 2 E(x) + Fly). (7) 
LJ In this case the conditions in I 4.6 Remark (iv) give 
1 1 1 1 il 1 1 1 
ae ee a a ee) a ee 
G(z+y)~ E(z)’ G(et+y)” FY)’ Gty) ae) Fay) E(x) F(y) 
which easily leads to the result. Lal 


REMARK (v) The functions K,£,M determine the functions F, FG respectively, 


and the converse is true. For instance 


4 07 U 1 
K(z) =e | exp( / Bw tt) CU aa: 


EXAMPLE (x) If # = F = G then (7) just says that & is super-additive, which 
is implied if E(x)/zx is increasing. For instance if E(x) = cx, c > 0 then K(x) = 
ai+1/c for which the additive form of (2) becomes III 3.1.3(8), taking c = 1/(r—1). 
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EXAMPLE (xi) If in the previous example we take # = tan then K = —cos and 
(2) leads to the inequality €,(a;w) + €n(bj;w) > En(at+ bw), if0 < a,b < 1/4; 
the means being defined in 1.1 Example(v). 
EXAMPLE (xii) Another simple possibility is to take functions EL, f’,G constant; 
E=¢,F =$¢,G=ysay, with y >e+¢. Then K(s) = 2°, L(s) = y®, M(s) = 2° 
where x = e!/€,y = e!/?, z = e/7, In this case (2) reduces to (5). 
Coro.iary 6 If f(x,y) = xy, when H(s,t) = M(K7'(s)L~1(t)), and if 

Kk’ ft! / 
aos, Baa, ow = “Se 
K'(@) + cK" (x) L'(x) + cl" (a) M' (x) + 2M" (x) 
and if K', L', M’, A, B,C are all positive then (2) holds if and only if 


A(z) = 


C(ay) = A(x) + Bly). 
a The proof is similar to that of Corollary 5; see [Beck 1970]. LJ 


REMARK (vi) As in Remark (v), a knowledge of the functions A, B,C’ determines 


the functions K,£,M respectively, for instance 


Kia) =e | exr( [aay at) au 


EXAMPLE (xiii) If the functions A,B,C constants, A = a,B = £,C = 4, say, 
with y > a+ @ then the multiplicative form of (2) becomes III 3.1.2(7), with 
p=1/a,q=1/8,r = 1/4. 

A different application of Theorem 3 is to determine conditions under which 


WM, (a; w) is convex as a function of a. 


THEOREM 7 If M has a continuous second order derivative and if M' > 0,M"” > 


0, then IN,,(a;w) is convex as a function of a if and only if M'/M" is concave. 


= By continuity 3t,,(a;w) is convex if and only if and only if for all a, 6, 


(224) aE (8) 
see I 4.5.1, 1 4.6. By Theorem 3 with K = £ = M and f(z,y) = («+ y)/2 this 
holds if and only if H(s,t) = M($M7"(s) + 3M7‘(#)) is concave. 

An application of I 4.6 (21), shows that this is so if and only if 


1;M'(xz)  M'(y) 
Se Wee 
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REMARK (vii) The main results above are due to Beck although less successful 
attempts to obtain such results had been made earlier by Cooper; see [Beck 1970, 
1975,1977; Cooper 1927b, 1928]. 


REMARK (viii) Inequality (8) is another generalization of (M), and Theorem 7 


has been used by various authors to obtain other general inequalities. 


EXAMPLE (xiv) If Qj), Wy) are defined using the notation in Theorem 1, each We) 


a positive n-tuple with )0%_) wij = 1, 1 <i <™m, then the function 


S(xz)=M es Uj Wy (za/;) W)))s 
i= 


where wu is a positive m-tuple and M satisfies the hypotheses of Theorem 7, is 
convex and m 
S(x) > M(S~ UgA;, (a(;); Wey))- 
i=1 
This generalizes the result of Eliezer & Daykin mentioned in III 2.5.4 Remark (i); 
see [Godunova & Cebaevskaya; Godunova & Levin 1968). 


Inequality (6) generalizes (H) and this particular case of (6) is derived from two 
inverse functions in either of the two following ways. 
Let a > 0, and put k(x) = 2%, &(7) = k~+(x) = w'/% and then define K,L by 
either 

GO Ke) che) Le)H2l@),. or i) Ka kaya fee. 
In looking for more straight forward conditions for the validity of (6) than the 
concavity of K~+(s)£~+(t) one might wonder if any other pairs of inverse functions 


k, £ could be used as above. That this is not the case follows from the next theorem. 


THEOREM 8 Let k : Ry ++ Ry, be strictly increasing, with continuous second 
derivativé, and k(0) = 0; let £= k~* and define K and L by 


either (a) K(x) = xk(x), L(x) = xé(z). or (b) K(x) = [ace = fe 


If (6) holds for all a,b then k is a power function and the inequality (6) is just (H). 


O By Theorem 3 K~1(s)£~1(t) is concave so from I 4.6 Remark (iv) we have, 
(71) <0, (£-1)” <0 and for all x, y > 0, 


((K>Y'@ENW) <KI@LWMKK)"@ETN'®) — @ 
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Assume now that (a) holds. Then : K(K7~"(x)) =K7'(x)k(K7'(a)), from which 


k(K-+(2)) = a Hence K-1(a) = (gay): org = (gag) and so 
(aye * (a) = 2: (10) 
Differentiating (10) twice gives 
(OL A (LY BRE) 20 (11) 


Applying (9) with x = y we get from (11) that 
[Gry Ls a eae ea aa = Qn yey) < HY ia) Caen Orman as © Sen id 
or ((K7')"£-1 — Key")? <0. Hence 


(KE re ieee 0) B maaea = (Kea), (cima ie ean us (ee ey = 0, 


—l\r-1; . : : a(K~*)'(@ : 
or (K~*)'£~* is constant. This by (10) implies that ay is constant or 
k—? is a power, from which the theorem follows. 
k(a)e 
If instead we assume that (b) holds then (9) becomes Swi < 1, where 
x = K(a),y = L(B). Since @ is the inverse of k this can be written, putting 
k(a) k(y) 

= ———— < ; 
se ark!(ar) ~ yk'(y) 
Since a,¥y are arbitrary this implies that aa is constant and so k is a power.L] 

xk! (x 


REMARK (ix) The part (a) of this result is due to Cooper; see [HIP pp.82-83], 
[Cooper 1928]. 


Some results have been obtained for the generalized weighted sums defined in 2(8) 


THEOREM 9 If M: R, +> R, is convex, strictly monotonic, with M(0) = 0 and 


log oM o exp convex then 
Sm (a+ b;w) < Su (a;w) + Sm (b; w). 


This result, due to Milovanovié & Milovanovié, generalizes an equal weight case 
of Mulholland; [AI p.57], |Milovanovié & Milovanovié 1979; Mulholland]; see also 
[Pales 1999]. 
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THEOREM 10 If M has continuous second derivative, is strictly monotonic and 


convex and if M/M" is convex then S,4(a;w) is convex as a function of a. 


This result is due to Vasic & Pecari¢c, and generalizes a result of Hardy, Littlewood 
& Polya; [HEP pp.85-88], | Vasié & Peéarié 1980a]. 


6 Converse Inequalities 
In this section the converse inequalities of III 4 are extended to quasi-arithmetic 
means. Several authors have results of this kind, see for instance [Izumi], but the 


discussion below gives the very general results of Beck, [Beck 1969b]. 


THEOREM 1 Let M and N be strictly monotonic functions defined on [m, M], 
a sub-interval of R, N increasing, N strictly convex with respect to M. Further 
suppose that f : [m, M]|x|m, M] + R is continuous, strictly increasing in the first 
variable, strictly decreasing in the second, and with f(z,xz) = C,m<a2< M. 


Then for all appropriate n-tuples a and all non-negative n-tuples w with W,, = 1, 
f (Mn (a; w), Mr(a;w)) > C, (1) 


there is equality if and only if a is essentially constant. In addition there is at least 
one A,0<A< 1, such that 


f(Mn(a; w), Mn (a; w)) < f(Ne(m, M;A,1—A),Me(m,M;A,1—A)). (2) 


If X is unique there is equality in (2) if and only if there is an index set I such that 
Wr=A,a,=M,iel,a=m,i¢€ I. 


ai Inequality (1) is an immediate consequence of 2 Theorem 5 and the prop- 
erties of f. 
Since m <a < M by 1.1 Lemma 2(c) there is a A, O < A < 1, such that a; = 


MNo(m, M;r;,1 —A3), 1 <i <n. So by simple calculations 
Nn (a; w) = We(m,M;A,1-A) where A= A,(A;w). (3) 


If c; = Mo(m, M;r;,1— Aj), 1 <i <n, then Mt, (c; w) = Me(m, M;A,1— A). 
By 2 Theorem 5, c < a, and so by 1.1 Lemma 2(a) Dt, (c; w) < M,(a; w); that is 


Using (3), (4) and the properties of f we get inequality (2), for some A, 0< A < 1. 
Now call the right-hand side of (2) #(A), 0 < A < 1; then this function is continuous 
and by the first part ¢ > C, further ¢(0) = ¢(1) = C; so for some A, O< A< 1, o 
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takes its maximum value and this gives (2) for some A, 0 < A < 1, and completes 
the proof except for the cases of equality. 

For equality in (2) we need equality in (4), which requires that c = a, or that 
Meo (m, M; Ay, 1—Ai) = We(m, M; Az, 1-Ai), 1 <i <n. Since m # M the hypoth- 
esis of strict convexity of NV with respect to M then implies that A; = 0, orl, 1< 
4 <n. This gives the cases of equality. L 


REMARK (i) Note the essential use of non-negative, as opposed to positive weights. 
EXAMPLE (i) The basic examples of f are x — y and z/y, when C = 0,1 respec- 
tively. 

BxaMPLe (ii) Taking f(z,y) = 2/y, N(w) = 2°, s #0, = loge, s = 0, M(a) = 
x’,r #0, = logz,r=0,r < s, then the second part of Theorem 1 reduces to III 
4.1 Theorem 3; while if we take f(x,y) = x — y it reduces to III 4.2 Theorem 10. 


In III 4.1 Remark (ii) an extension due to Beckenbach was mentioned. We show 
that such an extension exists in the present general situation and state the Beck- 
enbach result as a corollary; [Beckenbach 1964]. For this extension we use the 


following notation: If 0 < s < n let 


a= (isis . Ga) (Wig stes Oa Cipsery hae) = (O50); 
i (Wis stcs Wr) oe (GH peas Ue Visven snes) = (uu). 
THEOREM 2 Let M,N and f be as in Theorem 1, 6 an s-tuple, m <a < M, 


i (u: v) a non-negative n-tuple with W,, = 1, and puto =1—U, = V,_;. Then 
for all appropriate c: (a) there is ay, m < y < M, such that 


f(Mn(a;w), Mn(a;w)) > f(Ms4. (by; u, 7), Wts41(b, ys u, 7)); (5) 


if y is unique then there is equality in (5) if and only if for all c; with u; > 0 we 
have that c; = y; 
(b) there is a 4,0 <A <o such that 


f (Mtn (a; w), Mn (a; w)) (6) 
< f sab m,M;u, A, dees r), Wts+2(d, mM, M;1u, A, Ls r)); 


if X is unique there is equality in (6) if there is an index set I such that W; = > 
anda; = M,ice€l,a,;=m,i¢ I. 


0 (a) Put ol, (64/0, 324 ipo); then Wl, aw) — Ibe 
No41(b, vj u, oc), a trivial identity. 
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If z= Mn—s(C Ws41/0,---,Wn/o) then trivially, Dt, (a; w) = Wts41 (8, 2; u, 0). 
From the hypotheses and 2 Theorem 5 z < z, and so by 1 Lemma 2(b) 
Mn (a; w) = Ms41(8, 25 u, 7) < Ms41 (0, ZF u, 7). (7) 
Hence using the above identity , (7) and the hypotheses 
FOGG w), Mn (a; w)) = Ff (Ns41(, ZL, U, a), Mt 44(b, Z;U, c)) ? 
and taking as y the values of x for which the right-hand side of this last inequality 
is a maximum, (5) follows. 


The cases of equality are immediate. 


(b) The proof is similar to the corresponding proof of Theorem 1. CO 
REMARK (ii) Theorem 1, in particular (2), shows that in general the right-hand 
side of (5) is an improvement on the obvious lower bound C. 

COROLLARY 3 Let w be a positive n-tuple, b a positive m-tuple, 1 << m <n; then 
for all positive (n — m)-tuples c = (Cm4i,---,Cn), and any r,s, -co<r<s<o, 


[s] [s] 
Wt, (, GC) w) > Me (b, Qa, w) (8) 
ml(b,c;w) ~ stl"! (b, a; w) 


where, except when r = —s = —oo, a@ is constant with each term equal to a, 
min ), ifr =—o<s<o, 
ites 
a= (eee “ id if—-co<r<s<o, 
ss wd; 
max b, if—o0o<r<s=@; 
ifr = —s = —oo then a is arbitrary, subject to minb < @ < maxb. There 


is equality on (9) if and only ifc,; = a,m+1< 1% <n, except in the case 


r = —s = —oo, when there is equality if and only if minb < c < max6. 


LJ Except in the cases that involve r = —oo, and, or s = oo, this is an im- 
mediate consequence of Theorem 2(a) with f(z, y) = x/y, and M,N appropriate 
power or logarithmic functions. 


Consider as typical of the cases when one of r,s is infinite, the case r finite and 
max{b, c} 


smt!"! (b, ¢; w) 
show that if c; < max{b,c} then $; < 0, while if c; = max{b,c} then ¢; > 0. So 


(8) holds in this case with equality as stated. 
If r = —s = —oo consider instead the function ¢(c) = max{b, c}/ min{b,c}. From 
the definition of a@ in this case min{b, a} = min{b, max{b, a}} = max b. Since in 


any case min{b,c} < minb and max{b,c} > maxb, the result holds in this case 


not zero, s = oo. Look at the function ¢(c) = . Simple computations 


with equality as stated. CU 
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COROLLARY 4 Let 0 < my, < mo, w be a positive n-tuple with W, = 1, ba 
positive m-tuple, 0 <m<n. Then for any positive n — m-tuple c,m, <c<mzg, 


and any T,s, —coO <r <s < oo, we have 


ms}, c; w) Z o's), | (b, m1,™M2;U,7 — a, a) (9) 
mil(b,c;w) ~ om), (b, m1,ma;u,0 —a,a) 
where v = (Wi,.--,;Wm), 7 =1—Wym, anda=0 ifO<0,a=0 if0 <6 <a, and 


a =o if@> 0, where: (i) ifr,s are finite and rs ~ 0 then, 


1 (2S, wibf tomt) — s(dojn1 wid? + mi) 
Sa ] 


10 
Ss — mr —m" M5 —m§ ( ) 


(ii) ifr,s are finite and r = 0, or s = 0, @ is given by the appropriate limit of (10); 
(iii) if r is finite, and s = co, 0 = 0; (iv) ifr = —oo and s is finite, 9 = a; (v) if 
r= —s = 00, 0= 0/2. Equality holds in (9) for finite r,s if and only if there is 
an index set I with Wy = 0,q =™m2,i€1,q=m,i¢i. Ifr =—o, and s is 
finite, [r finite and s = oo], there is equality if and only if the previous condition 
holds and minb = m4, [max b = mg]. If r = —s = oo there is equality if and only 


if min{b, c} = m, and max{b, c} = me. 


CJ If r and s are finite this is a consequence of Theorem 2; the other cases can 


be checked by inspection. O 


7 Generalizations of the Quasi-arithmetic Means 

As general as the definition of a quasi-arithmetic is, even more general means have 
been defined and we consider some of these generalizations in this section. In 
the end the extreme generality leads to topics in functional inequalities which are 


beyond the scope of this book; see [Aczél]. 

7.1 A MEAN OF BAJRAKTAREVIC Let J be aclosed interval in R,a; @[,1<i< 
n, Ww = (W4,...,Wp,) an n-tuple of weight functions, where w; : I + Rp) 0 Sn, 
and M: J++ R is strictly monotonic; then define 


My (a; w) = M~* (Se), (1) 


as with 1(2) the function M is said to generate, to be a generator of or to be a 


generating function of this mean, the Bajraktarevic mean. 


EXAMPLE (i) If each w; is constant, w; say, 1 <%i <n, then (1) reduces to the 


quasi-arithmetic M-mean, 1(2). 
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EXAMPLE (ii) Ifw; = ww, ws € R4,w: T+ RY, 1 <i<n, then (1) becomes 


EXAMPLE (iii) A special case of (2) is the Gini mean, 67°7(a; w) of III 5.2.1, that 
is obtained by taking w(x) = x7, and M(x) = x?~4, or log, according as p > q, 
or p= q. 

These general means were first defined in |Bajraktarevié 1958,1963,1969; Dardczy 
1964] where 2 Theorem 5 is extended to cover these generalizations. 

The next theorem due to Losonczi extends 5 Theorem 3; see [Bullen 1973a; Loson- 
czi 1971b}. 


THEOREM 1 Let Rn(a;«), £r(a; A) and Mt, (a;v) be three means as defined in (1), 
with common interval I and the generating functions K, £,M _ being differentiable 
and strictly monotonic, in particular M strictly increasing; and let, f : I? > I be 
differentiable. Then 


f (Rn(a; 4), £n(b; A)) > Mn (F(a,8);v), (3) 


if and only if for all u,v,s,t € I, andi, 1 <i<n, 


(stage te (mete) ; 


< (EE) (2) a+ (EMG) (MO) on 


If the sign in (3) is reversed or replaced by equality the same is true of (4). 


Ea (a) We first prove the necessity of (4). Giveni, 1 <<i<n, puta; =u, bj =v 
and a, = s, bh =t, k #17; then (3) becomes 


(4% 0 f(u,v)) (Mo f(u,v) -M © f (Sn; £n)) ) (5) 


< (Mo f (Sn; £n) —M 0 f(s,t)) S- VyiO-F (Sit), 


Ki kset 
where ,,, £, denote respectively R,(a;«), £n(b; A) with the above choice of a,b . 
Using the differentiability of MM and f we have that 


Mo f(Rni£n) - Mo f(s, t) (6) 
=(M'o f(s,t) +1) ((Fi(s,) + €2) (Rn — 8) + (f4(s,4) + €3) (Ln — 8), 
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where €1, €2, €3 tend to zero as (R,, £,) tends to (s,t). 
If the definitions of A; and 1; are extended by putting A; = An, 4% = Un, i > n, then 
it is not difficult to show that lim,_,.. Ryn = s,limyn_..,. Ln = t; hence lim,_.,, E44 = 


limn— soo €2 = liMn_+o0 €3 = 0. In fact: 


? 


(ey = Ki) Kj(u)Up o f(s,t) 


dim (fa — 8) Dvn F(s,t) = | “Fa Kn(8) 


k=1,k4i 
“ L(u) — L(t) \ As(u)in © f(s, t) 
=1,kz 
Using these values in (5) and (6) leads to (4). 
(b) Now we consider the sufficiency of (4). Put u = a,v = 5,1 <i <n, 
s= R,(a;#6), t= Ln(a;) in (4) and add the n inequalities obtained. This leads 
to 


M! 0 f (Rn (a; &), &n (a; A) _ 


which gives (3). 
(c) Obviously the inequality sign in one of (3) or (4) can be reversed, or replaced 


by equality, if it is so replaced in the other. O 


REMARK (i) Let E; = {(u,v,s,t); (4) holds with equality} then, from the above 
proof, there is equality in (3) if and only if (a;, bj, Rn (a; &), £n(b;A)) € Hi, 1 <iK< 


n. 
REMARK (ii) ‘Theorem 1 can be extended quite easily to the case of an f : I™ 1 I. 


EXAMPLE (iv) If«, A, v are equal and constant, see Example (i) above, (4) reduces 


to 
Mo f(u,v) —Mo f(s, t) K(u) — K(s)\ ,, : L(u) — L(t)\ ,, ; 
M! o f(s, t) = ( K'(s) nc at ( Li(t) ) A ,t). 


If we now assume that K,£,M,f all have continuous second derivatives this last 
inequality can be seen to be equivalent to H{/,h?+2H1,hk+H4,k? < 0, for all h, k; 
where #H is the function defined in 5 Theorem 3. This just says that this quadratic 


form is positive semi-definite, equivalently H is concave; see I 4.6 Theorem 40(g). 


Theorem 1 can be used to obtain a condition under which these means are com- 


parable. 
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COROLLARY 2 Let R,(a;«) and WM,(a;«) be two means as defined in (1), with 
common interval I and the generating functions K,M_ being differentiable and 


strictly monotonic, in particular M strictly increasing, then for all a € I” 
Mn(a;v) < Rn(a; K) 
if for all u,s € J, 


M(u) — M(s)\ 4%; (u) K(u) — K(s)\ «;(u) 
( eae Sn) aS < ( Bag 1S iS 


In particular: (a) if v = & then the means Mt,,(a;v), R,(a;v) are comparable if K 


is increasing, respectively decreasing, and M is convex, respectively concave, with 
respect to K; (b) if M=K and y4,=--- =m, =V, ki =*+:: = Kn = K then the 


means MW,,(a;v), My(a;«) are comparable if k/v is monotonic. 


L] The main statement is an immediate deduction from Theorem 1; just take 
f(x,y) =, and (b) is immediate. 

As for (a) this follows from the fact if K is increasing and M is convex with respect 
to K then (M(u) — M(s))/M’(s) < (K(u) — K(s)) /K'(s); see 14.1 Lemma 2 and 
I 4.5.3 Definition 33(c). Ee 


REMARK (iii) The argument in Corollary 2 can easily be extended to show that 
for any F: ITH I, M, (F(a); v) < F (Rn (a; k)) if and only if 


Mo F(u) —- Mo F(s)\ 4 (wu) K(u) — K(s)\ Ki (u) 
( M! o F(s) Vy (s) = orca. Kin(s) 


COROLLARY 3 Let R,(a;«) and M,,(a;«) be two means as defined in (1), with 


F’(s), l<i<n. 


common interval I and differentiable strictly increasing generating functions, then 
Mn (a;v) = Rn(a;«) for all a € I” if and only if K = (aM + B)/(yM +6) and 
Ky = E4(yM+6), 1 <i <n, where the constants a, 3, y,6€ satisfy the conditions: 
(i) e(y* + 6*) (ay — 86) #0, and (ii) if y 4 0 then —6/y is not a value of M and 


a/y is not a value of K. 


LJ Using Corollary 2 and the cases of equality in Theorem 1, with f(z, y) = a, 
the above equality holds if and only if 


M(u) — M(s)\ 4i(u) — (K(u) — K(s)\ «i (u) ; 

( M's) eae = Ks) ey eee (7) 
Fixing s = sg € I and putting m(u) = (M(u) — M(s0)) /M'(s0), and k(u) = 
(K(u) — K(so)) /K'(so) it is easily seen that if u,s € I \ {so} then 


(ey dimes) (ee) ad 
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Now fixing s = s; # 8 we get that K(u) = (aM(u) + B)/(yM(u) +6), u F 80; 
where the constants a, 3,y,6 are determined from the values of M,M’,K,K’ at 
So, 81. The formula holds at so as well, by continuity. 

Further since K is not constant a? + 6? > 0 and ad — By #4 0. If y # 0 then 
K(u) — a/y = (ad — By) /(7?M(u) — 67), which implies the last condition in the 
statement of the theorem. 

Substituting for K in (7) gives 


Ki(u) 1 Kin (wu) . 
Goperiors: 7 Groteriness P<icsnuFt; 


this shows that the left-hand side is a constant, both as a function of i and as a 


function of u. This completes this part of the proof. 


The converse is easily verified. C] 
COROLLARY 4 With the notations and assumptions of Theorem 1 we have, for 
alla,b,€ 1" witha+b eI", that Rn(a;«) + £n(b; A) < Mtyr(a+t b;v) if and only 
if for all u,v,s,t € I, 


=I Gaara 9 a aes LO, 


i This is immediate on taking f(z, y) = x+y in Theorem 1. O 


REMARK (iv) It might be noted that inequality (8) is unchanged if f &,A,v are 
replaced by &,A,”, where for some suitable n-tuple w, & = (wW1K1,.-.,Wnkn), A = 
(wiA1,---;WnAn), Y= (wiM,-.-,;Wnln)- 

A particular case of Corollary 4 gives, using Example (iii), the following property 


of Gini means. 
COROLLARY 5 If either p > q and max{1+q-—p} <q< 1, orp < q and 
max{q—p,1}<q<1+4q-—p then 

Gr (a+ byw) < Gh (a; w) + G77(b; w); (9) 
if either p > q and q—p< min{l+q-—p,0}, orp<qand0<q< min{q-p,1} 
then (~9) holds. 


L] First let K = £ = M and for some suitable n-tuple w, and function w, 
K = 


A =v = ww. see Example (ii). Then (8) becomes 


G(u+vu,s+t) < G(u,s)+ G(v,t) (10) 
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where G(2, 4) = ((M(2) — M(y))/M'(y)) (w(@)/w(y)). | 
In the case of Gini means we further have that M(x) = x?~4, or logz, w(x) = «4, 


and so G(z,y) = yg(ax/y) where 
i 
gli)= 4 P| 
t? log t, ip Sq: 


(2 ~ t), if p > q, 


It is easily checked that the convexity of g would imply (10), and that g’(t) > 0 if 
t > 0 and p,q satisfy either of the first set of conditions. 

The second set of conditions imply that g is concave and which in turn implies 
(~10). This completes the proof. O 


If we assume that J = R and that M”,v” exist then (10) can be solved in a manner 


that is essentially unique. 


COROLLARY 6 If M is a strictly increasing twice differentiable function on R 


and if w is a positive differentiable function on R then 
Mn(a+ b; ww) < My (a; ww) + Wy (b; ww) eae 


for all real n-tuples a,b if and only if w is constant and M(t) = a+ ft, for some 
a,3 ER, B > 0; that is to say if and only if M,(a; ww) = An(a; w). 


O As in Corollary 5, (11) holds if and only if (10) holds for all u,v,s,¢ € R. If 
u > 0 and s = 0, (10) can be written as ses esc) < Say Rested 
Letting u tend to zero we get that G{(v,t) < Gt (0, 0). A similar ieeiment with 
u <0 leads to the opposite inequality and so G{(u, v) = G',(0,0) =a, say. 

In the same way we can show that G5(u,v) = G4(0,0) = £, say. 

Hence, G(u, v) = au+t Bu, with a+ 6 =0, since G(u, u) = 0. 


That is to say, 


(SS) 2S = ate) (12) 
Putting y = 0 in (12) gives 
M(x) = M(0) + aw(0).M'(0) (13) 
On substituting this in (12) we get that 
suv) — w(t) ogy 


w(y) — yu! (y) 
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Again putting y = 0, we get that a = 1; than putting y = 1, w(x) = Ax+ B. 
Since w > 0 we have then that A=0,B> 0. 

Hence from (13) M(x) = M(0) + M’(0)z = a+ Gaz, B > 0, and the proof is 
completed by using 1.2 Theorem 5. LJ 


REMARK (v) Although the main result in this section is due to Losonczi many re- 
sults involving particular means of this type had been obtained earlier by other au- 
thors; see |Aczél & Daroczy; Bajraktarevié 1951; Danskin; Daréczy 1971; Daréczy 
& Losonczi; Losonczi 1970,1971b; Péles 1987] as well as references in III 4.1, 4.2. 


7.2 FURTHER RESULTS 


7.2.1 DEVIATION MEANS’ Even more general means have been studied by various 
authors; see [Dardczy 1972; Daréczy & Péles 1982; Losonczi 1973,1981; Péles 
1982,1984,1988a,b; Smoliak]. We give some results concerning the deviation 
means introduced by Losonczi; the symmetric means of Daréczy can be obtained 
as special cases. Let J be a real interval and denote by D(J) the set of functions 
D:I* HR, satisfying: 

(i) for all  € I, D(az,-) : IT R is continuous and strictly increasing, 

(ii) Divx) =0, 2 ET; 

such functions are called deviation functions. 

Let D = (D;,..., Dyn) where D; € D(I), 1 <i <n, and let a; € J,1 <i<n, then 
K :yH 3%, Di(ai, y) is strictly increasing and K(mina) < 0 < K(maxa). So 


the equation 
nm 
»» Dai, y) = 0, 
== 1 


has a unique solution y such that mina < y < maxa, called the a deviation mean, 


or more precisely a D-mean of a, written D,(a;D). 


EXAMPLE (i) If Dj = D, 1 <i<n, we obtain the symmetric mean of Daréczy; 
[Daréczy 1972]. 


EXAMPLE (ii) If Dj(x,y) = wi(x)(M(y) — M(a)), 1 <i <n, where M is contin- 
uous and strictly increasing, we get the mean of Bajraktarevié, 9Jt,,(a;w), defined 
im Cl). 

Let D = (Dj,...) be a sequence of functions in D(J), and D,, = (D1i,...,Dm);, 
m > 1; then D is called a reproducing sequence when for all a € I*, k > 1, and 
t € I, we have that: limm_.o m(Dk4m Si es Bane — t) D1) Sue Dj;(a;, t), 
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m elements 
(k+m) _ — , sich ; 
where a = (a1,...ax,t,t,...,t) and D is a non-positive function that de- 
pends on D. The set of all reproducing sequences will be written R(J), and we 
will write D* (x,y) = D(y)D;(z, y). | 


The following result, due to Losonczi, generalizes results in 7.1. 


THEOREM 7 Let I,J, and Ig be intervals in R, f : 1, x Ig + I a differentiable 
function, C € R(I), DE R(), E € RU2); then for alla € I? bE IZ, n> 1, 


Daly (a,b C.) 7 (On GD), 0, OE, (14) 
if and only if for all u,s € I,, and v,t € I. 
Di (f (u,v), f(s, t)) < Dé(u, s) fi (s, t) + Dg (v, t) fa(s, t), & > 1. (15) 


If condition (15) is satisfied and if Ay, k > 1, is the set of (u, v, s,t) for which there 
is equality in (15) then there is equality in (14) if and only if for alk, 1<k<n, 
(ax, bk, Dn (a; Dy), Dn(b; Z,)) € Ar. 


“) A“n 


REMARK (i) The properties of “means on the move”, see 4.5, have been investi- 
gated for deviation means; [Pdles 1991]. 

Deviation means have been even further generalized to quasi-deviation means 
based on the concept of a quasi-deviation function, that is a function E : [714 R 
satisfying: 

(i) for all (x,t) € I’, sign E(z,t) = sign(« — ¢); 

(ii) for alla EI, E(a,-) : [++ R is continuous; 

(iii) for alla,yelI,a<y, tr E(a,t)/Ely,t), «<t<y, is strictly increasing. 


If now a € J” there is a unique solution of the equation 


57 B(an2) a 0, 


11 


called the quasi-deviation mean of a generated by &. Such means have been the 
object of much study; see [Pdles 1982, 1983b, 1988a, b]. 


7.2.2 ESSENTIAL INEQUALITIES In an interesting paper Pdles, |Pales 1990b], in- 
troduced the following concepts. Given k, k > 2, continuous, strictly increasing 
functions M® : J = [m,M] % R,1 <2 < k, with associated equal weighted 
quasi-arithmetic means ope' y 1<i<k,neEN*, let 


or(ae,..., 900) = {us w= (MP (a),..., MM (a)),a€ Ir, nENe}; 
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This set is called the space of means associated with the functions M®,1<i<k. 
Its importance is that if for some continuous F' : J* + R an inequality that involves 
all these means, say F(sm®) (a), oT am") (a)) >0,a€/1",n € N*, holds if and 
only if 

F(u) > 0, ue or(M,?,..., My”); 


that is the only such inequalities are those that give a description of the space 
CO] (a), Ae ome) ) Inequalities of this type are called essential inequalities for 
these means. 

The basic theorem proved by Pales is the following; as the proof uses the Hahn- 


Banach-Minkowski separation theorem it will be omitted. 


THEOREM 8 With the above notation and putting M = ag+ os a;M™ then 
u €or(m,..., 9") if and only if for any choice of a; ER, 0 <i<k, 


k 
M > 0= a0 + S > aM (us) > 0. 


i=1 


In the case of the power means the following can be obtained by using ‘Theorem 
8. 


THEOREM 9 (a) Ift<s<randt<0<r then 
oR* (sort! oyets!, opt!) == {(u, v, w); O<u<v< w)}. 
(b) IfO<t<s<r then 
OR* (srelél, gots! sel!) = { (u,v, w); C29. 9 Oe Hye DE). = w) }. 
(c) Ifr <s and I= |m, M] then 


or (ott! onl!) = {(u,v); m<u<u<M, andv < mt (m, M;A,(z))}, 


nm? 1) 


where ur 2 
asemeies ifr £0, 
Ar (x) anes a 
7 log M—logx 
ja) 
log M — logm 
(a) The inclusion 
OR* (smelt! ome! alr!) C {(u,v,w);0<u<vu<w)} 


Means and Their Inequalities 319 


is immediate from (r;s). Now assume that rst £0. If0 <u<u<w, then by 


Theorem 8 we must show that 
art + Bri +yx2"+5>0,2>0 => au’ + Bye t+yw" +6>0. (16) 


Divide the left-hand inequality in (16) by x’ and then let x — 0 we see that a > 0, 
dividing by x” and letting x — oo we get that y > 0. So 


au’ + Bui +yw" +6 > au’ + Bud + yu" +6>0, 


by the left-hand inequality in (16). 
The proofs of the other cases are similar. 
(b) The proof is similar to that of (a) but uses Liapunov’s inequality, III 2.1 (8), 
in addition to (r;s). 
(c) (4): o (om! , ols!) C {(u,v); m<u<u<M, andv< om! (m, M; A, (a))}. 
If (u,v) € o (sre!) stls!) then m < u<v< M is immediate from (r;s). Further if 
O<2< 1 then stl" (m,M;X) < os! (m, M; A), which on substituting \ = 4,(x) 
gives 

x < mtl(m,M;A,(z)), m<a <M. (17) 


Now assume that rs # 0 and that u = 9!" (a), v = omt!sl(a) , when from (17) 


f 2 ab 
M"—-ar, ar-—m 


Mt—mr’ + apa’), bstsn. 


sign s(a;)° < sign s( 
Adding these gives vu < g's (m,M;.,(x)). 
The other cases are similar. 
(it): or (amt), ols!) > {(u,v)) m<usu<M, andv< om!!! (m, M>,(x))}. 


Again assume that rs 4 0, and that (u,v) is in the set on the right. By Theorem 


8 we have to prove that 
ar’ + Br°+y>0,m<a2<M => au’ + Bue +720. (18) 


Take a convex combination of the inequalities obtained from the left-hand inequal- 


ity in (18) with z = m,z = M, using as weights A,(x),1 — A,(x), to get that 
au" + Bony (m, M; dr (x)))” +7y> 0. 


In addition, from (18), au” + Bu® + y > 0. Take a convex combination of these 
last two inequalities choosing the weights, 0, 1 — 0, so that the resulting coefficient 


of G is v* gives the right-hand inequality in (18). 
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The other cases are similar. [J 


REMARK (i) Part (c) can be used to obtain the converse inequality II 4.1 Theorem 
3, and in particular Schweitzer’s inequality, HI 4.1 (12); [Pales 1990b]. 


7.2.3 CONJUGATE MEANS Let © be a symmetric, continuous and internal mean 
of n-tuples with entries in the open interval J and let ¢@ be a continuous strictly 


monotonic function on J then the conjugate D-mean, by ¢, is defined by: 


3 (a) = ¢7! (ta (ai) — ¢(D(a)) ) 


n—l 
the definition in the case n = 2 is due to Daréczy, who solved the comparison 
problem for two such means; [Dardczy 1999|. Later Dardéczy & Pales showed which 
of the conjugate arithmetic means are also quasi-arithmetic means and made the 
above extension to n-tuples; [Dardéczy & Pdles 2001a,b|]. Their main results are 


given in the following theorem. 


THEOREM 10 (a) Let ¢ and w be continuous and strictly monotonic, w increasing, 
then 
Dy(a) < Dy (a) 


for alla € I if and only if w is convex with respect to @. 
(b) Ifn > 3 a conjugate arithmetic mean is a quasi-arithmetic mean if and only if 


it is an arithmetic mean. 


Bi The proofs of these results, and a discussion of the case n = 2 of (b), can 


be found in the references. OC 


7.2.4 SENSITIVITY OF MEANS’ Given two equal weighted quasi-arithmetic means 
M, Mt defined for positive n-tuples, where IN differentiable with positive partial 


derivatives, we say that Jt has small sensitivity with respect to Nt if 
1 
M(OM/Ox1,...,OM/Ory) < ~ 


THEOREM 11 The equal weighted quasi-arithmetic mean SJ has small sensitivity 
with respect to the power mean oir lr € R*, if and only if 
SAMY MM" 2 
we <@- (Gar) 3 
ee 


equivalently if and only if |M’o M~*|" is convex if r > 0, concave ifr < 0. 


[1 The proof can be found in [Dux & Godal. O 


- end of Chapter IV - 


V SYMMETRIC POLYNOMIAL MEANS 


The elementary and complete symmetric polynomials have a his- 
tory that goes back to Newton at the beginning of the modern 
mathematical era. They are used to define means that generalize 
the geometric and arithmetic means in a completely different way 
to the generalizations of Chapters III and IV. These new means 
give extensions of the geometric mean-arithmetic mean inequality. 
In this chapter we study the properties of these means. In addi- 
tion generalizations of these means due to Whiteley and Muirhead 
are discussed 


1 Elementary Symmetric Polynomials and Their Means 

1The elementary symmetric polynomials? arose naturally in the study of algebraic 
equations, see for instance, |Milovanovié, Mitrinovié & Rassias pp.7—-8,52-58; Us- 
pensky, 1948, Chap.IX |. Consequently many of the results have been known for a 
long time — the basic inequality, 2(1) below, being due to Newton and Campbell; 
see [Newton], [Campbell] 

The properties of these polynomials and the associated elementary symmetric 
polynomial means® have been studied in most of the basic references, [AI pp.95- 
107; BB pp.33-85,; CE pp.516—517; DI pp. 76-77, 243-244; EM9 pp.95-96,98; HLP 
pp.44—64]|, and of course in various papers; in particular see [Bellman 1941; Brunn; 
Fujisawa; Mardessich; Muirhead 1902/03] where many of the fundamental results 


are often rediscovered. 


DEFINITION 1 Let a be an n-tuple, r and n are integers, 1 <r <n, then the rth 


elementary symmetric polynomial of a is defined by 
1 Tr 
hy ee S } | Pe 
a (a) — rl ( a); (1) 


: We revert now to Convention 3 of IJ 1; this convention was abandoned in the previous chapter. 


2 Also called elementary symmetric functions. We will prefer the word polynomial as the usage 
symmetric function has a more general meaning in this book. 


? Again, these means are often called symmetric means but that usage has a more general meaning in 
this book. 
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and the rth elementary symmetric polynomial mean of a is defined by 


eA 
Slay. @) 2: 


EXAMPLE (i) It is easy to check that: el! (a) =a, +---+@n, elm (a) = a1a2...Qn, 


and el? (a) = 4102 + a103 + -:-+ QAn_14n- 


EXAMPLE (ii) We have from Example (i): 


Shi (a) =An(a), SE (a) = Gn(a), (3) 
+ 4,43 +:+*+Qn—1a 
62] Sy, CO 143 n—14n, 
n (@) sn(n — 1) 


EXAMPLE (iii) If the polynomial cpr" + cn_,x™ 1 +---+¢,2+ 9, Cn # 0, has 


ZeYOS —Q1,-..., —An, then 


Cpt” + ene” t+: +en+o = Cn (x + a,)(2 + a2)++- (2+ an) 
= en (x” + el) (a)a"—* + el (a)a"-? +---+el"(a)). 


Hence 


see I 1.1 Example (i). 


EXAMPLE (iv) A simple formula for the tangent of the sum of n numbers can be 


given using the elementary symmetric polynomials; | Pietra]. 


n In/al+4(_y)k+1¢12"" (4 
k=1 Lp aus (= 1)Fen (tan a) 


A different definition of the rth elementary symmetric polynomial mean is often 


given. In the references |AI p.95; HLP p.51 | for instance, the definition is 


(l(a) = (6f(a))' - (4) 


EXAMPLE (v) 


(4) a Hn (a). (5) 
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The justification for (2) is that 6" has more of the properties of a mean than 


does s!!. for instance (3) above and Lemma 2(a) below. However some of the 


algebraic properties are easier to state in terms of gl” | see for instance (10) below. 

In addition s!"! (a), like el") (a), but unlike G!"!(q), is defined for all real a. For 

these reasons, and also because gl? ! is traditional we will continue to use it as well 

as ol), 

When convenient the range of r in the above definitions can be extended as follows: 
el (a) = 6D (a) = sla) = 1; 


6 
ell(a) = G'(a) = sl"(a) = 0, p> 1,7 <0: 6) 


Other notations such as e!”! (a), el”) (a) etc. will be used without further explana- 
tion, see [J 1.1 Convention 2, and II 3.2.2. 


The ratios 


a ? 


© g(a)’ 
have been called Newton means; [Martens & Nowicki; Nowicki 2001]. We see from 
(6), Examples (ii), (v) that N!(a) = A,(a), and MI (a) = Hn(a). 

As is seen from Example (ii) the rth elementary symmetric polynomial mean 
coincides with arithmetic and geometric means at the extreme values of r, r = 1 
and r = n. So it would be reasonable to expect that 6!) 1<r<vn, is a scale of 


comparable means between the geometric and arithmetic means. The justification 
of this is given below in 2 Theorem 3(b), S(z;s). 


It is important to note that the elementary symmetric polynomials can be gener- 


ated as follows, see Example (iii). 


Tm Tm 


[[@+an)=) Ml@a* = 5° (jet aa"; (7) 


k=1 k=1 k=o 
or, equivalently, 


[I (1+a,z) = > el*l (a)ax -> (7) sll(a)a*. (8) 


REMARK (i) It is possible to define weighted elementary symmetric polynomial 


means; if w is another n-tuple, 


ea 
= (: Fey 7 | " 


is called the rth elementary symmetric polynomial mean of a with weight w. 
However as the properties of this weighted mean are not very satisfactory we will 


not consider it in any detail; see [Bullen 1965}. 


324 Chapter V 


LEMMA 2 (a) The rth elementary symmetric polynomial mean, 6 (a) has the 
properties (Sy), (Ho), (Re), (Mo) and it is strictly internal, 
mina < 6!"l(a) < maxa, 
with equality if and only if a is constant. 
(b) If1<r<n-—1 then 


eltl(a) = elt) (a) tone (a); sff)(a) = sh (a) + “ans=11(a). (10) 


The first part of this simple lemma extends results for means defined earlier; see 
II 1.1 Theorem 2 and III 1 Theorem 2. In addition it helps to justify the use of 
6r! (a) as the mean rather than 3"! (a). The second part states some simple and 


useful relations that are readily checked. 


2 The Fundamental Inequalities 


The following simple result is so basic that we will give several proofs. 


THEOREM 1 Ifa is an n-tuple and if ris an integer, 1 <r<n—1, then 
2 
(st}(a)) >st-I@sir+" (a) (1) 
2 
(elt}(a)) >elt-(a)elt 1a). (2) 


Inequality (1) is strict unless a is constant. 


O (1) We first prove (1) by induction on n. 

If n = 2 then (1) reduces to the n = 2 case of (GA), see 1 (3) and (6), so suppose 
that n > 2. and that (1), together with the case of equality has been proved for 
allr and m where 1 <r<m-—1,2<m<n-l. 

Also assume that aj, is not constant. If 1 <r<mn-—1, then by 1(10): 


1 
gg = (sirl)° = 7a (A + Ban + Ca%), where 


A=((n—r)? — Ls Nett — ((n —r)shl.)’, 
Ba(n—rti)(r + 18s!) 4 (n—r—1)(r—1) sh 7st — on (n — r)shZ 
C =(r? — shalt, — (rsit24)?, 


By the induction hypothesis 


(sil)? > gltraglrtd, (gltraly? > ltl eral, ghr—Igll 5 ghr-agirtal — (g) 


nm—-1l ~n—1 ) 


This implies that A < = Ca we B< gg Nglrl C< Shee) and so 
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This proves (1) in this case. 
Now suppose that a/, is constant, aj = --- = Qn_1 = a@ # Gn, when (4) becomes 
an equality since the inequalities (3) all become equalities in this case. But the 


right-hand side of (4) can be written 


1 Any S. 2 1 ipaq? 
2a (Gn) ( = an) =-5 (S921) (a- an)? <0, 
Sn—1 - 

which completes the proof. 

(iz) (2) is an easy consequence of (1) which can be rewritten using 1(4) as 

(r i > PEVMATHY) ofr} (gy efrtal 

(cl(a) aay oe @ek (a), (5) 
Noting that the numerical factor on the right-hand side of (5) is greater than 1 
establishes (2). 


(117) A direct proof (2) can also be given. 


D rs r+s 
A typical term in the expansion of er (a)el” ace G )) is ( lI ai.) ( Il ax); 
specs k=r—s+1 


2 2 
and this term has coefficient (, ' :) — ( — which is negative. 


(iv) Of course taking note of 1 Example (iii) and 1(7) both (1) and (2) can be 
deduced easily from I 1.1 Corollary 8; see |Campbell; Green; Nowicki 2001]. This 
proof shows that these inequalities hold for real n-tuples a. 

(v) The following identity is proved in [Dougall; Muirhead 1902/03]. 


(ofl)? — sf-aefetd = —__)__ = _ 
wern(’)( 2) 


r+1 


where (r,k) = >°( []j=z 7 as eo ta; (Qr+h — @r+k+1)", the summation be- 
ing over all such products obtainable from aj,a2,...,@n. This identity gives an- 
other proof of (1). 

(vi) Another identity due to Jolliffe, [Jolliffe], also gives an immediate proof of (1). 


| 2 
(Gaayecrcay) (et - st!) = 
(n — 1) S(( ((a dz — a; } C hie. ae 


2!(n — 3) 
Cn ae aj) (ax — a¢)Cy-4r-2)” 


a S~ ((ai — a3) (ak — a2) (ap — ag)Cn 6,8)” 
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where Cy_2,r—1 is the sum of the products of (r—1) factors from the (n —2) factors 
differing from (a; —a;), and the summation is over all possible terms of that type; 


Cn—4,r—2) Cn—6,r—3,--- are defined similarly. is 


ReMaRK (i) In |Jecklin 1949c] there is another inequality similar to (5). 


r 
ef!(a*) > a] Del" ae (a). 

(JE 

r 

REMARK (ii) Theorem 1, in the form of I 1.1 Corollary 8, was originally stated by 
Newton without proof; [Newton pp.847—849]. The first proof was given in [Maclau- 
rin]; later proofs can be found in [Angelescu; Bonnensen; Darboux 1902; Durand; 
Fujisawa; Hamy; Ness 1964; Perel’dik; Schlomilch 1858a; Sylvester]. Dunkel has 
given a very full treatment of the whole topic, [Dunkel 1908/9, 1909/10]. Reference 
should also be made to [Kellogg]. The inductive proof was discovered indepen- 
dently by Dixon, Jolliffe and M. H. A. Newman, and is given in |[HLP pp.53- 54]. 


Cubic extensions of these inequalities have been given; see [Rosset]. 


COROLLARY 2 (a) If 1<r<s<n, then 
elt (ajell(a) < el (ajeleV(a), and sl? 4(a)s'el(a) < slI(a)sle I (a), 


where the second inequality is strict unless a is constant. 
(b) If1<r<n-—1, and ef (a) > elf] (a), respectively sit (a) > 5") (a), then 


el"l(a) > el™+I(a), respectively s!7}(a) > sl" *1(a). 
(c) If1<r+s<n then 


el tsl(a) < el(a)ell(a) and sl tsl(a) < s¥l(a)sl\(a). 


O (a) and (b) are immediate corollaries of (1) and (2) written as 
sr(a) sh "(a) ea). en *@) 
sh" "(a) sia) en (a) en (a) 


respectively. Then (c) follows from (a) by repeated application: for instance 


elt) (a)ell(a) > elf M(a)ele l(a) > --- > el (aent" (a) = eff t#l(a). 
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REMARK (iii) Put a) = sft (a) /sik a (a), 1<k <n. Then by Corollary 2(a) 


a) > a >. D> al?) and if a is not constant these inequalities are strict. 
Further II, af = |[,_, ax. Now iterate this procedure using a! ee ae) 
to get for each k a sequence al” Jim 12. cc Bnd: hy Wii 65 al” = 6,,(a); see 
[Stieltjes]. 


REMARK (iv) If elt] (a) < elf (b) then one can ask for what functions f is it true 
that ell f(a)) < elf (f(b))? This question has been answered and in particular 
this is the case if f(z) = z?, 0< p< 1; see [Efroymson, Swartz & Wendroff]. 

We now establish the elementary symmetric polynomial mean inequality, S(r;s), 


the basic result of this section, giving several proofs. 


THEOREM 3 If1<r<s<n then 
(a) 
msl(a) < ol\(a); 


(b) 
Gla) < 6!l(a), S(z;s) 


with equality, in either inequality, if and only if a is constant. 


E (a) This is just a rewriting of (1) using the definition of Newton means given 
in I. 

, [m—a] eimti]\™ — (gim)\°™ 
(b) (4) If 1<m <r then, from (1), (sn “sp < (s), - multiplying all 


of these over m gives 
r Tr+1 
ee) ail). er er <6), (6) 


which clearly implies S(r;s). The case of equality is immediate. 
(iz) It is of interest to see that S(r;s) can be proved from the weaker inequality (2). 
The method of proof is similar to Crawford’s proof of (GA), II 2.4.1 proof (v1). 


Suppose that 0 < a, < --: < Gn, a, # Gn, and define a new n-tuple b by: 
_—— 6!"l(a), by = ap, 2 <n < n-—1 and b, chosen so that 6171 (b) = 6!" (a), 
or a ae el] (a) = eft! (b). If then we can prove that for any s > 1, 


ls](b) > GlSl(a) the result follows as in the proof of (GA) mentioned above. 
Let c= (d@2,...,A@n—1) = (b,..., bn) then by the definition of 5, 
eff] (a) =aranen 2 (0) + (a, + an)en—s (ce) + eq--a(c); 
elt] (a) = elf] (b) =b,bnen a (c) + (b, + bn)ey 2 (¢) + en-a(c). 


Hence, 
(bibp — a1an)el 2! (6) = —(b1 + bn — a1 — ane” )!(0), (7) 
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(bref I (6) + el” Oe = = ayane “J (e) + (a1 + an — b, el” (6). 


Since by internality, 1 Lemma 2, a, > b, this last identity shows that b,, > 0. Now 
els) (b) — els] (a) =(bibn — a14n) (ef-s (c) + (by + bn — ay — an eka )|(c) 


el" 1 
=(b, + bn — a, — Glens H(o) (422 o = en (0) £210) , by (7). 
a Ce ry Co 
The second factor is negative by Corollary 2(a). As to the first factor we have 
from (7) that: sign(b, + b, — a, — an) 


= sign(a,a, — b,b,) = sign(b,(b,; + by — a, — Gn) + a,an — b,b,) 
= sign((b, — a1)(b, — an)) = —1. 


This proves that elsl (b) > ell (a), which is equivalent to Gls!(b) > G5l(a), and the 
proof is complete. 

(124) A direct proof of inequality (6) has been given in [Perel’dik]. For simplicity 
let us use the notation: e, = elf! (a), (ex)' = et, = ell (al), ey) = (et), etc. 

Let € > 0, and consider those a for which e, = €, and find for which of these e,1, 
has a maximum value. We show that this is a unique maximum occurring when a 


is constant, a say. Then if this is the case 


(i ) 
te Ja = is oe eltl/r 


n\ , 
= d = rT max — 
€ (")a » an €r+1 le +1] ax (, 1 
1 (2) this is (6) and because of the uniqueness of the maximum we also get the 


case of equality. 
Let u(a) = ery, — A(er — €), when Ou/Oa, = ef — AeK_,, 1 < k <n. Fora 
maximum we must have 0u/da, =0,1<k <n, so 


k 
"1<k<n. (8) 


ee 
We ee 


function of a, and so in particular is invariant under interchange of any pair a; 
and a;,1<%,j <n. Take k = 1 in (8), and use 1(10) to get 


This implies that A = The last identity shows that A is a symmetric 


elk 1,k 
+ ape,’_ A+a,B 
eee are, say, 2<k<n, 
C,_1 1 Abe,» k 
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where A, B and C' involve neither a; nor ax. Interchanging a, and a,x, and using 


the above noted symmetry of A, we get that 


A+apB  A+a,B 


eee Sa = AC ~B*\=0: 9 
Bt+a,C B+t+a,C’ or, (a: — ax) ) (9) 


Hence, reordering a if necessary, there are two possibilities: either a is constant, 
or for some i, 1 <i<n—1,a,f4aj,2 <7 <it+1landa,=aj;,i+2<j <n. 
Suppose the second case holds; then from (9) we have that if 2<k<i+1 then 


‘ elk eve 
AC — B* = 0, or —=- = Pee ee Hence 
Cry r—2 
elk 
we Oe ee (10) 
ee 


Now repeat the above argument taking k = 2 in (10), and use 1(10) to get 


el 2k + ane 
” ? Qk €, 
oun ie 
+ ak k€p— 2 
elk ent 
and so, since we are considering the second case —=z = —j4, 3<k Sit. 
Ci : Ca: - 
elr2y.t41 
If r < nm —1-—1 this process can be repeated until finally \ = ae oeerre = 
: Cr—1 
nm-t—r ae : 
a,, which by the symmetry of A is a contradiction since a, # dz,..., Qj41- 


Ifr=n—m>n-—i-—1 this process leads to 


ee ee 
es Cr = Am+iAmt2---An 
~~ 152,05 ~~  1.2...m+1....  162..... M41 


1,2,... 1,2,...,;m+1 1,2,...,.m+1 ° 
Cr—1 Cp_4 fe Qm+1€p—o 


This is again a contradiction since a, # A@m4+41. 
Hence 0u/Oa, = 0,1 < k <n, implies that a is constant, a say. It remains to 
prove that it is a maximum of e,;41 subject to e, = e. Simple calculations show 
that du = )*"_ (e+ (A — a,)et_,)da;, and that 


d7u = S- e_,d°a;+ (A — aj) S- et ,da; ) da; 
t= 1 eas! j=. 


r(r —1) 


n—2 
— (2) (4 _r) Ya +n(r—1) Yaa a0 


This completes the proof. LJ 
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REMARK (v) The inequality S(r;s) is another extension of (GA) and proofs of 
S(r;s) give further proofs of (GA). S(r;s) was first stated by Maclaurin; it was also 
proved, probably independently, by Schlomilch and Dunkel. Proof (ii) above is in 
[HLP p.53]. Muirhead states that Schlomilch gave precedence to Fort who had 
given a proof in the eighteenth century; see [Brenner 1978; Dunkel 1909/10; Kreis 
1948; Maclaurin; Muirhead 1900/01; Schlomilch 1858a]. 


REMARK (vi) It was pointed out by Bauer and Alzer that using 1(3) and 1(5) 
inequality S(1;n-1) is just Sierpiriski’s inequality, II 3.8 (58); [Alzer1989b; Bauer 
1986a]. 


REMARK (vii) The second proof of (b) applies with no change to the weighted 
mean defined in 1(9) provided the n-tuples a and w are similarly ordered; see 
[Bullen 1965]. 


REMARK (viii) Inequality in Theorem 3(a) is a generalization of (HA). 


In the case n = 3 S(r;s) can be given a simple geometric interpretation as follows. 


COROLLARY 4 Let a,,a2,a3 be the sides of a parallelepiped, and A, B,C the sides 
of a cube of the same perimeter, area and volume, respectively, then: A> B>C, 


with equality if and only if the parallelepiped is a cube. 


O This follows from S(r;s) because A = ol! (a),B= 6! (aC = 6! Oe a 


REMARK (ix) This last result can be extended to n-dimensions; see |Jecklin 
1948al. 


REMARK (x) If L,Y, A are the n-tuples defined in II 5.6 Theorem 16, then it has 


been proved that Gn (y) < Ci (A) < (a); see the references given in that earlier 
section. 

As a corollary of S(r;s) we get a proof of an invariance property of the elementary 
symmetric polynomial means ; see II 5.2 (c) for the same results for arithmetic 


means. 


COROLLARY 5 The sequences a and ol" (a), ol (a),... increase, strictly, together. 


ome 
U By 1(10) we have that gl — ast 4 


ee ae 


or equiva- 
mri i: ; q 


lently 
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[r] 
an <— 6!" < 2,. Hence 
gl? = 


From S(r;r+1), (6), we easily then see that 


r . r ’ see 
syst > aie I (an — An) > 0, 


by the internality of the arithmetic mean. 


Further if a is strictly increasing the above inequalities are strict. L] 


The inequality S(r;s) implies that if 1 <r <n then 6,(a) < 6!"(a) < A(a), and 
it is natural to ask if the outer means can be replaced by other by other power 


means. Shi has shown that if 1 <r <n then for some 71,7r2, 0< 171 < re <1, 
mira) < GI (a) < ml(a); 


further if n = 3 then r,; = 0 is best possible, and rg = 2(1 — log 2/log 3) is best 
possible; [Shi]. 

In addition we can ask for an r, r = rg(a), O< 7 <1, such that mt!!(a) = GI (a)? 
Using Theorem 3 we easily see that 1 = r,(a) >--- > rn(a) = 0. A lower bound 
is readily obtained since if a = (1,0,...,0) then rz (a) = 0, k > 2. On the other 
hand it has been shown that if k > 3 then 


] —] 
rp(a) < k O8 (n/(n )) . 
log (n/(n — k)) 
Further this upper bound is sharp, being attained when a = (1,1,...,1,0); [Kuczma 
1992). 


Mitrinovié has obtained the following interesting generalizations of inequality (2) 
and Corollary 2(b); see [Mitrinovié 1967b,c,1968a]. [We write Akels-"! for Ake, 


where c, = el’ mh 


‘THEOREM 6 Let a be an n-tuple and r an integer, 1 <r<n, then 
(A ele Hl) 2 Saree Ae er). Oe er (11) 
If in addition 
(21PArer tS 0 | OS p< <r, (12) 


then 
(1A 0. (13) 


Oj For (11) modify proof (iv) of Theorem 1 by applying I 1.1 Corollary 8 to 
the polynomial (x — 1)” [];_, (z + a;), noting 1(7). 
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Inequality (13) is proved by induction on v, noting that if v = 1 the result is just 
Corollary 2(b). So assume the result has been proved 1 <y < k—1. From (11) 


es > (Ate e EA ee ath), 


which by the induction process , (13) with v = k — 1, is equivalent to 


ee ae Ake!" [r—k+2] 


Akagi = jbagh--Al (14) 
Hypothesis (12), with p = v = k is equivalent to 
(eA err = (AeL) SoA el ee (15) 


and the right-hand side of (15) is positive, by (14) with p= k—1,y =k. Hence 
from (15) the right-hand side of (14) is greater than 1; this of course makes the left- 
hand side of (14) greater than 1. Using this and (15), and reversing the argument 
implies (13) with v = k, and completes the induction. O 


REMARK (xi) If vy =0 (11) reduces to (2), and as we noted above if vy = 1 (13) is 
just Corollary 2(b). 


REMARK (xii) Clearly similar results hold with sf! (a) replacing ef! (a) 


REMARK (xiii) By considering polynomials of the form [];_, («—a,) []j_y(e+ai) 
then I 1 Corollary 8 can be used to obtain even more general results; |Mitrinovié 
1967a]. For instance applying 1 1 Corollary 8 to (a — a) [];_, (z+ a;) we get that 
Ci. ie alt) (ell _ rl) < (elt! = alt)? 


ae . That is, for every a 


[r—a] elt] _ Cle ) + a(el? Partai inc: el” 2] elr +1] ) + (el [r—1] elr +] = (ell)? <0. 


Tm 
By (2) the coefficient of a? is negative and so 


(ef Mell — eleAlele +)? < a (ele-Aell — (el)? bal ~ (ef), 


CoROLLARY 7 If (a) (-1)"A%el"~” (a!) > 0, (b) (—1)" Ave” "I(a') > 0, and 
(c) (—1)" Ave") (ai) > 0 then 


Ave ie v— l(a) Avelt [r— u+ilig y= (Ave! [r— “I(a))? 
eve Nal Ave a) (re @)y, Gs) 
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El Put a, = x and denote the left-hand side of (16) by f(x), when (16) becomes 
f(x) < f(0). Simple calculations show that 


f"(a) = 2(Aven yay) Aven—{1(@i) — (Avena “N(ai))”) <0, by (12). 


Hence f’(x) < f’(0), so that the result will follow if we show that f’(0) < 0. 


Again, simple calculations show that 
f'O)=Ate aAve,  "(a))= sia Ave, (a). 
The hypotheses, together with (11) imply that 


Gaye are a AY ent aAren NG) 


< (Ave (a'))?(-1)" Ave”? (a!) 
Ce 1)’A’el" [r— “Hal (Ave! a v— Kammer ))’ ; 


which gives A”e ie a l(a ‘Ave, on Tet gs) < Ave ne (a!) Ave!” oe ¥—lig!), Substi- 
tuting this in f’(0) proves that f’(0) < 0 as was to be shown. 0 


REMARK (xiv) Inequality (16) can be strengthened if a! is replaced by aj,1 <i <n, 


and then taking the minimum over all 7. 
COROLLARY 8 If APelt- Pl 0,0<p<m™m, then Ae, EM 


LJ The case m = 0 is trivial and the case m = 1 is just Corollary 2(b). 
Assume that Apelt—? >0, 0< p<m-—1 implies that Am-i_elr—mry > 0 and we 
prove that if also Amelr-™ > 0 then Amelr—mtu > 0. 
From (11) (Am-relp—mtily2 > Amrelr—™ Am—iel"—™+2] | Which by the induction 
hypothesis is equivalent to 
Am-te!" [r—m+1] A™-1 elt m| 
Ama gira > —__ (17) 
Am-iel"— m+2] Am-1¢l"— m-+1] 
The inequality Amel” =O. equivalent to Am-ielr a A elt nae , or by 
the induction hypothesis to 


Ainaag 


Amar ea (18) 


Am-1 elt m-+1) 


So, from (17) and (18), > 1, or Amiel 5 am-igk ma 


wie < m-+2] 

Tm 
which is just Ae, ie eae 0, as had to be proved. This completes the induction. 
al 
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3 Extensions of S(r;s) of Rado-Popoviciu Type 

Since the basic inequality S(r;s) is a generalization of (GA) is natural to ask 
whether generalizations of Rado or Popoviciu type are possible. A fairly complete 
analogue of (P), II 3.1, due to Bullen, [Bullen 1965], is given below in Theorem 
2, but extensions of (R) are much more incomplete. Unlike the similar extension 
of (r;s), HI 3.2.3, our present results cannot be deduced from a general result, as 
in IV 3.2, but must be proved separately. However the techniques used are the 
two basic ones used to prove II 3.1 Theorem 1— the use of elementary calculus, 
and the use of the basic inequality, S(r;s) in this situation, on suitably chosen 
sequences. 

As in II 3.2.2 if a = (a1,...,@n+m) let us write @ = (Gn44,--.,Qn+m), and the put 
alr] _ elt (a), etc. 

The following simple lemma extends the identities 1(10). 


LEMMA 1 (a) 


ae gle!) ald if s < min{n, m}, 
ell = ies er alent its > max{n, m}, 
yom lo alt ifm<s<n. 


(b) If1 <s<n+m, u = max{s —n,0}, r = min{s,m}, and if 


oh ae 


A(s,t) = ** aa 057 8, 
Ce") 
then ; 
s Hele 
sel in = > As, dso ae (1) 
t=u 
DO (a) follows immediately from 1(1), (7) or (8) , and using 1(4) it is easily 
seen to imply (b). Oo 
ReMaRK (i) In particular if @n41 = +--+ = Gn4m = 6 then (1) reduces to 
r 
sl] = DMs, tsk 48%, 2) 
t=u 
and if in addition aj =---=a, =a, 
= ACIa es , (3) 


t=u 
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REMARK (ii) Identities 1(10) follow as particular cases of this lemma; take m = 1 


and replace n by (n — 1). 


We now prove the main result of this section. 


THEOREM 2 Let a be an (n+m)-tuple, r and k integers with 1 <r<k<n-+m, 
and put u = max{r —n,0}, v = min{r,m}, w = max{k —n,0}, x = min{k, m}. 
(a) Ifv <w andr—u<k-—vz then 


stata)", (s4@)'* (atlo)” 
(sine) 2(gieo) (285) 3 


(b) Ifv > w then 
of)" ( Sr. (a) ) a 
Coy “Seay 


0 (a) Rewrite (4) as L < R where 


k T 
S | 


ha] sw (gif Ul )r(kK—2) /(r—u) (gll)wr/v 


By (1) and S(r;s) 
. k 
(sr hm)* = (SOACr, stall) 
t=u 


i k 
AGG eer) (6) 
t=u 


This inequality is strict unless aj = --- = Qnim. In certain cases this step is 
vacuous; in particular if r = 1,k = +m, when all the means in (4) are either 
arithmetic or geometric means. 

It follows from (3) that the last expression is the (kr)-th power of the rth elemen- 


tary symmetric polynomial mean of 6 where 


= Cae eae cay 
; (gel ifnat+1l<i<n+m. 


m 


Hence by S(r;s) and (3) again 
Ce > 63 MED Gyo ew (slelye/e)" 
t=w 


= (g{r—ulyr(F—2)/(r—w) (glu) wry op A(k, t) (sit Hl) (@-O/ (ru) iyo)” 


t=w 
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This inequality is strict unless 6 a o 


If the previous application of 
S(r;s) had not given a strict inequality, then neither can the present application. 
However if, as noted above, the previous use had been vacuous, then strict in- 
equality could occur here. From this last expression we have that R > S, where 


= (Shy Abt) (aM) @-O/ rw lela ie)” 


In a similar way using (1) and S(r;s), 


(alta) = (Date plat)” < (So alk, o)(alh- 2) E-Mail)” 
_ (7) 


the inequality being strict unless aj = --- = Anim. SO 


(sl oe < (gie= eg thy (S> X( (k, t ‘ee a)\e= t)/(r—2% ) (gly (t— w vw" 


t=w 


which gives L < T where, T = ee Nk, t) (sik) @-1)/(k-2) Eee). 

But by S(z;s) and the hypotheses in (a) T < S, and this inequality is strict unless 
v=wandr—u=k-—g, ora, =-:-=a,+m. This completes the proof of (a). 
(b) The proof is similar except that when S(r;s) is applied in (6) and (7) it is 
applied to the second term only, that is to gle, CL] 


REMARK (iii) Although the cases of equality were not stated in the above theorem, 


the proof is detailed enough for them to be obtained in any particular case. 


REMARK (iv) Ifr=1,4 =n+™m then (4) reduces to the equal weight case of II 
3.2.2 Theorem 8(b); while if k = s+1,n=1,m=4q,r <s (5) reduces to 


(Seg) . > (Seay seta) 8) 


a direct generalization of the equal weight case of (P). 
Results similar to (8) can be obtained for the elementary symmetric polynomials; 
see |Mitrinovicé & Vasié 1968e]. 


THEOREM 3 Ifa is an (n+ 1)-tuple, and if r,s are integers, 1 <r<s <n, and 


if0 <p <q then, 
el"(a) \? ell(a) \4 
(Fo) . ( gal) (9) 
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0 Suppose that 0 < p< q, and putting z = ani, , and f(x) = 


[r] [r 1l\p p-1 
by 1 (10), f(x) = a ae nd f’(x) = (eri 4 ee 
[s] s—1] 
(en + rep ia (ele oo 
A =((p— q)ael? Nels" + pelslel—u — gelrlels-*) 
[s]_[r—1] [r] [s—1] 
r— PEn En — g€n en 
=(q — pe, | Uels—0 Fama — zx) 


(q —p)en 
(s]_[r] [r—1) 


[s—1] 
r—1] 6[8—3) es (Se - Sa) - 
Sta- Per a (; =p eters elt! els! i. 
So, using 2 Corollary 2(b), f’ < 0 if z > 0. hence f(an41) < f(0), which is just 
(9). 
The case of p = g has a similar but easier proof. L 
THEOREM 4 (a) If a is an (n+ 1)-tuple, and if s an integer, 1 < s < n, and if 
O0<p<q, then, 
ei) Pp. . adept ea) 
[n] = ad ~~ p) (en (a)) . (10) 
en’ (a) q en 
(b) If a is an (n+ 1)-tuple, and if s,k,m integers, \ # 0, with: 


l<s<k<n, lem<s<nifrA>0;orl<k<s<m<nifr<0. (11) 
then " tml 5 - 
ell (a) — rel (a) _ etl (a) — rel"(a) 
en ts(2) en (a) 
If instead of (11) we have that 1 <m<s<k<nifX<O;orl<s<k<n, 
l1<s<m<nif X>0, then inequality (~12) holds. 
(c) If a is an (n+ 1)-tuple, and if s an integer, 1 <s<n+1, and if u> 0 then 


(12) 


(Hla +u- en(a)_ a) 
1 8 Th VM 
(en4(@) +4)° en!) (13) 
stenyi(@) (8 1)ste Ma) 
1 els] 
with equality if and only ifan41 = a (x + ult ae 7 ) 
En 


REMARK (v) If p= s =1,q =n then (10) reduces to the equal weight case of 
(P); while if s = +1 in (13) this inequality becomes the equal weight case of the 
result in II 3.2.1 Example (ii). 

While Theorem 2 can be regarded as extending (P) to elementary symmetric 
polynomial means no such complete extension of (R) is known. The following 


result is a partial extension; [Mitrinovié & Vasié 1968b). 
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THEOREM 5 Ifa is an (n+ 1)-tuple, and ifr an integer, 1 <r <n-+1, and if 
A > 0 then 


(n+ 1)(%n4s(a) — AGH ,(a)) > (14) 
nota) ie ADO —Vepay,) mtlor_ GP@) 
(210 (a) » ae Gi, (a) rn (6-H (a))"-} ) ’ 


with equality if and only if any, = (n+ 1)(Mn4i — roll). 

Bi Putting x = an+, let f(x) denote the left-hand side of (14). On simplifica- 
Poe 1/r 

tion, using 1(10), f(a) = NAL, +. DG (n = 1)r (“ae + afr) 7 

n+1-—- ") Sn 


So f(z) is defined if x > ~( - 


and is easily seen to have a unique 


- [r]yr 
minimum at x9 = Dt Eyre er om ee On substituting, 
i Tr (@lr—H)r-1 
f (xo) is the right-hand side of (14) and this completes the proof. 0 


REMARK (vi) With r= n+1 (14) reduces to the equal weight case of II 3.2.1(10) 
with w= I. 


REMARK (vii) It would be of interest to generalize (14) by replacing 2,41 by 
[s] 


G41 in some way. 

4 The Inequalities of Marcus & Lopes 

In the case of power means and certain more general quasi-arithmetic means there 
are inequalities connecting the values of these means at the n-tuples a, b and a+); 
see III 3.1.3 (8) and IV 5. We now consider such an inequality for elementary sym- 
metric polynomial means. The basic result is inequality (5) below due to Marcus 
& Lopes; it is the corollary of a more general inequality (1), due to McLeod, and 
independently Bullen & Marcus; see [Bullen & Marcus; Godunova 1967; Marcus 
& Lopes; McLeod; Yuan & Youl. 


THEOREM 1 Ifa and b are n-tuples, r and s integers, 1<r<s<n, then 


[s] l/r [s] l/r [3] 1/r 
_en (a+b) | en (a) en (b) 
( ary : Cay , Fe 4 | " 


with equality if and only if eithera~ 6, orr=s=1. 


C] First assume that r=1, when we can clearly also assume that 2 < s <n, 


and that a and } are not proportional. We give two proofs of this case. 
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en er (a) 
els 1 (a) 
An = Qj, Bn = Se bj. 


® (Gi, By ban) 
I= 2 then dala.d = BR RE 


(1) Write g,(a) = , s(a,b) = g,(a + b) — gs(a) — gs(b), and as usual 


> 0, which completes the proof in 


this case. 


Now assume that s > 2. The following identities are easily demonstrated. 
= Yoel (ai); (8) els} (a) = ase’! (at) + ell (ai); 


(7) (n= s)elsl(a) = Sell (al); (6) selfl(a) = Anels!(a) - Yael a!) 


1 


From these we can deduce the following: 


gs (a) oy eee eee (2) 


24 a; + goad) 


iene a? b? (a; + bi)* 
a,b) =~ Se Se See ee es 
$s(a b) S Ae gs— 1(a;) b; aE Js— 1 (;) ay + b; Bs 9s—1(Q; =H) : 


We are now in a position to complete the proof of this case, by induction on s. 
By the induction hypothesis g,—,(ai + b;) > gs—i(at) + gs—i (bj), with equality if 
and only if a) is proportional to 6;. Then using (3), and the induction hypothesis, 


Ps (a, b) (4) 


Z S 2 G ae Js—1(a;)) (0: ce Js—1(b;)) (a + bj + Js—1(ai) a ae) = 


Further if for at least one i, ai is not proportional to 6; the first inequality in this 
expression is strict and so ¢,(a,b) > 0. 
If on the other hand for all 7 there is a A; > 0 such that a; = rib; then 


(aigs—1(B;) = bigs—1(a4))* = (a; a didi)? Gs (b;), 


which is positive since a is not proportional to 6. So again ¢s(a,b) > 0. and the 
proof of this case, r= 1,1 <s <n, is completed. 

(ii) The inequality is immediate in this case from I 4.6 (~19) if we can show that 
gs(a) is concave. This we show by induction on s and note that it is immediate if 
s = 1. Now suppose gs—i(a) is concave and consider (2). The function x*/(x+ y), 
x,y € R*, is convex by I 4.6 Theorem 40 (g), increasing in x and decreasing in y. 
So, by (2), 1 4.6 Theorem 40 (b) and (d), gs(@) is concave; [Soloviov]. 
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Now suppose that r > 1. Then by (1) in the case r = 1, 


L/r : ae 1/r 
el’ (a + b) - Il elS-I*1 (g + b) 
ef "(a +b) ja eh (a +8) 


r en 77a) | en 70) 
els Jl (a) els—J] (b) 


Lip 


) 


j=1 


Then using (H) in the form HI 2.1(4), 
1 AW hi 1/r 
en "(a+b)) — \Gay et (a) em) 


The cases of equality are immediate from those for r = 1 and (H). LO 


REMARK (i) Inequality (1) can be interpreted as saying that the function g, -(a) : 


[s] 
ae En (a) 
elf "\(a) 


REMARK (ii) In particular (1) shows that g, (a) is an increasing function of a, 


is concave; the case r = 1 was proved directly in proof (77) above. 


for each 71, 1 <i< n. This however is easily proved directly. Using the identity 
(3) above, and 2 Corollary 2(a), 


Ogsr(a) _ en" (a)en-1 (a4) — en (a)en-1 (a) 
i et a) 
eo 1] s] ry ls~r—1] 7s 
— eb (at)el (at) = = enes(aien—r (2) 


(ef "I (a))2 


COROLLARY 2 Ifa and b are n-tuples, r and integer, 1 <r<n, then 
Sf (a+b) > Sa) + 6), (5) 


with equality if and only ifr =1, ora~ 6. 


O (1) This is just the case s = r of Theorem 1. 


(it) Alternatively we can use the case r = 1 and the fact that the function g(a) is 
1/r 


l/r 
concave, see proof (ii) in Theorem 1. Clearly (st (a)) = (Ties Gi (a)) . So 
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s 1/r 
by I 4.6 Theorem 40(e) (si)(a)) is concave and the result is just I 4.6 (~19); 
[Soloviov]. 0 


REMARK (iii) Proof (7) in Theorem 1, and Corollary 2, is that in [Bullen & 
Marcus; Marcus & Lopes]; the proof in [McLeod] is entirely different. Proof (72) 


is due to Soloviov. 


5 Complete Symmetric Polynomial Means; Whiteley Means 


5.1 THE COMPLETE SYMMETRIC POLYNOMIAL MEANS The definition of e!”! (a) 


elMl(a)= S— ({[2’’ ) | (1) 


where the sum is taken over all ) n-tuples (4),...,in) withi; =Oorl,l1<j<n, 


and S07, 4j =P. 
A natural generalization is the rth complete symmetric polynomial of a‘, clr (a), 


can be rewritten as: 


where the sum in (1) is taken over all (" oe ') non-negative integer n-tuples 
[ 

(i:,...,in) with 0"_, ij =r. In addition we define ch! (a) = 1; [AI pp. 105-106; 

DI p.55; MPF p.165). 


EXAMPLE (i) It is easily checked that: 


Ha) =el(a); l(a) = af +--- +02 +ajag +--+ + Gn—14n; 
cl (a) = a? + a5 +. a3 + afag + afa3 + agaz + asa, + asa; + azaz + ayaza3 


Associated with the rth complete symmetric polynomial is the rth complete sym- 


metric polynomial mean? : 


[r] 


1/r 
o"(a) = (qll(a))"/"* = (eth | | (3) 


The complete symmetric polynomials can also be defined in a manner analogous 
to 1(8): 


[[a —a) += cll (a)a* = S_ ( ke ) [k] (a)ax*. (2) 
al k=o k=0 
LEMMA 1 Ifaj,...,a, are n distinct real numbers then 
ela) = [aye hn. (4) 


. Also called complete symmetric function; see Footnote 2. 


° Also called the complete symmetric mean; see Footnote 3. 
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O If the rational function on the left-hand side of (2) is written in terms of its 


partial fractions 


ao i 
IIc =Gt) = > ae 


then evaluation of the coefficients A; leads to (4); see I 4.7 Example (ii) and 
[Milne-Thomson pp.7-&]. O 


COROLLARY 2 If k is even and if for y € R, eck ee ‘)biyt > O where 


bom > 0, then ye. Oa (a)b; y’ > 0 provided a is not constant. If k is odd the 


same result holds provided a is non-negative and not constant 


L] From Lemma 1 if 

F(y) = 3 (a)biy* and f(z) = a+ #1 2" by (zy)! 
then F'(y) = [a; f]n—-1, and so to say that F' is positive is ee to saying that 
f is strictly (n — 1)-convex, see I 4.7. 
Now f(*-Y(a2) = (n — 1)!a* ye 0 aoa *)b;(zy)* which is non-negative under 
the above hypotheses. Since f is a polynomial of degree at least n we have from I 
4.7 Lemma 45(d) that f is strictly (n — 1)-convex, which completes the proof. O 


REMARK (i) This is a result of Popoviciu and is the basis of the first proof of the 
next result that is analogous to S(r;s); [Popoviciu 1934a, 1972]. 


THEOREM 3 Ifa is an n-tuple, r and s integers, with 1 <r<_s then 
all(a) < alel(a), (5) 


with equality if and only if a is constant. 


O Using the method of proof (i) of 2 Theorem 3(b) it is sufficient to prove 
that 
qi)? <a art, (6) 


with equality if and only if @ is constant; this is an analogue of 2(1). 


We give two proofs of (6). 
(i) Put m =1 and b; = (7 ee ') in Corollary 2 then S74_ aes by? = 
(1+ y)* > 0. So by that result 


2 
don (a)biy* = qltl + Qyglkt4) + y?qlt*?l > 0, 


= 


with equality if and only if a is constant. Putting k = r — 1 implies (6). 


Means and Their Inequalities 343 


(47) Let A = Cees cy ears >0,1<i<n-—1,2,+---+%n_1 < 1} and 


tn =1l—-24,--::-—2py_,1. Then 
Ir} (a) = (n = yt | (a,2, a aes + yt) Ae: sn i ee 
A 


and (6) follows by an application of (C)-/, see VI 1.2.1 Theorem 3(b). O 


REMARK (ii) This second proof is due to Schur; see [HIP p.164). 


REMARK (iii) A completely different proof has been given by Neuman, who has 


given the following interesting generalization of (6): 
u+u up|\1 vp'}\1/p" 
“eS Clg) al Cl) (7) 


where p > 1, p’ is the conjugate index, and u+v, up, vp’ € N*; putting p = 2, u= 
(r — 1)/2, v = (r+ 1)/2 in (7) gives (6); [Neuman 1985,1986; Neuman & Peéarié 
1986]. 

The above integral for ql” (a) can be used to obtain the following extension of (6); 
see |[HLP p.164]. 


THEOREM 4 Ifa is a real non-constant n-tuple then ae gag lt vs (a)r,r, Is a 


strictly positive quadratic form; and if a is a positive non-constant n-tuple then 


es gene (a)x,2, is strictly positive. 


It is not known if the following inequality analogous to 4(1) is valid for the complete 


symmetric polynomials: 


} 1/r 3 1/r e 1/r 
cll (a + b) : cl} (a) - cht) (b) 
data) ~ \ck"a) oa) an 


although the particular cases s = r,s = r+ 1 have been proved by McLeod and 
Baston respectively; in particular this gives an analogue for 4(5), see below 5.2 
Remark (iv): [Baston 1976/7; McLeod]. 

An inequality between the elementary symmetric polynomial means and the com- 
plete symmetric polynomial means is given below 6 Corollary 6. 

For further results concerning the complete symmetric polynomials see the above 
references and |[Baston 1976,1978; DeTemple & Robertson; Hunter D)]. 


5.2 THE WHITELEY MEANS Identities (2) and 1(8) suggest the following gener- 


alizations of the elementary and complete symmetric polynomials. 
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Let a be a real n-tuple, s € R,s #0, k € N*, and define the sth function of degree 
k, ts (a), by 


ore [G0 hd asa)? if s > 0, 
14 Sobek = 8 
k=1 [, -—aiz)§ ifs <0. 


The Whiteley means are defined as® 


1/k 
(k, 3 

tn’ (a) ifs > 0, 

(i) 
apltl(a) = : a (9) 
[ks] 
a | 
(a) ifs <0. 


ov(i) 


An alternative definition of t* ‘I(g) is: tt) (a= Ga Ni, a" ) , where 


6 ifs >0, ha 


.[s 
(8) if s <0, 
a 
and the summation is over all non-negative integral n-tuples (i1,...in) such that 


REMARK (i) By analogy with sy, 


he 


"land git! we will write w!*! for (aplesl)é, 


EXAMPLE (i) If s = 1, and Ao = 1,A; = O otherwise, then from (10) we have 


tI — el*. this is also immediate from (8). 


EXAMPLE (ii) If s = —1 then A; = 1 for all 7, and so the 4 = cll. this is also 


immediate from (8). 


EXAMPLE (iii) Simple calculations show that 20!!‘I(a) = %,(a), and 


rol2s] — —_—__ =) = ((s—1) ya +28 > a.a,) 


4,j=1 
t<j 


REMARK (ii) If s < 0 then the coefficients in tl are all positive; this is also the 
case if s > O and either 0 < k < s+ 1,8 not an integer, or s is an integer and 


0<k<ns. This explains certain restrictions in the theorems given below. 


© Note that if s<0 then (—1)*("2)=(~"*$*71). 
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We note that an expression for tl Sl in terms of an integral can be obtained; 


[BB p.86]. If s <0 and |t| is small enough then 


1 oe : 
= Sek —ax(1—at),,—s—1 
(1 — at) Ce=ay sh e z da. 
So 
n 1 CO oO n n gs 
[]@ -a2)* = eT ae | of exp (~ }ai(1 —art))[ [27° "dari -- dat. 
i=1 : t=1 i=1 
Hence 


tll (a) = 
iaicws [- [eae exp (- 3) I acc -- dap. (11) 


In this section we extend various properties of the elementary and completely 
symmetric polynomial means to the Whiteley means and in 5.3, by considering 
even more general means, other properties will be extended. 


First we note that the Whiteley means have the property of strict internality. 


LEMMA 5 Ifa is an n-tuple, k an integer, 1<k<n,s€R,s #0, then 
mina < gylrsl (a) < maxa, 


with equality if and only if a is constant. 


O This is immediate from (8) and (9). O 


Before generalizing other properties of the elementary and completely symmetric 


means we establish some lemmas of Whiteley; see [Whiteley 1962b]. 


LEMMA 6 If1<1<n, then 


[k,s] [k—1,s] 
tn n 
ate la) | aie h(q) 


[k—1,s] 0 
0a; : Oa; itn (a); ie 
oylks (a) ayplk-1sl (a) 
an MS) ONS Of _ glk 15] 0. 
Da, Q; Da: (—s)th (a), s< 


O If s < 0 we have from (8): 


(1 — a,x) Orr () ob = —sT [[a — azz) = —sx ee (a)x*. 
k=1 k=0 


This gives the result in this case. 


The proof for s > 0 is similar. O 
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COROLLARY 7 


. dwn’® (a) k—1 
aa Ben Na. 

V1 
I Sum the results of Lemma 6 over 2 and the lemma follows easily from Euler’s 
theorem on homogeneous functions, see I 4.6 Remark(ii). 


a 


LEMMA 8 Ifs < 0 then 
gpltsl(a) < all (a). 


If s > 1 this inequality is reversed and in both cases there is equality if and only 


if a is constant. 


O From Example (iii) 


1 nm 
2 1,s] 2 2,8 2\ _ 2 
n° (eol(ay? — ahah?) =a (0 Sat 2° aes) 
t=1 t<Jj 
1 2 
a ee) ) 
VJ 
from which the result is immediate. Oo 


The next result, the main result of this section, generalizes both S(r;s) and 5.1 


Theorem 3. 


THEOREM 9 If a is a non-negative n-tuple, and s > O, and if k,m are integers 
with 1 <k<m<s-+1 when s is not an integer, andl <k<m< ns ifs is an 
integer and then 

ool (a) < wll (a). (12) 
If s <0, (~12) holds. In both cases there is equality if a is constant. 


It follows from the proof of 5.1 Theorem 3, and of proof (i) of 2 Theorem 3(b) that 
it is sufficient to prove the following generalization of 2 (1) and 5.1(6); [Whiteley 
1962a]. 


THEOREM 10 [Ifa is a non-negative n-tuple, and s > 0, and if k an integer with 


1 <k<_.s when s is not an integer, and 1<k < ns ifs is an integer and then 


(ro!*5] (a))” > wolk-1 5 (a) olk+1 l(a), (13) 


Tm nan 7m 
If s < 0, (~13) holds. In both cases there is equality if a is constant. 


ie If n = 1 the result is immediate for all k; if k = 1 the result reduces to 


Lemma 8. The proof is completed by a double induction on k and n. 
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Assume the result is known for all k and all n’, n’ < n, and all n and all k’, k’ <k 
and put A = {a; a is a non-negative n-tuple and rolk1 sl (a) rol oo (a). 
Under the given hypotheses A is compact and so, on A, (rolfs } (a))° must attain 
its minimum if s > 0, its maximum, if s < 0. In either case call this value M. 


By Euler’s theorem on homogeneous functions, see I 4.6 Remark(ii), 


lk Lslig rol [A+1, ‘$l (q)) 


ae eee 2kwlk-15](g)rlkt+ 51 (a) = Qk, 
Oa; 
so that in A not all the partial derivatives of tif~)* (a) rol ae (a) vanish together. 


Let us first assume, that M is attained at a positive n-tuple, a° in A say. 


Apply Lagrange multiplier conditions, see II 2.4.3 Footnote 10, at this point: 


8 (rol §) (a))” 8( rol [k— Lsl(g ON rwlkthsl (g 0) 


: 9 1<7< 
a0 A Bad Oe Se Se 
or 
(k,8] [k—1,9] [k+1,5] 
droite) on = (toler ee + tolk-1s) sah L<i<n. (14) 


Taking each of the identities in (14), multiplying by a,;, adding and using Euler’s 
theorem on homogeneous functions gives A = M. 

We now obtain an upper bound for A. Add the identities in (14) and use Corollary 
7 to obtain 


dhroleSpole—L8) = \((k — 1)ole +E laplt251 4 ( — 1)rolt-b Ire), 


which on simplifying gives 


—2 
poh +L 5 py lt—258 


2k — A(kK +1) = A(k — 1)————__. (15) 
tole 1 Sl pg hs) 
NowasA = M = (robb)? /pylh oly lb tt | putting w= (ton rolk-} 51)2 f (pole? 4l pg 4) 
(15) becomes 
k-—1 

2k —rA(k4+1) = _S. (16) 
The inductive hypothesis is uw < 1, if s > 0, and w > 1 if s < 0; substituting in 
(16) leads to A < 1, if s > 0, and \ > 1 if s < 0 which completes the induction. In 
addition if AX = 1 then p = 1 and the induction applies to the case of equality as 


well. 
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Now consider the case when M is attained at point with only p non-zero coordi- 
nates, p < n. This reduces to the previous case with n replaced by p and the proof 


is complete. L] 


REMARK (iii) From Examples (i) and (ii) it is immediate that (13) is a general- 
ization of 5.1 (6) and of 2(1). However here we need a to be non-negative, see the 


comment in proof (iv) of 2 Theorem 1. 


EXAMPLE (iv) Consider for instance s = —1,n = 2,k = 2,a,; = —a2 = 1. Then 
we (a,—a) =a’ but robe (a, —a) = eH (a,—a) = 0. 


COROLLARY 11 If s > 0 and if k an integer with 1 < k < s when s is not an 


integer, and 1<k<_ns if s is an integer and if a is a non-negative n-tuple then 


(eI (a))* > (t-151()) (e+ 141 (a); 


the reverse inequality holds if s < 0. 


LJ This an immediate consequence of Theorem 10, and the observation that 


a 
ee >1 ifs>d0, 
k-1 


ns ns 
k+1 k <1 ifs<0. 


COROLLARY 12 Ifs > 0 and ifk,m integers with 1 <k<m<_s whens is not an 


O 


integer, and1<k< m<_ns ifs is an integer and if a Is a non-negative n-tuple 
then 
(tl5l(a))/* > (¢lI(ay) 


the reverse inequality holds if s < 0. 
0 This follows from Corollary 11 just as 2(6) follows from 2(1). C 
Whiteley has also extended 4 Corollary 2; [Whiteley 1962a]. 


THEOREM 13 Ifs > 0 and ifk is an integer, k < s+ 1 ifs is not an integer, then 


for non-negative n-tuples a, b, 


pla +) > moll (a) + aol) (0). (17) 
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If s < 0 (~18) holds, and the inequalities are strict unless k = 1 or a ~ b. 


O (4) Inequality (17) is equivalent to an analogous one in terms of le I(q) 
which follows from (11), using a form of (M)-f, see VI 1.2.1 Theorem 3(c). 

(47) A direct proof following a method similar to that used to prove Theorem 10 
is given in [Whiteley 1962a]. However since the three cases, s negative, s positive 
and not an integer, and s a positive integer, need separate treatments the proof is 


rather long. A neater proof of a more general result is given in the next section. 


REMARK (iv) If s=1 then (17) reduces to 4(5), while if s = —1 we get Mcleod’s 


analogous result for the complete symmetric polynomial means: [McLeod]. 
OM (a+b) < QEI(a) + a!l(o). 


ee (v) If s = —d, where 6 is a small positive number then tha (a) = 


yi, aF + O(67). Applying (17) in this case and letting 5 — 0 we see that (17) 
implies (M). 
REMARK (vi) Inequality (17) is equivalent to saying that the surface 20!" (a) = 1 


in the “positive quadrant ” of R” is convex if s > 0, and concave if s < 0. 


REMARK (vii) Other results can be obtained by noting that (13) says that rol 


is a log-convex function of k . 


5.3 SOME FORMS OF WHITELEY Let a,j, 1<i<n,t1=1,2,..., be m sequences 


of positive numbers and define meeeona the n sequences of positive numbers 
Bij, l<ti<sni=1,2,..., by a, = LL. 


If a is a non-negative n-tuple, @ > 0 oe the functions gif (a) of degree k by 


otadet = oT] (14S asr(oue)") = aT] (1+ 99 (acy) 
k= 

(18) 
[Bullen 1975; Whiteley 1962b]. 


EXAMPLE (i) The li | of the previous section are particular cases of glfl. in (18) 


take 6; =s—j+1lifs>Oand 6; =-s+j—lifs <0. 


EXAMPLE (ii) We can generalize the previous example by letting ¢ be a positive 


or negative n-tuple, and taking 6;; =o,-j+1ifo>0Oand 6; =-o;+j-1 


if ag < 0. In this case gt would be written zl cay Clearly if g is constant, s say, 
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then i Z\ lt Sl These particular functions of degree k can of course be defined 


directly by writing: 


co [Ti,d+ az)", ifao>0, 
1+ oe (a)x* = 
k=1 [it a); ah oe <0; 


The functions pli ia] and their associated means were introduced by Gini, and 
studied for statistical purposes by various authors, who in addition used these 
functions to define various biplanar means; see 7.3. However because the main 
interest was in finding suitable statistical means these authors seemed to have 
introduced more means than they proved theorems about them; [Gini 1926; Gini & 
Zappa; Pietra; Pizzetti 1939; Zappa 1939,1940]. Later these functions were studied 
by Menon, who obtained most of their known properties; in particular he extended 
5.2 Theorems 9 and 10 to this more general situation; [Menon 1969c, 1970}. 

Certain restrictions have to be placed on k& to ensure that the coefficients in +l 2 
are positive; this is similar to the case of tl =) see 5.2 Remark (ii). If a < 0 then 
no restrictions are needed, all k are permitted. When a > 0, and ming is not an 
integer then we require that 1 < k < 1+ ming. If ming is an integer then the 
restrictions are more complicated to state, and for this reason this case has usually 
been excluded from consideration; [Menon 1970,1971|. However the proofs only 
require the coefficients mentioned above to be positive and so extend to this case 
when it is known that the coefficients are in fact positive. Thus if o is constant, s 


say, then it is sufficient to have 1 < k <n, as we have seen. 


EXAMPLE (iii) Menon has made further extensions of the previous examples; 
[Menon 1971]. If 0 <q <1 then the q-binomial coefficients are defined by’: 


k 


te s—it+1 
_— if k > 0, 
yy 
k it ifk —0, 
0, ifk <0. 


If then g is a positive n-tuple define elf al (q;a), and olf a (q;a@) as gif! (a) with aj, 


OP red 
given by id and | ° - respectively. In the above reference Menon has 
r 
extended Theorem 10 to this situation. 


g 


Ss 


Note that limg+1 [f]=(,)- 
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EXAMPLE (iv) Menon also used the g-binomial coefficients to generalize 5] (a) as 


follows: 


Clearly: st/,(a) = sn(a);  sttlo(a) = eh’ (a). 
As we see in the proof of Corollary 15 below : is log-concave as a function of k. 


Using this Menon proves 


2 
slr M(a)sitt l(a) < (sh,(a)) , 


an inequality containing both 2(1) and 2(2) as special cases; [Ilori; Menon 1972]. 
The original proof of 5.2 Theorem 13, [Whitely 1958], used 5.2 Corollary 11, or 


5.2 Theorem 9, in a fundamental manner. Such results are not available in the 
present more general situation. However as Whiteley pointed out slightly weaker 
results will suffice; [Whiteley 1962b]. 

Let us consider the case s > 0; then inequalities (13) and (12) imply the following 
weaker and simpler inequalities, with the restrictions on k and m given in ‘Theorems 
9 and 10; 


k+1 
(tl1)° > (FE) lens] pletusl, — (telbosl) 78 > (mtebmsl)/™ (19) 
If s < 0 then the inequalities (~19) hold. 

It is these results that will be extended, and which will then be used to obtain 
Theorem 16 below, a theorem that contains 5.2 Theorem 13 as a special case. 

If s > 0 then inequalities (19) imply the following still simpler and easier inequal- 
ities: 


(el*s1)° = pert porte Gea = Gray (20) 


However if s < 0 we cannot deduce (~20); in fact as we will see below, (24), the 
same inequalities, (20), are valid if s < —1. 
THEOREM 14 (a) Ifa is a non-negative n-tuple and if in (18) for eachi, 1 <i<n, 
p—] 
the sequences air, r = 1,2,... are log-concave, or equivalently (;,;-. > ae Begs 
l1<i<n, 7 =1,2,..., then 
(gil)? > gk gl k> 1; GA) > Gi l)Y™ 1<k<m. (21) 


m — Jn Tm 
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(b) If instead for each i, 1 <i <n, the sequences a;,, r = 1,2,... are strongly 
log-concave, or equivalently 6;;~1 > Bij, 1<t<n, 7 =1,2,..., then 


nr 


(ghtl)" > co gh gl ka; GB)" > Gh), 1<k<m. (22) 


If the hypothesis is changed to weakly log-convex then inequalities (~22) hold. 


O (a) In the case of positive sequences the left-hand inequality in (21) follows 
by a simple induction from I 3.2 Theorem 8(a). If some of the a; are zero then 
consideration of (18) shows that the inequality follows from the inequality for 
smaller values of n. 

The right-hand inequality in (21) follows from the left-hand inequality using the 
arguments of 2 ‘Theorem 3. 

(b) This has the same proof as (a) except that now we use 13.2 Theorem6. OU 


Using the Remarks (iv) and (v) that follow I 3.2 Theorems 6 and 8 we can make 
the following observations about the cases of equality in the above result. 

(i) The left-hand inequality in (21) is strict unless a is zero, or if a; = 0,1 4 7, 
and On = Oj k-10j,k41- 

(ii) The right-hand inequality in (21) is strict unless a is zero, or if a; = 
0,247, and as = Aj,6—-105,s41, LSask. 

(iii) The left-hand inequality in (22) is strict unless a is zero, or if a j= 
Of 7 Of gay 1 RS lL A eR 1: 

(iv) The right-hand inequality in (22) is strict unless a is zero, or if a; = 
0,2 AJ and On = Aj k-10j,k-+1- 
COROLLARY 15 Ifa is a positive n-tuple, o a real n-tuple, 0 < q < 1, k a positive 


integer then: 


(th2!(a))" > = (dna (a)) (th **A(a)), o > 0; (23) 
ifo <0 then (~ 23) holds; 
@))> (a “@)@"4@),  2<-1; (24) 
(21(q;a))” > (x n= (q;a)) (en = (qsa)), 2 > 0: (25) 
(fhe (q; a)) > (cl “82 (g: a) a)) (ch hs Gy) or 1. (26) 


CL] From Example (i) it is easily seen that 6;,; satisfies the condition in Theorem 
14(b) if g > 0, while if a < —1 it satisfies the condition in Theorem 14(a). This 
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by Theorem 14 implies inequalities (23) and (24); that they are strict follows from 
the above discussion of the cases of equality. 


Similarly using the definitions given above inequalities (25) and (26) follow from 


—1 
Theorem 14(a) if we show that the sequences set eine are log-concave 
r r 


when s > 0. 
We will only consider the first case, tho other can be handled in a similar manner. 


Since 


_—- oe et ct 
baled ml - (1—ge-")/(L— ar)’ 


it suffices to show that f(x) = (1 — q&~7t")/(1 — q®) is decreasing, 1 <x <s+1. 


Now f’(z) = ee ae —q*)+q°(1—q°-***)), which is negative since 
O0<q<l. : L] 
REMARK (i) Inequality (24) justifies the remarks made above about (20). Of 
course inequalities stronger than (23) are known when g is constant. All the 
results in Corollary 15 are due to Menon, who also obtained similar results for 
a type of function not being considered here that also generalizes lk i. [Menon 
1969b,1970,1971|. In particular (25) implies the inequality of Menon quoted in 
Example (iv). 

We are now in a position to prove a generalization of 5.2 Theorem 13. 


THEOREM 16 If a and 6 are non-negative n-tuples, and if the sequences a;_,, 


r=1,2,..., 1 <a<n, are all strictly strongly log-concave, or equivalently if 
Big > Big, 1S Sy 9 = Ley cas (27) 
then 
1/k 1/k 1/k 
(gn (a+5))"" > (gna) + (9) REL (28) 


If the hypothesis is changed to weakly log-convex then (~27) holds. In both cases 
there is equality if and only ifk = 1 ora~b 


Before starting the proof we make some preliminary remarks. 


REMARK (ii) The above discussion shows 5.2 Theorem 13 is a particular case 
of this result. As a result, the following proof completes the discussion of that 
theorem. The method of proof is similar to that used in 5.2 Theorem 10, as stated 


in the discussion of that theorem. However Theorem 14 allows us to make a subtler 
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use of the Lagrange multiplier conditions. Further the use here of the more general 
class of functions of degree k, k € N, allows us to differentiate and stay within this 
class. As is easily seen, if gil is a function of degree k, k > 1, then dg /Oam 


c 


is a function of degree k — 1; further if the coefficients of gy," satisfy the above 


hypotheses so do those of the partial derivatives Agltl /O0am,1<m<n. 


REMARK (iii) It is easy to show that if a = (a@’,a”), a’ = (aj,...,am), a” = 


(Qm+1; wakes On) then 
k 
rT k—r 
gl (a) = S~ ght} (a’) g(a"). 
=0 


O The proof is by induction on k. If k = 1 there is nothing to prove as (28) 
is trivial in this case. However to consider the cases of equality the induction 
must start from k = 2. In that case squaring (28) twice leads to the equivalent 
inequality hat Bi, 83,1 (Bi,28j,2—Bi,1 85,1) (aibj —ajb;)* < 0, which is an immediate 
consequence of (27). 

Now put A = {(a,b);a >0,b > 0, and g(a + b) = 1}. This set is a compact 
subset in R2". So the function (git? (a))'/ “en (git! (b))’ * will attain its maximum 
on A if (27) holds, and its minimum if (~27) holds. In either case call this value 
M. It suffices, from considerations of homogeneity to prove in the first case that 
M <1, and in the second case that M > 1. Since both cases proceed similarly let 
us consider the first case only. 

Suppose that M is attained at a point (a,b) of A satisfying a; > 0,7 = %1,...,%n,, 
and a; = 0 otherwise; 6; > 0, 7 = j1,---,in,, and 6; = 0 otherwise. We can 
assume that 1 <n 1,n2 <n, since the cases when either, or both, of n1,n2 is zero 
are trivial. 

The proof breaks into two cases: 

(i): for some q, @qbg > 0; 

(i): for all 7, a;b; = 0; then in this case (41,...,%n,),(J1,---,%n,) are distinct 
subsets of (1,...,n); put a’ = (a;,,...a4,,); be Oca b5.5): 

Proof of case(2). 

Apply the Lagrange multiplier conditions, see II 2.4.3 Footnote 11, to the non-zero 


variables a;,b; and proceed as in 5.2 Theorem 10 to obtain 


O k O k eee 
= (gltl(a))” — dx— (ght (a +B) OS i as tans 
O O 


—— (gl#)(b))*"" i Aa, (gl*l(a + by) *”* mag 0, IF tyne 


db; Ob; 
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In other words, 


og lhl (A 
(k}/,y\—-)/k OGn (2) _ y 7 tH (1-k)/k Ogn’ (a + b) 5 
(gn (a) Ba, Wn (a +) a (29) 
[F] (A 
1-k)/k Ogn (b 1—k)/k Ogn (a+b 
(f(a)! 2am) _ (gitg4 pyO-P/* Soret 8 (go) 
a Jj 


Multiply (29) by a;, and (30) by bj, and add, i = %1,...,in, J = ji,---,Jng, and 


use Euler’s theorem on homogeneous functions, see I 4.6 Remark(ii), to get 


(gl*l(a))'* + (gl @)'* = r(gH(a +.B)”. (31) 


Now take i = j = q in (29) and (30), raise both to the power 1/(k — 1), and use 
(31) to get 


Ogh' (a) \1/(h-1)_, gh! (b) \1/(h—1) k/(k—1) Ogh' (a +b) \1/(k-1) 
or. Oag ) ( Obg ) A ( Aa, ) (32) 


gi 
By Remark ai) 2 ore gn (a) ) is a function of degree (k — 1), satisfying (27). So the 


inductive hypothesis tells us that A < 1; but by (31) M = 1, so M < 1 as had to 
be proved. 
Proof of case(z). 


Using the notation introduced above (28) reduces to 


(gla! +.B'))”* > (gl a’y)*/* + (gly). 


or, using Remark (iii), 


1/k 
(dae git! l(b’ )) > > (gltl(a’y)/* + (gltl(o’y)'*. 


Raising this to the kth power leads to the following inequality that has to be 


proved. 


k 


k 
—T k k—-r)/k 
> gm (a!) gn (8!) > 23h ) any (keyer"” (3 
r=0 =0 
If 1 <r < k-—1 we have by the right-hand inequality (22) that git! (a’) > 


k r/k k k—r)/k 
(igi! (a’y)"/ and git") > (k!gl* a’) 
r| Pe Ne (k —r)! 


immediate consequence of these inequalities. LJ 


. Inequality (33) is then an 
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REMARK (iv) By applying Theorem 16 to the functions zl ‘Z| Theorem 12 can be 


extended to such functions, as suggested in [Whiteley 1958, p.50]. 


5.4 ELEMENTARY SYMMETRIC POLYNOMIAL MEANS AS MIXED MEANS Ele- 
mentary symmetric polynomial means are particular cases of the mixed means 
introduced in III 5.3: 6! (a) = M,(r,0;r;a). So we could compare, using a ma- 


trix analogous to that in III 5.3, particular cases of III 5.3(12) with S(r;s) as 


follows. 
Mtr(0,1;1;a) Mt,(0, 1; 2; a) ... Mr(0,1l;n-—1;a) Mt, (0, 1;n; a) 
M,(1,0;n;a) Mty(1,0;r—-1;a) ... Mt,(1,0; 2; a) M,, (1, 0; 1; a) 
6!"l(a) ol“ N(a) ... 62I(a) 6!)(a)) 


Then by S(r;s) and III 5.3(12) the rows increase strictly to the right, and the 
entries in the second row are strictly less than those in the first row, and strictly 
greater than those in the last row, except for the first column all of whose entries 
are 6,,(a), and for the last column all of whose entries are %,(a) . 
An immediate problem suggests itself— are there any further relations between 
the elementary symmetric means in the last line and the mixed arithmetic and 
geometric means in the first? Carlson, Meany & Nelson conjectured that if r+m > 
n then 

Mn(r,0;r;a) < Myr (0, 1; m; a); (34) 


[Carlson, Meany & Nelson 1971b]. 


If this were proved to be correct the above matrix could be rewritten 


M1, 0: na) Diy L0m=—1a@) 2... Wiy(h, 0; 23a) tac lOF 1a) 
6!" (a) Ga)... Pla) 6! (a)) 
M,,(0,1;1;a) Mt, (0, 1; 2; a) ... My(0,1;n-—1;a) Mt,(0, 1; n; a) 


Now the rows again increase strictly to the right, but the columns strictly increase, 
except of course the first and last. 

The particular case n = 3 of (34), Mt3(2,0;2; a,b,c) < Mts3(0,1;2;a,b,c), was 
proved in [Carlson 1970a]. It is the following lemma that should be compared 
with III 5.3(17). 


LEMMA 17 Ifa,b and c are positive numbers then 


=e 4 a Re ae (35) 


Means and Their Inequalities 307 


L] 
(a+ b)(b+c)(c+ a) =(a+b+c)(ab+ bc+ ca) — abc 


=(a+b+c)(ab+ be+ ca) — ¥/(ab)(be)(ca) “abc 
>F(a+ b+ c)(ab + be+ ca), by (GA), 


>8 —— by S(r;s); 


and this is just (35). 0 
More generally Kuczma has shown that: 

M,, (2, 0;2;a) < MN,(0,1;n-—1;a), and M,(n—1,0;2;a) < Mt,(0,1;n —1;a). 
Both of these inequalities include (35); [Kuczma 1994]. 


6 Muirhead Means 
A very different generalization of the elementary symmetric polynomial means is 
given as follows. Let @ be a non-negative n-tuple, and write ja] = a; +---+ dn; 


then if a is an n-tuple we write 


i, (oa) = Sn Cs ; (1) 


and define the Muirhead a-mean or just Sethe mean of a as, 
1 
Mela) = Whee cea) = ae) (2) 
of course if |a| = 1 then 2,,.(a) = mMn(a; a). 


REMARK (i) Clearly these means have the properties of (Co), (Ho), (Mo), (Re), 
(Sy), and are strictly internal. 

CONVENTION Since the order of the elements of in ais im- 
material we will always take them to be decreasing. 
a%b? + aPb%\ 1/a+8 
ia: wae 
An (a) = An,(1,0,...,.0)(@); Gn(a@) = An, (1/n,1/n,...,1/n)(@) = An, 1,...,1) (a); 


r terms 


om!! (a) = An (r,0,...,0)(@), 7 # O; 6!"I (a) Sy) ews tO. ene 


EXAMPLE (i) The following are easily checked. 22 4,4(a, b) = ( 


EXAMPLE (ii) Using 5.1 Example(i) we can readily see that 
(a) = at} (Ql5, 1,1,1) (a), s,(2,1,0) (a), X3,3,0,0) (a); 1, 6, 3)) 


The main purpose of this section is to obtain conditions under which two different 
Muirhead means are comparable. The answer, Muirhead’s theorem, is in terms of 


the order relation defined in I 3.3. 
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THEOREM 1 [MurrHEap’s THEOREM] Let a), and a) be non-identical non-negative 
n-tuples, a an n-tuple; then m,(a; a“) and m,(a; a) are comparable if and only 


if one of a or a@) is an average of the other. More precisely 
mr(a;a)) <milaa®) => a) ~ g®), (3) 


or, a“) is an average of a'?). Further the inequality in (3) is then strict unless a 
is constant. 

ba (a) => Suppose that the inequality in (3) holds for all positive n-tuples a. 
Choose a constant and equal to a, when the inequality becomes gla | < ala |, 
By considering large a and small a this implies that ja“) | = |a‘?)|, that is the first 
part of I 3.3(16). 

Now take ay = --- = Gy = G, x41 = ++: =Q, = 1,1 <k <n. Then the largest 
power of a in mn(a;a) is 7*_, as), whereas in mp(a;a)) it is S*_, a”), If 
we now assume that a is large then the inequality implies the second part of I 
3.3(16). Thus af) ~ al), 

(b) <=. We give two proofs of this implication. 

(7) It is sufficient to note that ¢(a) = m,(a; a) is both symmetric and convex and 
apply 1 4.8 Theorem 49. 

(it) By I 3.3 Lemma 13, Muirhead’s lemma, it is sufficient to consider the case 
when a) = a®)T and T = AI + (1—A)Q, where Q is a permutation matrix that 


differs from J in just two rows. Without loss of generality we can assume that 
a) = ral”) +(1- Aa? , a) =(1- Aa?) + ray??, ag) = a?) 3 hem, 


Then 


2(n!) (my (a; a)) — Mn, (Q; at) 


le (2) (2) (2) (2) (2) (1) 


Oe. a a ro ray a Qa a ro 
= | j “1 "2 2 a) kek oe. Bee a 
= ) i a; (a;, a,, a Og. a,, a;, a;, a;> a, ) 
j=3 
ee. a) (2), (2) —g6?) op?) — 
— j : _ \a@ ; aie 1 irs. 
= ) ! | a. (aj, Qj, )*? (a;, + a,, 
j=3 


2 
May? —a”) -d)(ay? —a3”) 7 gi Pra? -0 ers) 
V4 12 a4 12 
ee. spl?) Gy 0) (2) (2) 

om (2) 7 (ay? —as’) (ay ~ ay’) 
ee j ; _ \a@ n\ 2 1 2 
=D [Tas Gaon) (a, a, )x 

3 


Geer ee) 7 give? as”) 
uy 42 


20. 


The cases of equality are immediate. LJ 
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REMARK (ii) The second proof is essentially that in [Muirhead 1902/03]; see also 
[AI p.167; DI pp.183-184; HLP pp.44-51; MO pp.87,110- 111; PPT pp.361-364). 


REMARK (iii) Since (1/n, 1/n,...,1/n) ~ (1,0,...,0) we see from Example (i) 
that the above theorem gives another proof of (GA). It is worth giving the details. 
Note first that (1/n,...,1/n) = (1,0,..., O)=J, where J is the n x n matrix all of 


whose entries are equal to 1. Also, see I 4.3 Lemma 13, + J = ih Ts 


Iy_-1 O 0 
1 = 
ES 0 K 0 where K=————— ( : *) isksn=-1 
Oo Oe Tes ee, oe 


Here J; is the 7 x j unit matrix or is absent if 7 = 0. 
k terms 


; ies 
More directly let a‘*) be the n-tuple (n—k,1,...,1,0,...,0, 0),0<k<n. Then 


n—2 
M,(a")—Gr(a”) = Y— (ma(a; a) — mp(a;a**”)) 
k=0 
1 n-2 
a S- O3C am — ab—*—") (aj, — Aj )Qig - - Gis) 
" k=O 


20; 


) 


where if k = 0 there are no factors in 5°! beyond the brackets; see [HIP p.50]. 


COROLLARY 2 (a) Ifa is an n-tuple and if a“) and a?) are distinct non-negative 
n-tuples with a ~ a) then 


Qe (2) (a) < Qe cy(2) (a), (4) 


with equality if and only if a is constant. 
(b) [Scuur] If a is a positive n-tuple and if a a non-negative n-tuple with |a| = 1 
then 

Gn(@) < An ala) < An(a), (5) 


with equality if and only a is constant, or, on the left if Up ,4(a) = Gn(a), on the 
right if An (a) = An(a). 


a (a) This is an immediate consequence of Theorem 1 and the definition of a 
Muirhead mean. 

(b) We give three proofs. 

(1) By I 3.3 Example(ii) if ja] = 1 then (1/n,1/n,...,1/n) ~ @ X (1,0,...,0), 
and the result follows from (a) and Example (i); [HLP p.50]. 
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(iz) A direct proof of (5) can be found in [Bartos & Zném|. By (GA) we have, for 


each permutation (71,...,%n) that 
n 


n 
lI a; < S- Aj a5. (6) 
ie 


j=l 


Adding all these inequalities over all permutations give the right-hand inequality 
in (5). 
Again from (GA) and the definitions (1) and (2), 


* aj\l n! 
Uno(a) > (TJ! ]] a%’)'"") = 6.0), 
n j=l 
giving the left-hand inequality in (5). 
The cases of equality follow from those in (GA). 
(iii) Another proof, due to Segre, can be found in VI 4.5 Example (vi); [Segre]. 


REMARK (iv) Part (a) remains valid for all real n-tuples a) and a'?), such that 
a) ~ a) and jal | > 0. 


The following interesting extension of Schur’s result, (5), has been given; [Gel’man]. 


THEOREM 3 Let F,, be a symmetric polynomial of n variables, homogeneous of 
degree m, and with non-negative coefficients. Then 

(a) f(a) = Fm(a!/™) is concave, symmetric and homogeneous, (of degree 1); 

(b) g(a) = log oFm(e*) is convex. 


(c) 


A 1/m 
@n(a) < (FAS) < mina) (7) 


O (a) The concavity of f is given by III 2.1 Remark (iii), and the rest is 
immediate. 
(b) By (C), 
f(Vab) < F(a) f (0). 
Now replace a and b by e@ and e2, respectively and take logarithms on both sides 


of the last inequality. 
(c) Consider first the right-hand side of (7), and put b = a”. 


1 n 
Fin(a) = f (0) ae S— f (bis ...,0n,b,...,6;-1), by the symmetry of f, 
=1 


<f(An(b),...,An(b)), by the concavity of f, 
=2,(b) f(e), by the homogeneity of f, = (oni! (a)) "Fin (e). 
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Now consider the left-hand side of (7) , and define b by a = exp(b/m). Then, as 
above, but using (b): 


PAG) 9b) = zr Basle Dense Oia) 
>9(n(b),---,An(b)) = log (Fm(em™™®, ... emmy), 


or, by the homogeneity of Fim,, Fm(a) > Fin (eer () = Fyn(e)(@n(a))”, which 
completes the proof. L] 


COROLLARY 4 If0<p<1 then 
mn (a; a) < (mr(a;a))? == a < pa), (8) 


O This follows using the same argument as in (b) (7) of Theorem 1. 


— 
= By Theorem 1, and (r;s) with r=p,s =1, 


mn (a; a) < ma(a;pa)) < (ma(a;a))?. 
O 
Remark (v) If we take a) = (r,0,...,0), a) = (s,0,...,0), p=r/s, then the 
inequality (8) is just (r;s). 


REMARK (vi) The proof of the necessity does not use the restriction on p, but 
Remark (v) shows that if p > 1 then a) ~ pa?) is not sufficient for the inequality 
to hold. 


COROLLARY 5 Let a,w be positive n-tuples then 


T™ 


[I (Soeay"”) < <[T( Yo wae”) <=> al) <Q), 
k=1 


t=1 k=1 p=) 


LJ =>? This follows along the lines of Theorem 1. 
—— By 1 3.3 Theorem 14 a) ~ a) implies that a = al?)S, where 
S' = (84; )1<i,j<n is a doubly stochastic matrix. Hence, by III 2.1 (2), (H), 


mT 2 Tm 
on) Caen sija”?) OF) Sig 
Wea,’ =) | Wea, <[] (So wea,’ )%, 


and the result follows by multiplication. LJ 
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COROLLARY 6 If a is a positive n-tuple, r and integer, 1 <r<n, then 
l(a) < Of (a), (9) 


with equality if and only if either r = 1 or a is constant. 


ie Let A = A‘), be the set of n-tuples defined as the set 


{a; a> 0, decreasing,a; =0,r+1<i<n, a, an integer, 1<i<r,la| =r}. 


r terms 
The A has n elements and in particular ag = (1,...,1,0,...,0) € A. Further if 
a € A, a <a, and so by Corollary 2(a) Ana, (@) < An, (a). 
Now Q!"!(a) is an rth power mean of the {Un }aeA, See Example (ii); and, from 
Example (i), Ana. (a) = 6!"!(a); so the result is immediate by the internality of 


1p 


the power means, III 1(2). a 


REMARK (vii) This result, which in the notation of 5.2 is Wi (a) < gpl*—N(q), 
was stated without proof in [Zappa 1939]. In the same paper Zappa states a much 
more general inequality using means derived from lk oa see 5.3. This inequality 
reduces, in the case of constant ¢, s say, to W'*5!(a) < gpl*—§l(a). No proof was 


given, although in the case of constant a the proof of Corollary 6 can be used. 


The following theorem generalizes 4 Corollary 2. 


THEOREM 7 Ifa, b, and @ are positive n-tuples with 0 < |a| < 1, then 
An a(a) + Ana (0) < An,a(a + 8). (10) 


O 
First we assume that %, (a) = %n,a(b) = 1, when by homogeneity it suffices 
to show that if0 <A <1 then A, .(Aa+1—Ab) > 1. 


a 


Ano (Aat+1—2Xb) = Gri Tle +1—b;,)%) 


in|+ 


1 a;/la a e4 a 
> (aelien » TL: a it , by III 2(2), (H), 
ihe 1 


GL + (1—A) | [ 627) = =1, by (xs). 


91 
In general, 
WAnia(a+ b) 


$a = 8 NG ee 
Wn a(a) + Wm.g(b) ~ wmaa ) 
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1 “ b _ 1 . » fad Ano (a) 
An a(a)’ a Ana (B) 7 Wn a (a) + lr a (B) 


argument above is sufficient. i 


where a’ = . This shows that the 


By analogy with definition (2) Bartos & Zndm, [Bartos & Zndm], have defined, 


for @ with |a| = 1, a geometric mean analogue of (2): 


Gnia(a) = ([ aa 
nm j=l 


and proved an inequality similar to (5). 


THEOREM 8 With the above notations, 
Gn(a) < Gna(a) < An(a@). (11) 


O The left-hand inequality in (11) follows from (6) by multiplying all these 


inequalities over all permutations. Also by (GA) 


™ 


1 n 
Gnia(a) < al S/ Dd 05%, = A,(a), 
j=l 


which gives the right-hand inequality and completes the proof. LJ 


REMARK (viii) In the same reference Bartos & Zndm have defined, for a with 


|| iy 
nm m—-i1 1/ il nm m—ti1 
Tm ; 
Gra) =([] Dd aeajr) — M@=—) [Pati 
J=1 1=0 j=1 1=0 


where for k > n, ag = ag_n. Using arguments similar to those in the previous 


remark they have proved that 
G,,(a) <= 2--(a) < ,(a), and Gn(a) = G-(a) = A (G): (12) 


However in this case some of the inequalities can become equalities even when a 


is not constant. 

EXAMPLE (iii) Consider the case: a; =i, 1 <4 < 3,a4 = 2, 2a, = ag = 203 = 
a4 = 7 when @7(a) = %4(a) = 2; while with the same a with 2a; = az = a3 = 
2a4 = 2,1<i<3,a4 = 2 we get AP(a) = Ga(a) = V2. 


EXAMPLE (iv) Letting aj =i,1<i<n,a,=ag= 5 Qi = 0,3 <i<7n inthe 
first inequality in (12) leads to: 


2n n 
2 Z 2n e (2n + 2) | 
n+17~ \n/J~ (n+1)! 
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REMARK (ix) A further quantity similar to one in Remark (viii) has been studied 
in [Djokovié & Mitrovié]; see also [AI pp 284-285,8.6.46], |Mitrinovié & Djokovié), 
[Mijalkovié & Mitrovic}. 

REMARK (x) An interesting generalization of Muirhead means occurs in Rado}. 
Other generalizations have been discussed; for instance we could consider: 


1 


1 ED ey 1 ee 
~ orl Tle,  a@ = (asm (a;a)] . 
T 94 T 
See [Beck 1977; Bekisev; Brenner 1978; Hering 1972,1973; Schonwald]. 


7 Further Generalizations 


7.1 THE HAMy MEANS ‘The following slightly different means have been con- 
sidered by Hamy and others; see [Smith p.440, ex.38|, [Hamy; Hara, Uchiyama & 
Takahasi; Ku, Ku & Zhang 1997; Ness 1964]. 


Let a be an n-tuple and r an integer, 1 <r <n, then the Hamy mean of order r 


of a is: 
T 1 - yr 
(Sana) = Fray DTT 3)" 
“\r r g==1 
Since (9 a)!” l(a ) = 6, (a), and (9 a) l(q ) = A, (a) the following result that contains 


an analogue of S(r;s) shows that these means form yet another scale of comparable 


means, between the geometric and arithmetic means. 


THEOREM 1 (a) Let a be an n-tuple and r an integer, 1 <r <n, then 
6!(a) < (Ha)!"\(a), 


with equality if and only if either r = 1, or r =n or a Is constant. 


(b) Let a be an n-tuple and r and s integers, 1 <r<s <n, then 
(Ha)! (a) < (Ga)!"l(a), 


with equality if and only if a is constant. 


O (a) Immediate from (r;s). 
(b) (2) The first proof is simple and direct and is that of Hamy. 


If we assume that a is not constant it is sufficient to prove 


q+1 


Soup | a, VOD < (n — ores) yea (1) 


q+1 j=! 
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Consider a typical term in the left-hand side sum. 


(a 1a a 43 iyi 


= ((azag vee Qg41)'/4(a1a3 eee Gay? ...(A1Q2.. ayy. 


2 (a2a3... Geieye + (a1a3.. pare ai +...+ (aja2.. Bir a 


by (GA). 
Pane y (GA) 


Applying this argument to each term of the sum on the left-hand side of (1) we find 
q 


(J ai,” 


j=l 


n 1 
that this sum is less than (g+1)(q+1)! terms of the type 
a@+yart(” ) ype — 


n 
However there are only a( ; different terms of this type, and by symmetry each 


occurs equally often— that is (¢+1)(n — q) times. This gives (1). 
(77) An alternative proof was given in [Dunkel 1909/10]. 


By (r;s), assuming that a is not constant, 


q q+1 


75 yell ie )/ (a+) 
q j=l 


(6)9%(@))" = { Fay YT a)” 


By S(z;s) applied to a/(+) | we have that 
(a5 ET are)" Sd danen) 
eee I( ai, ) ae Ss Cestian | Qj yer) 
a () Qq j=l arin (qa) Qqt1l j=l 


Combining these two inequalities we get the required result. L] 


The paper by Ku, Ku & Zhang contains some interesting inequalities including 
the fact that (Sa)! I(a))" is log-concave. 


7.2 THE HAYASHI MEANS Interchanging products and sums in 1(2) lead to the 
means defined by Hayashi; |Hayashi]. 


gl (a) a 1 (TpOr«,))°”, L or 
ro -aS]h 
‘THEOREM 2 If 1<r<_s then 
Ella) < tll(a), 


with equality if and only if a is constant. 


L] For a proof the reader is referred to the original paper. LJ 
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Since gi) (a) = G,(a) and ginl (a) = &,(a) this is yet another generalization of 
(GA). 

7.3 THE BIPLANAR MEANS Using the ideas of III 5.2.1 we can follow Gini and 
others to define what they called the biplanar combinatorial (p,q) power mean 


of order (c,d); here c,d are integers, 1 < c,d < n; see [Gini et al], |Castellano 
1948,1950; Gatti 1956b,1957; Gini 1938; Zappa 1939]. 


(i) De! Gj. ay, yo _ (58 ee 
(a) dea fs ca}. sl! (a3) | 


Bia) = ( 


EXAMPLE (i) Clearly BY%%4 = GI and BPG! = GPT, 
The following simple theorem is in [Gini & Zappa]. 


THEOREM 3 With the above notations 824" is a decreasing function of d, 


and }'*"* is a decreasing function of c 


iz The first part is an immediate consequence of 2 Remark (iii). 

For the second part first note that BC? = ila Depa ae ae So, by 
the first part picid is a geometric mean of an increasing sequence. 

Hence $2704 > Bpane?, 

Further BLP = (BL) I/(e-d) (BuerstLd)1—-1/(e-d) showing that Br is 
a geometric mean of the two means on the right-hand side. As we have just seen 
it is not less than the first of these two means and so, by the internality of the 


geometric mean, II 1.2 Theorem 5, it cannot exceed the second. 


O 


REMARK (i) The proof of the second part of Theorem 3 shows that 
plieile-l < Bled < picid 
nm — n —_ n ’ 
and it is easily deduced that if k > 0,c < d then BROTHNC? < Brand < 
Buc iyid 
REMARK (ii) A similar extension that is related to the Gini means, [II 5.2.1, has 
been discussed in [Jecklin 1948b; Jecklin & HEisenring}. 


7.4 THE HYPERGEOMETRIC MEAN Let a and b be n-tuples, w’ an (n — 1)-tuple; 
let E be the set of w’ with the sum of the elements, W,_1, less than 1. For each 
w’ € Elet w = (w’,1—W,_1), so that W,, = 1. Then for p € R the hypergeometric 


R-function is 


R(p, 6, a) = [ (S— wiai) ?P(b, w) dw’; 
as 
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By —1)! + 
P(b,w) = TaN G1) jlfer™ , is the weight function, and ie P(6,w) dw’ = 1, 


The cee ae Refinction has a close connection with the theory of means. 
A (homogeneous) hypergeometric mean of a is constructed as follows; see [Carlson 
1965, 1966). 

If c > 0, 


€(p, ¢;a, w) = { (R(—p,cw,a))""?,  ifp £0, 
OO limp.o€(p,cja,w), ifp=0. 


The following result is in [Carlson & Tobey]. 
THEOREM 4 (a) lime €(p,c;a, w) = mM?! (a: w). 
(b) Ifa is not constant and p > 1,c>0 then 
€(p, c;a, w) < MUP! (a; w). (2) 
(c) Ifa is not constant and p> 1 andc<_c’ then 
C(p,c;a,w) < E(p, c'; a, w). (3) 


If p < 1 then inequalities (~2) and (~3) hold. 


REMARK (i) Carlson has pointed out that the Whiteley means are special cases 


of the hypergeometric mean, and that the following generating relation is valid. 


mr 


— Die —1 
[[@ -tay-om = po et CF Dn cw, a)e™ 
i=1 n=0 , 


REMARK (ii) For further extensions see [Tobey]. 


Vi OTHER TOPICS 


This chapter will cover a variety of topics that do not fit into the 
previous discussions. In particular there are two variable means, 
means defined for pairs of numbers and which do not not readily 
generalize to n-tuples. There is an elementary introduction to 
integral means and to matrix analogues of mean inequalities. The 
topic of axiomatization of means is discussed but only briefly as 
the topic leads away from the interest of this book into the theory 
of functional equations and functional inequalities; [Aczél 1966]. 


1 Integral Means and Their Inequalities 


1.1 GENERALITIES ‘The extension of the concept of a mean to functions by the 


use of integrals is a natural one. In most calculus texts the quantity Ra f 
a 


a 
is called the average, or arithmetic mean, of f on the interval [a,b], and this is 
justified by noting that the approximating Riemann sums are the arithmetic means 


of values of f at points distributed across [a, b]. In the usual notation, 
1 mr 
se DLS (ui) (ai — £j-1) = An(a; w), (t) 


where a; = f(y), wi = (i — 2j-1), 1 St <n. 

Further developments of this idea use concepts outside the scope of this book as 
the natural setting is that of general measure spaces. However while most books 
on measure theory discuss certain inequalities, in particular integral analogues of 
(H), (J) and (M). they do not usually consider means. 

If we restrict ourselves to real-valued functions on an interval the approach in 
(1) can be used to extend (J). Then the definition of a quasi-arithmetic mean 
is obtained by analogy with the discrete case, and this leads to the basic mean 
inequalities. If the integrals used are of the Stieltjes type these integral results may 
imply the discrete results as special cases. This method does not yield the cases 
of equality, but these can be obtained under wide assumptions by the methods in 
[HELP p.151]; see also [Julia], [Mitrinovié & Vasié 1968a], and 1.3.1 below. 
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REMARK (i) Another approach that incudes both the integral and discrete inequal- 


ities as special cases is the use of time scales; see [Agarwal, Bohner & Peterson]. 


More precisely: if w : J = [a,b] ++ R is an increasing, left-continuous function? 
with (I) = p(b) — (a) > 0? then we say that f : [a,b] + R is y-integrable on 


[a,b] if there is an I € R such that for all « > 0 there is a 6: [a, b] +> R4 such that 


for all 6-fine partitions w = (a9, @1,...,@n;Y1,---,Yn) such that 
|S> fdu—1| <e, where 5° fdu= >_> f(ys)(u(ai) — w(ai-))- (2) 


Then I = I(f) is the p-integral of f on I = [a,b]. written I= f, fdu= i f dp, 
or ff (x)u(da).3 

The exact integral defined depends on what is meant by a 6-fine partition; in all 
cases @ = dp < a, <°+:: <a, = Db; if then [a;_,, a;] C]yi —4(yi), yr +O(yx)[, 1 St < 
n the integral is the Lebesgue-Stieltjes integral, if in addition y; € [a;_,,a;], 1 < 
1<-n, it is the Perron-Stieltjes integral, and if in this case 6 is a constant, or just 
continuous, the integral is the Riemann-Stieltjes integral. 

CONVENTION In the case p(x) =2z,a<x<b, when the measure is 
Lebesgue measure, the integral is written ee or J. f(x) da, 
and references to both pw and Stieltjes are omitted from 
all associated notations. 

If (2) = 1 then the measure is called a probability measure (on I). 

For details see [Bartle; Lee & Vyborny] where it is shown that the ideas extend 
easily to unbounded intervals. 

Which form of integration used does not matter, and in the case of p-almost 
everywhere non-negative functions the more general Perron-Stieltjes integral is 
equivalent to the Lebesgue-Stieltjes integral. Since in considering inequalities we 
always require that f be p-integrable and also that |f| be p-integrable this will 
mean that our p-integrals will be Lebesgue-Stieltjes integrals*, and we write f € 
Lula, 0). 

If p € R4. we write f € £7(a,b) if |f|/P € Ly (a,b) and Li(a,b) = Ly(a,b). We 
complete this definition by introducing the following quantities: the u—essential 


1 These restrictions are convenient but are not necessary; see [Bartle pp.391- 899]. In fact much more 
general measures can be considered; [Rudin pp.60 63], [Roselli & Willem). 
2 Note that this implies that 0<j<oo. This corresponds to the assumption of non-negative weights in 


previous chapters and is only waived for 1.2.1 Theorem 2 below. 


: It will be convenient to allow an integral to be infinite when the integrand is non-negative almost 


everywhere; sec [Lieb & Loss p.15}. 
- However more gencral integrals have been used even though the hypotheses are shown to imply 
Lebesgue integrability; sec [Ostaszewski & Sochackil. 
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upper bound of f = inf{@; p{x; f(z) > 6} = 0}, and the p—essential lower bound 
of f-S7sup erie fa By = 0}; f is said to be p-essentially bounded, 
f € £%° (a, b), if both of these quantities are finite. 

In all these classes the functions are finite y-almost everywhere. 

As usual if p € R* then p’ is the conjugate index of p; Notations 4. Further we 
can, by considering the function 1/f, allow p < 0, but we now must assume that 


f #40 p-almost everywhere. 
1.2 BAsic THEOREMS 


1.2.1 JENSEN, HOLDER, CAUCHY AND MINKOWSKI INEQUALITIES The following in- 
equality is an integral analogue of (J), and will be referred to as ( J)-f. There 
are many proofs in the standard literature; the one below is from [Lieb & Loss 
pp.38-39]; see also [HIP pp.150-151; PPT pp.45-47}. 


THEOREM 1 [JENsEN’s IneQuaLITy] If f € L, (a,b), and if ® is convex and p- 


integrable on some interval |c, d| containing the range of f then 


ae a 
o(—a | fe <a | Go fap. J)- 
Gam J, £%) Sam J, 81 wee 
If ® is strictly convex then ( J)-f is strict unless f is u-almost everywhere constant. 


ae ae ee | eat | 
L That A = a) - f du is in the domain of ® is a simple consequence of 
bt a 
obvious properties of integrals, and the fact that the domain of © is as stated. 
Further since ® is continuous the function ® o f is -measurable. 


By I 4.1 Corollary 5 ® has a support at A; that is for some constant m, 
O(y) > &(A) + m(y— A), c< y <d. (3) 


From (3) we see that (®of)~ (x) < |®(A)|+]m||Al]+|m||f(x)|, so (Bo f)~ € L,,(a, b). 
If right-hand side in (J)-f is infinite the result is trivial so we can assume that 
bo feELl,,(a, b). 

Now take y = f(x) in (3) to get 


wo ste) 2 0(5 frau) +m(s0)- orm [soe] (4) 


which on integrating gives (J)-/. 
If @ is strictly convex then (3) is strict except when y = A. However if f is 
not constant p-almost everywhere then (4) must be strict on a set of positive 


ji-measure, and so (J)-/ is strict. oO 
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REMARK (i) The result also follows by applying (J) to the Riemann sums in (2), 
and taking limits, as in the discussion of (1) but this does not give the case of 


equality. An example of this procedure is given below in 1.3.1 Theorem 9. 


REMARK (ii) As was suggested in the preliminary remarks Theorem 1 can be 
considered in more general settings; see [PPT pp.43-65], |Abramovich, Mond & 
Peéarié 1997; Beesack & Peéari¢; Roselli & Willem]. 


REMARK (iii) If ®” 0 then ( J)-f is strict unless is -almost everywhere 
constant; see [HIP p.51]. 


An integral analogue of the Jensen-Steffensen inequality, I 4.3 Theorem 20, can 
also be proved; [AI p.109;, MPF p.13); [Boas 1970; Fink & Jodeit 1990]. 


A measure , not necessarily non-negative, on [ | is said to be end-positive if 


({ |) O andforall < < ({ ])>0 and ({[ ])>0 


This is a generalization of I 4.3 Remark(i). 


THEOREM 2 [JENSEN-STEFFENSEN INEQUALITY] If is an end-positive measure on 
[ ], €2£,( ) is monotonic, and if ® is convex and -integrable on some 


interval containing the range of — then ( J)-f holds. 


THEOREM 3 (a) [HOLDER’s INEQuALITY] If 1 >| | Rare -almost 
everywhere non-negative, with €L%(  ), and Ee LP ( ), then E€L,(  ), 


foas(fray?(frays ape 


if isnot zero -almost everywhere there is equality if and only if forsome €R 


and 


we have that ? = ” -almost everywhere. 
(b) [Caucuy’s INequatity] If = :[ | Rare -almost everywhere non-negative, 
with ELi( ), then €L,(_ ), and 


[ d <(f 2 q ris 2 q ) (C)-f 


if isnot zero -almost everywhere there is equality if and only if forsome €R 
we have that = -almost everywhere. 
(c) [Minxowskt’s Inequauity] If 1, andif €L%(  ) are -almost everywhere 


non-negative, then( + )ELh(  ), and 


(fw way s(f raf ray aos 
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if f is not zero p-almost everywhere there is equality if and only if for some 1 € R 


we have that f = Ag p-almost everywhere. 


ea (a) Since the result is trivial if either f or g is u-almost everywhere zero we 
may suppose that both are p-almost everywhere positive. Then we can use proof 
(i) of III 2.1 Theorem 1 by considering, 


fg _ f? 1/p g?. 1/p’ 
(fo fe dy)? ( f2 gr du)” (i ae (7s g?’ im 
= “(= — id )+5(=5_) by (GA). 
f. fP du p f, g?’ du 
This implies that fg is y-integrable, and integrating both sides gives (H)-{. The 
case of equality follows from that of (GA). 
(b) This is just the case p = p’ = 2 of (a); the integral form of (C) is due to 
Bunyakovskii, |Bunyakovskii\. 
(c) The deduction of (M) from (H), III 2.4 Theorem 9 proof (7), can be adapted 
using (H)-/f. a 


REMARK (iv) If p < 1 then we have (~H)-f, but the conditions of integrability 
have to be restated; [HIP pp.140-141]. 


REMARK (v) Using (H)-f it is easy to show that if -oo < r < s < oo then 
f € Li (a,b) implies that f € L7(a,b); again care must be taken when we allow 


negative indices. 


As in the case of (M) an important use of (M)-f is the proof of the triangle 
inequality; see III 2.4 (T). If f,g,h € Li (a,b), p > 1 then, 


(fr- gl dy.) <(fr- hl dy) "+(fon- gl? dy.) we Cl )eJ 


1/p 
This is the essential property for showing that ||f||,5 = ( f i ||? dy.) ,p> 1, is 


a norm, on the class of functions L%(a, b).° 


EXAMPLE (i) The following is a simple inequality for the factorial function is 
application of (H)-J; [de la Vallée Poussin]. If p > 1, [0 < p < 1], 


(7) = [ e-*zl/P da <, [>], (f- etade) ( f er dw)” =, 


° More precisely: a norm on the equivalence classes of u-almost everywhere equal functions of £7(a,b); 
[Lieb & Loss pp.86-37; Rudin p.65]. 
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1.2.2 MEAN INEQUALITIES Suppose now that f : J = [a,b] + R, and that M is 
a strictly monotonic function defined on an interval containing the range of f, 
with Mof € £, (a,b) then the quasi-arithmetic M-mean, or just quasi-arithmetic 


mean, of f on [a,b] with weight p is: 


Mion Fin) = M(Ay [Mo fan) 6) 


and when convenient we will define Mjoa)(f; u) = f(a). There is no loss in gener- 


ality in assuming M to be strictly increasing; see IV 1.2 Remark (ii) 


REMARK (i) The various usages associated with IV 1.1 Definition 1 will be used 
without further comments; in particular if is Lebesgue measure it is omitted 
from the notation. In addition if u(dz) = m(x)dax we will write tiaj(f; vu) = 
Miao] (f;m). 


REMARK (ii) These means can be defined on more general measure spaces, in 
particular for non-compact intervals, but that will not be pursued here; see most 
of the references and in particular [Losonczi 1977]. In addition the Bajraktarevié 


means, IV 7.1, have been studied in their integral form; [Gigante 1995b]. 


REMARK (iii) The quasi-arithmetic M-mean sometimes occurs with a different 
notation; see [HZP p.158| where f : R » R, ie du = 1, and M(f;u) = 
M-*( foM o fdu). , 

Using the methods of IV 2 Theorem 5 the following result follows from Theorem 
iD 


THEOREM 4 Let M and WN be strictly monotonic functions on an interval that 
contains the range of f : I = [a,b] + R, WN strictly increasing, [respectively 
decreasing], then for all f with Mo f, No f EL, (a,)), 


Wao) Gz LL) = Nab] Gz LL) (6) 


if and only if N is convex, [respectively concave], with respect to M. Further if 
N is strictly convex, [respectively, strictly concave], with respect to M then (6) is 
strict unless f is p-almost everywhere constant. 

If N is decreasing, (respectively, increasing], and N is convex, |respectively, con- 
cave], with respect to M then (~6) holds. 


REMARK (iv) If (NoM7—!)” > 0 then (6) is strict unless f is -almost everywhere 


constant; see 1.2.1 Remark (iii). 
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Taking M(x) = 2", r ©€ R*, assuming that f > 0 p-almost everywhere, f > 0 
p-almost everywhere if r < 0, and f € L7(a,6), (5) defines the r-th power mean 
of f on [a,b] with weight pu 


rl ce. ae ae 
ml y(fie) = (say f Peau) 
If r = 0 and logof € L,(a, 6) then (5) defines the mean mt ey ( f;). The case 
r = 0 is also the limit of the general case on letting r — 0; see[ HIP 186-139]. 
The particular cases r = —1,0,1, 2 are as expected called the harmonic, geometric, 
arithmetic, and quadratic means of f on [a,b], with weight yz respectively, written: 


p(T) opis ae | 
Diao (Fi L) = Pisfan Sioni(fin) = exe (ar | logos du), 


ante) = (sty f fax): Man hiad = foto fo Pan 


reference should be made to [HZP pp.136-137] for the exact interpretation of 
Gia (f; uw). Letting r — -too we get 


Maa | f; 4) = p-essential lower bound of f on |a, 5}; 


my b] lf ;{1) = p-essential upper bound of f on {a, bj. 
If 4 is Lebesgue measure we drop it from the notations, in accordance with the 


Convention in 1 above; this corresponds to the equal weight case for discrete means. 


REMARK (v) ‘These means have most of the properties of the analogous discrete 
means, as is easily seen. For instant the arithmetic mean has the appropriate 
properties, (Re), (Ho), (Ad), listed in II 1.1 Theorem 2. The properties (In) and 
(Mo) are given below in Theorem 6 (a), (b). 


REMARK (vi) Another useful property is the analogue of III 2.3 Lemma 6(b); the 
function m(r) = m¢(r) = (art ( fi ))", r ER, is log-convex, strictly unless f is 
p-almost everywhere constant; [HIP pp.145-146]. 

The following simple example of invariance property, see II 5.2, V 2 Corollary 5, 
is often useful; see [AI p.9] 

THEOREM 5 If f is strictly increasing on [a,b] then Ay, y(f;),a<2<y<b, 
is strictly increasing in both x and y. 

O Suppose that a<a2<y<z<b, and let J = |z,y],J = [y,z|,K = [z, z], 


then simple calculations show that 


Ape, 25H) = moh wu) Fs) + ae ty.2l (FH). 
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Thus the integral arithmetic mean on the left-hand side is also an arithmetic 
mean of the two integral arithmetic means on the right-hand side. So the integral 
arithmetic mean on the left lies between the two integral arithmetic means on the 
right, and if f is non-negative and increasing we get from the internality of the 


discrete arithmetic mean, that, 


Wr 9] (f; LL) ss Wea 2] GE LL) < Mio F: jb) 
This implies the required result. L] 


REMARK (vii) A simple corollary of this result is that integral power means have 


the same property. 


THEOREM 6 (a) [In] If —oo <r < 06 then 
p—essential lower bound of f < my (f; 4) < essential lower bound of f. (7) 
(b) [Mo] If f < g p-almost everywhere then 
mt (fiw) < OU (95 u). 
(c)[(r;s)] If -oo <r <8 < co then, 
oll (fim) < mel (fsa), (r; s)-[ 


(d) [((GA)] 
jap (F3 H) < Spa (F5 H) < Apa F; 4), (GA)-f 


In (a), (c) and (d) there is equality if and only if f is u-almost everywhere constant. 


0 (a) and (b) follow from simple properties of the integral. 

(c) (¢) Taking particular functions for M and N we get (r;s)-/ for finite r and s 
from (6); this is completely analogous to the discrete case, see IV 2 Example (v). 
The other cases are included in (7). 

(147) Of course there are many independent proofs of (r;s)-[, —oo <r <8 < oo. 
Consider for instance the following; [Qi 1999b; Qi, Mei, Xia & Xu]. Let I = [a, }] 
and define, for t £ 0, w(t) = log (ant? a (F3 1). Then 


_log (Jy fa) ~ log(u(1)) _ (log Je ft du) — toe ( Jo f° au) 


t t 


t b Ss O 
= € eee ae) ds, 
t Jo i op 


by interchanging differentiation and integration, [McShane pp.216-217). 


b(t) 
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By Theorem 6(b) the result follows if we can show that the integrand in the last 


b 
= d 
integral, €(s) = Ja F log of du 
Ja fF? du 


tiation and integration, 


, 1s increasing. Now, again interchanging differen- 


_ Ja Fi(log of)? du J fe du — (fo fe log of du)” 
(Jo fe du)” 


which is non-negative by (C)-/. This shows that € is increasing and completes the 


f(s) 


) 


proof. 
(d) Clearly (GA)-f is a special case of (r; s)-/f. O 


REMARK (viii) Inequality (7) can be generalized in a manner due to Cauchy, see 
Il 1.2 Lemma 4 (a). 


z MF; 1) f 
om ae ) < SAGE < ple (Lf | P 

g’) ~ Ing; u) ~ g “) 8) 
These inequalities have been studied and generalized by several authors; |Kara- 
mata; Pélya & Szego 1972 pp.80,90|, |Godunova 1972; Karamata; Kwon & Shon; 
Lukkassen; Lupag 1975,1978; Pecarié & Savié; Sandor & Toader; Winckler 1860]. 


REMARK (ix) The proof (7) of (c) can be modified to give a proof of the discrete 
version of (r3s). 

An interesting inequality compares the geometric means of the arithmetic means 
of the derivatives of two functions with the arithmetic mean of the derivative of 


their geometric mean. 


THEOREM 7 Let f,g,h: [a,b] — R4, with f increasing, g,h continuously differ- 
entiable and g(a) = h(a), g(b) = h(b) then 


Bo (Aja 6 (9's fF), Aja,oy(h's f)) < Aja,oj(G'(g, A); f). 


REMARK (x) The case a= 0,0= 1, g(x) = x??*, h(x) = 179*" is due to Pélya; 
the generalization is by Alzer. Further generalizations in which the geometric 
mean has been replaced by other means such as the Gini or Extended means, see 
2.1.3 below, have also been given; [DI p.206]®, [Pélya & Szego p.72], |Alzer 1990p; 
Pearce & Peéarié 1998}. 


° This reference has a mistake; the derivative is taken inside the square root, instead of outside. 
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REMARK (xi) A study of the iteration of the arithmetic mean has been made 
by Biickner; [Biickner]. Nanjundiah and Ky Fan type inequalities have also been 
studied; [Rassias pp.27-50], [Cizmesija & Peéarié; Kwon 1996]. 

An extremely important extension of the integral power means to analytic func- 
tions is due to Hardy. If f is analytic in {z; |z| = |pe*®| < 1} and if0<p<1,0< 


r < oo, then we define’ 


1 . 
exp (5; | logt | f (pe*”)| 20) .. P= 0, 


gl] = i] 7 ; 1/r 
(fi) (= | (ce) a8 | if0<1r <0, 
Tv == 7. 
sup_z<o<n |f(pe”)|, if r = co. 


These means clearly have all the properties of the power means above, having 
analogues of (H)-/, (M)-/, and (r;s)-f. In addition the following important theorem 


can be proved. 
THEOREM 8 t'"!(f;p) is an increasing function of p, 0 <p <1. 


‘a The case r = oo follows from the maximum modulus theorem for analytic 


functions; for the other cases see [Rudin p.330]. L] 


These properties form the basis of an important area of mathematics known as 
Hardy spaces; see [EM4, pp.366-369]. 


1.3 FURTHER RESULTS 


1.3.1 A GENERAL RESULT A procedure whereby integral inequalities are deduced 


from discrete inequalities can be stated in a fairly general way. 


THEOREM 9 Let 7: R® ++ R be continuous, J an interval, J CR,F,G: JOR, 
H:JxJtR, a,b n-tuples with elements in J, w an n-tuple, X € R. If for all 


such a, b, w, 


1) (>: esa) YG) Ya) > A, (9) 


then for all f,g: [a,b] > J with Fo f,Gog, H(f,g) p-integrable 


o(forosan [Goode [ araan) > (10) 


e Using the notation of Notations 8; log =max{log,0}. 
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L If 7 > 0, and u € R® then there is an € > 0 such that if |u — u| < e, then 
ly(u) — o(v)| <n. 


Now there is a 6: [a,b] ++ R4 such that for all 6-fine partitions @ of [a, bj, 


b b 
€ € 
So Pe fay f Po fay) < YG qu— f Gogdul <<, 
> fd ; fd We » ie leat 0 gOu! < Fe 


Dmtnadu— [saan < wa 


Hence 


v( [ resan [ Good, f H14,0)4n) 
>w (>: wi F(a), > wiG(b;), > will (ax, ») =i 
Shem 
which completes the proof. OJ 


REMARK (i) This result can be given several obvious variants and extensions to 


functions w of two variables, or of more than three variables. 
EXAMPLE (i) Taking ~(z, y,z) = 21/Py!/? —z, F(x) = 2”, G(x) = 2” , H(x,y) = 
zy, \ = 0, then (9) is (H) and (10) is (H)-f. 
1 
EXAMPLE (ii) Taking ~(2,y,z) = cy, F(x) = 2?, G(x) = -—,f = g andvA = 
x 


((M + m)*)/4Mm, where 0 < m < f < M; then (~ 9) is the Kantorovié, or 
Schweitzer, inequality, III 4.1 (11), (12), and (~10) is the integral analogue 


([ sn) (5a) ne (11) 


REMARK (ii) A completely different proof of (11), also a special case of a general 


method, can be found in the interesting paper [Rennie 1963]. 


REMARK (iii) A general integral approach to the Kantorovié inequality can be 
found in [Clausing 1982]; see also [Diaz & Metcalf 1964b; Lupag & Hidaka. 


1.3.2 BECKENBACH’S INEQUALITY; BECKENBACH-LORENTZ INEQUALITY Analogues 
of these inequalities, III 2.5.5 Theorem 17 and III 2.5.7 Theorem 19 (c), have been 
proved directly; [Mond & Peéarié 1995b; Zhuang 1993}. 
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THEOREM 10 Suppose p > 1, fe LF (a, b), with f u-almost everywhere non- 
negative, and g ELP (a,b), with g w-almost everywhere non-negative, a > 0, 6 > 
0, y > 0, and define h by h = (ag/B)? /?. Then : 
(at rJe sau)? | (ata Se hPau)'”? 
B+yf. fgdu 7 B+yf hgdu 
with equality if and only if f = h, w almost everywhere. If0 < p< 1 then (~12) 
holds. 


0 Obviously h € LP (a, 6), and the right-hand side of (12) is just: 


(12) 


(0/8) (a(Bfay® +7 fea" du) aay 
aw (asiar rafeerany Othe)” 


Now: 


p+ fi Soap soso f sean)” (fof an)”, by (H)-f, 
=a:/P (Ba-1/P) a (y [ fP ay)” (7 [ ge au) 1/p’ 


b 1/p / / B / 1/p’ 
<(a+7 | f? du) Ce ea +7 g* dy.) , by (H), 
which by (13) completes the proof of (11). 
The cases of equality follow from the cases of equality for (H)-f{ and (H). O 


a 


‘THEOREM 11 Let p, f,g,h,a,@,y be as in the previous theorem . Further assume 
thata—yf? fP dy > 0 and a— 7 f- h? du > 0. Then 
b 1 b 1 
(a-y fo fPduy”? _ (a-7 fo hh du)? 
b = b 
B= Jon B-yf, hodu 
with equality if and only if f = h, p almost everywhere. 


(14) 


LJ As in the proof of Theorem 10, he Lh (a, b), and we have that the right-hand 
: ee / / b / —1/p’ 
side of (14) is just (a? /P BP — + f° gP dys) , 
By III 2.5.7 Theorem 19(a), the Hédlder-Lorentz inequality, with n = 2, a; = a’/?, 
1 / 1/p’ 
ar = (7 f° fedp)/?, by = a7 /PB, bo = (7 f° g? du)'/” we have 


(a “ vf f? dy.) (aP'/ ge ~ vf g? au)” 
ao of iia aw)? g” du)” 


b 
<p—7 | fgdp, by (H)-f. 
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As in Theorem 10 this completes the proof. O 


1.3.3 CONVERSE INEQUALITIES Following the general remarks above converse in- 
equalities can be obtained from the discrete analogues but considerable work has 
been done on direct approaches; [Alzer 1991h; Barnes 1969; Choi; D’Apuzzo & 
Sbordone; He L; Kwon 1995; Mond & Peéari¢é 1994; Nehari; Peéari¢é & Pearce; 
Yang & Teng; Zhuang 1991]. 

The following converse of (J)-{ goes back to Knopp and should be compared to 
I 4.4 Theorem 28; [Popoviciu pp.38-35], [Knopp 1935; Peéari¢ & Beesack 1987b). 


THEOREM 12 Let ® : [m,M] + R be convex and strictly monotonic, and let 
g: [0,1] + [m, M] then 


[os Oog— (fs) < (1 — to) ®(m) + to(M) == P(1 —tgm + toM), 
0 0 


where 1 —tpom+toM is the mean-value point for ® on |m, M]. 


A particularly simple example of a converse Holder inequality is given in the next 
theorem; [Zhuang 1993]. 


THEOREM 13 If f,g:[a,b]++> R withO<m,<f<M1,0<me2<g9< Mo, with 
f? and g? p-integrable, p > 1, then 


([ fP aw) f es au)” , xf = sag 


mi/p+ M2 /p’ MP/p+ms /p' \. 


h = 
where K = max { rey F Was 


C 
: a 1» 
K | fgdu >| (—f? + we ) du, by II 4.2 Theorem 7, 
a Pp 
1 ’ Lf? 2 
=| fP?dut+ af g” du > the left-hand side of (15), by (GA). 
P Ja a 


C) 
A converse of Beckenbach’s inequality, 1.3.2 Theorem 10, has also been given by 


Zhuang. 


1.3.4 RyFr ’s INEQUALITY In a very interesting paper Ryff, [Ryff|, has discussed 


an integral analogue of Muirhead’s theorem, V 6 Theorem 1, and of V 6 Corollary 


2 (a). 
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For simplicity we consider real-valued functions on [0,1], and first we define an 
integral analogue to the order < defined in I 3.3; see [AJ pp.162-168; DI pp.9, 198; 
HLP pp.276-279; MO p.15; PPT pp.824-325]. 


If f and g are two decreasing functions we say the f < g when 


[ss faosess and [r=foo (16) 


In general f ~ g if (16) holds between the decreasing rearrangements of f and 
g, where the decreasing rearrangement of a function f, written f*, is defined by 
requiring: (i) f* is decreasing and right continuous, (ii) the sets {x; f(x) > y} and 
{x; f*(x) > y} have the same measure for all y. 

Various of the results for the order defined in I.3.3 have analogues in this situation; 
in particular I 4.1 Theorem 10(a), and the following result of Ryff that is an 


analogue of Muirhead’s theorem. 


THEOREM 14 [Ryrr’s InEquatity] Let f,g be bounded and measurable on (|0, 1}. If 
f <q, and if u is a positive function with u? integrable for all p € R, then 


[ log ([ u(y)f@) dy) fe [ es (f u(y 9) dy) iy (17) 


Conversely if (17) holds for all such u then f ~ g. 


REMARK (i) The argument that (17) is the correct analogue of V 6(3) is given 
in detail in the paper of Ryff. If the order of integration in (17) is reversed the 


integrals may fail to exist. 


REMARK (ii) The question of the cases of equality in (17) remains open. Ryff con- 
jectures that there is equality if and only if either u is constant almost everywhere, 
or] = Gg". 

1.3.5 BEST POSSIBLE INEQUALITIES An inequality between two quantities P,Q of 
the form P < KQ is usually understood to be best possible when K, a constant 
depending on the parameters in P and Q, has been evaluated, and for no smaller 
constant does the inequality hold in general. In interesting papers Fink and Jodheit 
have suggested an alternative way of considering an inequality to be best possible; 
[Fink 1994; Fink & Jodheit 1984,1990]. 

This idea is best explained by the inequality of Karamata, I 4.1 Theorem 10(a): 
ier f(b) < SO¢_, f(a;) for all functions f convex on I if and only if b < a. Fink 
pointed out that the following is also true: )7;_, f(bi) < So", f (ai) holds for all 
a,b with b < a if and only if f is convex; |Fink 1994], 
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In other words Karamata’s theorem not only characterizes the sequences for which 
the inequality holds for all convex functions, but also it characterizes the class of 
convex functions. We illustrate this idea further with two results, an integral 
analogue of Cebigev’s inequality, see II 5.3, and (J)-f. 

We say that two functions defined on the interval |a, b] are similarly ordered when 
(f(z)—f(y))(g(x)—g(y)) = 0 for allz, y€ [a,b]; this is analogous to I 3.3 Definition 
ioe 

In the next two theorems yu is a regular Borel measure 
Theorem 16 is that of 1.2.1 Theorem 1. 


8 and the notation in 


THEOREM 15 [CepisEv’s INEquairy] If f,g are piecewise continuous and non- 


negative u-almost everywhere on |a, b], then the inequality 


b b b b 
[ foew | au> fay [ g du 


holds for all similarly ordered pairs of functions f and g if and only if p > 0. 
Further this inequality holds for all u > 0. if and only if the functions f and g are 


similarly ordered. 


THEOREM 16 [JENsEn’s INEQuatity] (J)-f holds for all f © L7°(a,b) and ® convex 
if and only if 4 > 0. Further (J)-f holds for all f € L0°(a,) and py > 0 if and only 


if ® is convex. 


ig If @ is convex and uz > 0 then we have (J)-f, 1.2.1 Theorem 1. Now assume 
(J)-f, for all @ is convex and f € L7°(a,b). Take f = ljc.q, [c,d] C [a,b] and 
®(x) = x” then by (J)-/, u({c, d]) > 0, which shows that p > 0. 

Finally taking f(x) = x and pw a convex combination of point masses at x and y, 
then by (J)-f we find that ® is convex.O 


REMARK (i) As we have seen, 1.2.1 Theorem 2, the Jensen-Steffensen inequality, 
(J)-f will hold for other measures if the class of functions is changed to the class 


of monotonic functions. 
1.3.6 OTHER RESULTS (a) [AN INEQUALITY oF Ostrowski] If f : [a,b] +> R is Lips- 
chitz with Lipschitz constant M, then Ostrowski has proved that 


2) Men Nl <MO—a (7+ (FHA IE)"), 


8 A measure is a Borel measure if all Borel sets are measurable; it is regular if the measure of every 
set can be approximated from the inside by the measures of its closed subsets. If the function yp of 1.1 
above is continuous the measure is both regular and Borel; [EM1 p.437]. 
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and many authors have given extensions; [PPT p.209], [Dragomir & Rassias], 
[Lupas 1972; Milovanovié & Milovanovié 1979; Milovanovié & Peéarié; Ostrowski; 
Peéaric & Savié]. 
(b) [Gauss’s Inrquatity|If r > 0 and yp is a non-negative measure then the rth 
absolute moment of the measure , rT > 0, vp = [ ae |z — a|" w(dz). So the classical 
inequality ya! Yee yi! * 0<r<-s, is a particular case of (r,s)-f. Gauss stated the 
following improvement, in the case r = 2,s = 4, 

(Gain) 2(GEiy)”’: 
The first proof of the general inequality was given by Winckler although his proof 
contained an error that was corrected by Faber; see [MPF pp.53-55; PPT pp.219- 
220), |Gauss], [Bernstein & Kraft; Fujiwara; Mitrinovié & Pecarié 1986; Winckler 
1866]. 
The following closely related result can be found in [BB pp.48-44; PPT p.216]. 
THEOREM 17 If f : [a,b] ++ R* is convex with f(a) = 0, and if0 <r < s, then 
(r+1)Vromll of) < (s+ Vem (yf). 
(c) [STEFFENSEN’s InEQquaLiry] The following is a very well known result, [MPF 
pp.811—-831], {Steffensen 1918]. 
THEOREM 18 If f,g: [a,b] ++ R are integrable, f decreasing, 0 < g < 1 and if 


A= Log then, : 
a a+ 
J psf tos | f. 
b—A a b—X 


This inequality, [AI p.107; DI pp.239-240; PPT pp.181—182], has been the subject 
of much study and perhaps the most extensive generalization is the following 
theorem of Mitrinovié & Peéari¢é, [Mitrinovié & Peéari¢é 1988a]; see also [PPT 
pp.182-195], |Peéarié 1989]. 
‘THEOREM 19 Let A > 0, Io > 0, then the inequalities 
b 

1 b 1 a+A 

Lf ps telt ch P's (18) 

r b—A fo9 A a 


are valid for all decreasing f if and only if for every r,a<a2 <6, 


b b x b 
0<rf g<-2) fg, and 0<Af g<(e-a)/ 


Further the second inequality in (18) holds if and only if for every x,a< xz <b, 
0<Afog < («—a) Lo, and O< Jo. 
The above authors have noted that the above theorem implies the following result; 


[Godunova, Levin & Cebaevskayal. 
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COROLLARY 20 Let f,g be non-negative in [a,b], f decreasing, g increasing; let 
@ be convex and increasing on |0, 0o|, with (0) = 0. Define the function g; by 
gi¢(g/g1) =1, with g; > 0, and suppose that fa <1. Then ifX\ = (fg), 


a, [195 oh [oon 


(d) The following inequality is due to Prékopa; [Prékopaj. 


(/- J “"( / ; 7) S : / : ee (f(x)g(x)) dt. (19) 


OO [©.@) =. 


REMARK (i) Leindler has noted that the discrete analogue of (19) is false, but is 
valid if the factor 1/2 is omitted. He has also proved an integral analogue of his 
result III 4.3 Remark (viii), as well as various generalizations of (19); [Leindler 
1971,1972b,1973a). 


(e) THEOREM 21 If f is convex on [a,b] then A(z, y) = Ap y(f),a<2,y < ), is 
Schur convex on |{a, ] x [a, }]. 


L This is an immediate consequence of I 4.8 Theorem 48 and the right-hand 
side of Hadamard-Hermite inequality, I 4.1 (4). O 


REMARK (ii) The converse of this theorem holds in that the Schur convexity of 
the function A implies that f is convex. Further the left-hand side of I 4.1(4) is 
an easy corollary of this result; [Elezovié & Peéarié 2000al. 

(f) Finally we mention a result of Seiffert and Alzer connecting the arithmetic 
mean of a function on an interval and the function values at the identric and 
logarithmic means of the end-points of the interval, [Alzer 1989@; Seiffert 1989]. 


THEOREM 22 If0 <a<_b and f: [a,b] ++ R the following inequalities hold, 


f (La, b)) < Apa (f) < f (F(a, b)), 


provided: f is strictly increasing and (a) for the left inequality 1/f—* is convex, 


(b) for the right inequality f—*is log-convex. 


2 Two Variable Means 
There are many means that are defined for 2-tuples that have no obvious extensions 
to general n-tuples. Further a case has been made that amongst the many means 


on 2-tuples that we will consider below the only ones with natural extensions to 
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n-tuples are the classical power means; [Lorenzen]. Finally it might be mentioned 
that two-variable cases of means defined earlier have many special applications; 


see for instance a use of two variable quasi-arithmetic means in [Wimp 1986]. 
2.1 THE GENERALIZED LOGARITHMIC AND EXTENDED MEANS 


2.1.1 THE GENERALIZED LOGARITHMIC MEANS 


Ifp €R,a>0,b>0, a4 b, the generalized logarithmic mean of order p of a and 


b, is: 
pe+l — gptl 1/p 
is Set 5c ss: a 
(Gaba) + tPA Loko 
b—a 
eee ifpead 
(P| log b — log a’ cas 
" (a, b) = 1. be i/(b= ) (1) 
S\aa) if p — 0, 
max{a, b}, if p =.00, 
min{a, b}, if p = —00; 


the definition is completed by defining gil (a,a)=a,a>0,p ER. Clearly these 
means are homogeneous and symmetric; and so in particular there is no loss in 


generality in assuming 0 <a < b. 


EXAMPLE (i) It is easily checked that the special cases in the above definition are 
limits of the general case. That is: if pp = —oco,—1,0, or co then giro] (a,b) = 
limy—+p, £”! (a,b); and for all p, cll (a,a) = limp, £!(a, b). 


EXAMPLE (ii) Special cases of these means are means introduced earlier, II 1.1, 
1.2, 5.5 and II 1: £!-4(a,b) = G(a,b), LIN (a,b) = L(a,b), 2 (a,b) = F(a, d), 
cl-V/4\ (a,b) = om" /2l (a,b), el! (a,b) = Ala, d). 


REMARK (i) In some references £!?! (a,b) is called £'?*! (a,b); the present usage 


seems more natural because of (2). 


REMARK (ii) These means have been redefined many times; see [Cisbani; Dodd 
1932; Galvanil. 


Various identities exist between certain generalized logarithmic means and other 


means. 
EXAMPLE (iii) £'-5l(a,b) = ¢/(a,b)67(a,b), Sb-1/4I(a,b) = 2A(a, b) . OGY) 
and £(a,b) = 67(a,b)£ a(-, *). 


EXAMPLE (iv) For no value of p do we have that £!?!(a, b) = §(a, b) as it is easily 
seen that if 271(1,2) = §(1, 2) then £7!(1,3) 4 H(1, 3); see 2.1.3 Corollary 20(c). 
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These means have several useful integral representations. 


LEMMA 1 (a) Ifp€ R,0<a< band w(x2) = <2 then 
Sl(a,b) = a (2). (2) 


(b) If p € R*, then 


ae cage | 
Pla, b) = exp (- / re log (3(a", b*)) at). 
1 


(c) 
: 1 > | 
Sacha ( / aos”) | (3) 
(a) . 
La, b) = / ae" Or at: (4) 
CL] All of these can be verified by simple integrations. L 


REMARK (iii) The central role of the identric mean is seen from (b); see [Leach & 
Sholander 1983; Stolarsky 1975]. The useful integral representation (c) is due to 
Carlson; see [Pittenger 1985]. The representation (d) is due to Neuman, [Neuman 
1994]; see also [Bullen 1994a| 


The following theorem generalizes identity (2); [Yang Z; Cao] 


THEOREM 2 If f € C*(a,b) is positive and strictly convex on [a,b] then for all 
PER, 
mel (f) < £I( F(a), f(b); 


if f is strictly concave this inequality is reversed. 


REMARK (iv) The proof is based on an extension, by Yang, of the Hadamard- 
Hermite inequality, I 4.1 (4); [MPF p.12]. Some errors in the last reference, and 


in Yang, are corrected in [Guo & Qi]. 


THEOREM 3 (a) If0<a<b, and -—oo<r<s< oo, then 
a < (a,b) < 2h (a,b) < 6, (5) 


with equality if and only ifa = 6. In particular the generalized logarithmic means 


are strictly internal 
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(b) For all p € R the generalized logarithmic mean, gi (a, b), is strictly increasing 


both as function of a and b. 


0 (a) follows from (r;s)-{ and (2), while (b) is a simple result of (2), 1.2.2 
Theorem 5 and 1.2.2 Remark (vii). 0 


REMARK (v) The cases r = —2,s = —1;r = —1,s = 0;r = 0,8 = 1 of (a) have 


been proved earlier; see II 5.5 ‘Theorem 15 


REMARK (vi) The special cases p = —1,0 of (b) have been given earlier, see II 
5.5 ‘Theorem 14. 


Using Examples (ii) and (iii) special cases of (5) give various inequalities between 


the generalized logarithmic means and various means defined earlier. 


COROLLARY 4 (a) If0 <a< band —2 < p< —1/2 then 
G(a,b) < LI (a,b) < mm"/4I (a,b). (6) 
(b) If0 <a<band —2<p<1 then 
G(a,b) < Ll (a,b) < A(a, b). (7) 


(c) If0<a<b then 


(a, b) + (a, b) 


L(a,b) < : 


< 3(a, b). 
In both (6) and (7) there is equality if and only if a = b. 


REMARK (vii) In the case p = —1 the left-hand inequality in (6) is due to Ostle 
& Terwillinger; the case of p = —1 of (7) was proved by Krdalik; see [AI p.273], 
[Mitrinovié 1964 p.15,1965 p.192], [Krélik; Ostle & Terwillinger]. 


REMARK (viii) Many proofs of (7) have been given in the special case p = —1, 
the logarithmic mean case; see II 5.5, [College Math. J., 14 (1983), 353-356; Yang 
Y 1987]. 


REMARK (ix) The result in (c) should be compared with that in If 5.5 Remark 
(v); see also 2.1.3 Remark (v). 


The following lemma shows that when p = —1 inequality (7) implies the stronger 
inequality (6); [Carlson 1971]; see also [Pearce & Peéarié 1997; Séndor 1990c,d]. 
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LEMMA 5 
G(a,b) < L(a,b) < A(a,b) => G(a,b) < L(a,b) < m/7I(a, b) 


O Take (7), with p = —1, replace a,b by \/a, Vb respectively, and multiply the 
resulting inequality by (,/a + Vb)/2. This gives 


5 Vab (Ja + vb) < £(a,b) < m/l (a, 0). (8) 


Using (GA) on the left-hand side, (8) implies (6) in the case p = —1. 0 
The idea used in this proof can be iterated to give another definition of the loga- 
rithmic mean. 


Pees 1/2° 1 p1/2* 
(ab)/?""" TT] (| < £(a,b) < ; 


1/20 gle 2 qi/2* 4. pl/2° 
om ae ame || (imax Go 
¢=1 1 


i= 
(9) 
it is readily seen that the left-hand term in (9) increases with n, while the right- 


hand term decreases, and that they have the same limit. Hence 


San qi/2 4. 91/2" 
e(a,0) =[] (Ste), 


i=1 


The following result can be found in [Elezovié & Peéarié 2000a]; see also [Qi, 


Sandor, Dragomir & Sofo]. 
THEOREM 6 £/(a,6) is Schur convex if p > 1 and Schur concave if p < 1. 


O The function f(x) = z?, x > 0 is convex if p > 1 or p < 0 and so by 1.3.6 
ptl _ »ptl 


Theorem 21 the function -———————~ is Schur convex for those ranges of p. 
(p+ 1)(y — 2) 
Hence since g(x) = x'/? is increasing if p > 0 we get, using I 4.8 Theorem 48, that 


gl (a,b) is Schur convex if p > 1. The other cases, p # 0, have a similar proof, 
and the case p = 0 follows using limits. LJ 
Inequalities (6) or (7) are quite elementary so it is natural to ask if they can 
be improved by answering the following question. What are the best possible 
power mean bounds for a generalized logarithmic mean? The following theorem 


of Pittenger gives a complete answer; [Pittenger 1980b]. 


THEOREM 7 Let 0<a<b and pER, and define 


min{(p + 2)/3, plog2/log(p+1)}, ifp>—1,p #0, 
py = « min{2/3, log 2}, if p =O, 
min{(p + 2)/3, O}, ifp < —1; 
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and define p2 as py but with min replaced by max. Then 
Pl (a,b) < gl (a,b) < om'Pal(a, b). (10) 
There is equality in (10) if and only if either a = b, or p= 1,—1/2, or —2. 


The values of pj, p2 are sharp. 


REMARK (x) If —2 < p < —1/2, or p > 1 then po = (p+ 2)/3 and the right- 
hand inequality in (10) is: £7!(a,b) < sll?*?)/2l(q, 6), a result due to Stolarsky; 
[Stolarsky 1980]. 


REMARK (xi) The case p = —1 of (10), 


G(a,b) < L(a,b) < m9) (a, b), (11) 

is due to Lin, see [Lin T; Yan]. The substitution b = e*, a = e~* in (11) leads the 
inh 

equivalent inequality (cosh z/3)° > Buble 1, which is a sharpening of the left 


inequality in I 2.2(14). For an interesting approach to Lin’s result and the more 


general inequality of Pittenger see [Hasta]. 


REMARK (xii) If p 4 —1 using the substitution of the preceding remark in (10) 


leads the equivalent inequality: 


1/p 
1/p1 sinh(p + 1)zx 1/po2 
<4 pe < : 
( cosh pz) ( ai ) ( cosh p2) 


REMARK (xiii) A probabilistic proof of (10) can be found in [Székely 1974]. 


The above result of Pittinger can be expressed in terms of the following concept 
due to Székeley; [Székely 1975/6]. Given a mean, call it t,,(a), define: 


— 


: (a) < M,(a), for all n-tuples a}, 
l(a) > IM, (a), for all n-tuples a}. 


r=sup{s; Mt 
R = inf{s; Mt 


3% 8 


Then we say that 20,,(a) is a distance R —r from the power means.,; 


COROLLARY 8 The generalized logarithmic mean £'! (a,b) is a distance pz — pi 


from the power means. 


REMARK (xiv) For further generalizations of these results see [MPF pp.40-48], 
[Carlson], [Chen & Wang 1990; Imoru 1982; Pearce & Peéarié 1994,1995b; Pit- 
tenger 1987]. 

Other results have been obtained particularly in the cases of the logarithmic and 
identric means; [Allasia, Giodarno & Peéarié; Alzer 1986a,b,1987a, 1989j,1993e; 
Sandor 1991b,1993,1995c,d; Sandor & Rasa]. 
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THEOREM 9 (a) If0<a< b then 


f(a, b)G(a, b) < La, b)5(a, b) < ml!/4) (a,b); 


L(a, b) + F(a, b) < A(a, b) + G(a, b); 
Jia, b)8(a,b) < £(a,b) < S(a,0) 6 he.) 


ls) (x, ) 7 gis) (a, b) 


(b) IfO0<r<sand0<a<b then axa <aso( Sa ay by 
L, Y a, 


REMARK (xv) That maxe<g.y<b (gis (x,y) — (a, i) = gll(a,b) — 2l" (a,b) is 
a conjecture of Alzer. 
A relation between the logarithmic mean and the Muirhead means has also been 


investigated. 


THEOREM 10 Ifa,b> 0 and ifa= ((1+ V6)/2, (1 — V6)/2),0<6 < 1/3 then 
A a (a,b) < L(a,b). (12) 


If 1/3 <6 <1 then (12) fails for some pair a, b. 


The case 6 = 1/4 is due to Carlson, but the general result was given by Pittenger; 
[Carlson 1965; Pittenger 1980a}. 


REMARK (xvi) The substitution of Remark (x) gives the following inequality that 
is equivalent to (12): xcosh(t,/x6) < sinha. 

REMARK (xvii) Connections with the arithmetico-geometric mean, see 3.2 below, 
have been obtained; [MPF pp.47-48], [Carlson & Vuorinen; Sdndor 1995a, 1996]. 
Inequalities of a Ky Fan type have also been proved; [Alzer 1987d; Chen & Hu; 
Wang, Chen & Li]. 


THEOREM 11 If0<a<b< 4 and if p; = 2/3, po = log(1+ V5/2)/log2 then 
oyr'P +] (a, b) 3(a, b) oy'P2l (a, b) 
ee eS ee 
mrlml(¢—a,1—b) 3(l—a,1—b) © opel —a,1-0) 
The values p1,p2 are best possible. 
Some means that can be considered variants of the logarithmic mean have been 


considered by Seiffert, [Seiffert 1987,1993,1995a,b,c]. They have been called, Seif- 
fert means, [Toader 1999]. If 0 < a < b we define: 


b—a 


b—a 


)(— 4) = 
2 arctan ((b — a)/(b+a))’ ee) 


6 (a,b) = 
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and 


b—a 


6) (a,b) = ———_____ 
(2,8) 4(arctan ba — 7) 


THEOREM 12 If0<a< 6 are then 


(a) 6(a,b) <6) (a,b) < A(a, b) < G6") (a,b) < Q(a, bd); 
(b) £(a,b) < 6 (a,b) < F(a, b). 
O (a) The inequality I 2.2 (13) implies that 


4 6; 


ager" 


from which the two right-hand inequalities follow. 


x > arctanz > sinoarctanz = 


Inequality I 2.2 (13) also implies that 


x 
arcsinz < tanoarcsing = —==—-, 0< ~<l 
- V1 — x? 
which gives the inequality on the left. 
(b) See the references. 0 


REMARK (xviii) These means have been generalized; [Toader 1999]. Further (b) 
has been improved to: I!/4I(a,b) < 6) (a,b) < ml?/4I(a, b); [Jager]. 


2.1.2 WEIGHTED LOGARITHMIC MEANS OF n-TUPLES Several authors have sug- 
gested extensions of the generalized logarithmic means to n-tuples, n > 2, even 
though 2.1.1(1) does not readily suggest such a generalization; [Dodd 1941b; Hor- 
witz 2000; Kralik; Stolarsky 1975]. However perhaps the most natural gener- 
alization is that of the logarithmic mean given by Pittenger based on 2.1.1(3); 
|[Pittenger 1985]. 

Consider the non-negative n-tuples w with w, = 1 — W,_;1 and let An_1 be the 


simplex {w),; Wn_1 < 1}. Define the logarithmic mean of an n-tuple a as: 


It is easy to check that this mean is internal, mina < L(a) < maxa, and Pittenger 


shows that: 


Gn(a) < Ln(a@) < sit /71 (a), (13) 
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a generalization of the p = —1 case of 2.1.1 (6). Further by replacing the Lebesgue 
measure in this integral by a general probability measure we can define a loga- 


rithmic mean of the n-tuple a with weight w, the natural weight of the measure 


[: 


| 
L£y(a;w) = ( / re) , Where wj = a typ(dz),1<i<n; 
n—1 


n-1—— 


[Brenner & Carlson; Peéarié & Simié]. A similar extension has been given for the 
identric mean, [Sdéndor & Trif|; In(a;w) =exp( J, _, log(a.)u(dz)). 

The following inequalities of Ky Fan type have been proved; [Gavrea & Trif; Neu- 
man & Sandor; Sandor & Trif]. (The notation is defined in IV 4.4.) 


THEOREM 13 If yz is a probability measure on A,_, and if the n-tuple w is the 
natural weight of yw and if a €]0,1/2]" then 


Ln(aiw) — In Jn (a; w) w) 
ea) © Iai)’ 
Gn(a;w) - In(a;w) — An(@;w) 
Gi (a; w) a) I (a; w) . YW" (a; w)’ 
1 a rr cae ree 
Hi(a;w) Hn(asw)~ Li (a;w) Ln(asw) ~ A (a;w) An(a;w) 


the inequalities being strict unless a is constant. 
It is not known if the following inequality holds: 
1 1 2 1 1 
Gi(a;w) Gr(a;w) ~ Li(a;w) Ln(a;w)’ 


Gn(aiw) — £n(aiw) 


G,(a;w) ~ £,,(a; w) 
see |Gavrea & Trif]. 


Reference should be made to IV 4.4 Theorem 15 and 4.4 Remark(vii). 


but the inequality does not hold for all choices of weights, 


Another natural extension of the logarithmic mean has been given by Neuman 


using the representation 2.1.1(4); : 


£n(a;w) = [ []azu(da), 


An— 1q= 1 


Neuman proves an analogue of inequality (13), £n(a) replacing £,,(a); [Neuman 
1994; Pearce, Peéarié & Simié 1998b]. 
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THEOREM 14 If py is a probability measure on A,_, and if the n-tuple w is the 
natural weight of yw then 


The inequality is strict if a is not constant. 


2.1.3 THE EXTENDED Means If r,s € R and a,b > 0,a # b, then the extended 


mean of order r,s of a and b, is given by: 


Sys 1/(s—r) 
(ae | , ifrA#s,sF0, 


s(b" — a") 
bf = gr 1/r 
Tr DR fq eg es AG ) if o> 0, 
€"5(a,b) = (ie sa) a (14) 
Lb? Aaa 
ana) ’ ifir=s #0, 


Jab, ies =O: 


the definition is completed by defining €!?! (a,a) = a,a > 0,p € R. These 
means are readily seen to be homogeneous and symmetric; and further €"*(a, b) = 
€*'" (a,b). So we can always, without loss in generality, assume that a < b, and, 
or, r < s. The special cases in the above definition follow from the general case 
by taking appropriate limits. 

Extended means, which are sometime called difference means, |Losonczi & Paéles. 
1998| were introduced by Stolarsky and so are also called Stolarsky means’; [Alzer 
1990n|. They were studied later by Leach & Sholander; [MPF pp.45-46], [Kim 
Y 2000a; Leach & Sholander 1978,1983,1984; Pdles 1990a; Qi 2001a,b,2002b; Sto- 
larsky 1975; Yang & Cao]. 

There are various simple relations between these means and others introduced 


earlier. 


EXAMPLE (i) €”°"(a,b) = 9" (a,b), €7""(a,b) = G(a,b), TreER: 
ebPtt (a,b) = £Pl(a,b), peR,; 
€°"(a,b) = (£(a",b"))'/",  €°" (a,b) = (B(a",b"))"/", re R*. 


In particular 


€'? (a,b) = A(a,b); €E-? 1 (a,b) = H(a,b); €**(a, b) = Q(a.b). 


EXAMPLE (ii) €7*(a,b)€—” *(a,b) = @*(a,b), r,s ER; 


9 . 
Another name is extended mean-value mean . 
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€775 (a,b) = ,/€"5(a, b)B"5(a,b), r# 5,7, 5 € R*. 
where the last mean is a Gini mean with equal weights, see III 5.2.1. In particular 
taking s =r-+1 the last identity gives the Lehmer means, III 5.2.1, in terms of 
the extended means: 


2r,2r+2 2 
Ort" (a, b) Se gittt (a, b) = (€ ri 2r (a, b)) 


ert (a, b) 
LEMMA 15 (a) Ifr,s © R then 
€™(a,b) = Migay (ml), (15) 
where 
mrl(t) = otl"l(a,b;1 t,t), O< t< 1. (16) 


(b) If0 <a,b andr,s € R then 


By", were 


= (2), a 


where e(u) = e(u;a, b) = , t“—1 dt, when e’(u) = he t¥—* log t du. 
(c) IfO0<a<bandr#s, 


log (€"°(a, b)) = : : [ a du, (17) 
where the function e is as in (b); ifr = s then 
log o log (€""(a,b)) = FC) du 
: o fu) 


where f(v) = I t’—* log’ tdt, when f'(v) = f(v+1). 


0 (a) and (b): both of these results are obtained by simple integrations. 
(c) If r 4 s we have from (b), 


log (€"°(a, b)) = ~ (log e(s) — log e(r)) = —/ (log e(u))’ du 
If r = s again from (b) 


log o log (€"" (a, b)) = log f (1) — log f(0 jap (log f(u))’ du. 
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REMARK (i) (a) and (b) are extensions of 2.1.1(2), and formula 2.1.1(4) is a special 
case of (b); [Bullen 1994a; Pearce, Peéarié & Simié 1998al. | 


REMARK (ii) The representation (15) has been used to generalize these means to 
define what could be called extended quasi-arithmetic means; see |Pearce, Peéari¢ 
& Simié 1999]. 

REMARK (iii) Generalizations of the integral form in (b) have been studied; |Guo 
& Qi; Qi 1998a,b,2000b; Qi & Luo 1998; Qi, Mei & Xu; Qi, Xu & Debnath; Qi & 
Zhang ; Sun M]. For instance if r #4 s andO<a<b, f >0O and w > 0, but not 


zero almost everywhere: 
Jo w(t) f*(t) =f re 
; , 
J, w(t) fr (t) de 


THEOREM 16 (a) The extended mean €"*(a,b) a strictly increasing function of 


Eig fie) = ( 


a,b,r and s. 

(b) If s > 0, respectively s < 0, then €"*(a, b) is strictly log-concave, respectively 
log-convex, as a function of r. In particular the generalized logarithmic means 
girl (a, b) are strictly log-concave functions of p, p > —1. 

(c) Ifr > 1 then 


en’tt(ata',b+b') < errtt (a, b) + Cerra b). 


the inequality being reversed if r < 1. 


0 (a) (i) We first consider the case of €”*(a,b) as a function of a and b; by 
symmetry we can restrict attention to b and assume that b > a. In addition we 
assume that r,s € R*, s >r. Then 

fa) ems s—fr b b” — qt 2 

( ( ) (a, ve a ) = b'~*a°((s — r)(b/a)* — s(b/a)®" +1) 
Ob r 
Further putting 0 = b/a, 6 > 1, consider f(0) = (s —r)0° — s6*&-" + r. Clearly 
f(1) =0 and f'(0) = s(s —r)05-"*(6" — 1) > 0. 
T,S\s—Pr 

This shows that ee al CE) 
The other cases can be handled similarly, or be reduced, by Example (i) to the 


> 0, and completes the proof in this case. 


similar properties for £ and J which have been noted in 2.1.1 Theorem 3(b). 
(12) We now consider the case of €"°(a, b) as a function of r and s. If ry, 81, 72, 82 € 


R with r; ~ s; and sj # 82 and ry < r2,51 < Sg then 


ETS1 (qb) < E7252 (a, b) (18) 
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by (17) and 1.2.2 Theorem 5. Further if either r; 4 r2 or s; # sq the inequality is 
strict. 


A very simple proof can also be given noting the fact that by Lemma 15(c) 


log 06""(a,b) = log om,(s — 1) — logom,(r — 1) 
s—T 

where u(t) = ¢ and the function m, is defined in 1.2.2 Remark (vi). By that 
remark log om, is strictly convex and (18) is immediate from a basic property of 
convex functions, I 4.1 Remark (v), and the fact that the logarithmic function is 
strictly increasing; see [PPT pp.119-120}. 
The other cases follow by taking limits. 
Alternatively the case when r, = s; =r and s; = 8s; = 8, r < 8, follows from (15) 
and (r;s)-/. 
(b) This property of the extended means is due to Qi; [Qi 2001]. The proof depends 
on showing that the function e’/e, see Lemma 15(b), is strictly concave, or convex. 
The proof of this is quite complicated and uses techniques of Gould & Mays, see 
below in Theorem 19. The last remark follows from Example (i). 


(c) This inequality is due to Alzer and a proof can be found in [Alzer 1988d]. 0 


REMARK (iv) The proof (a)(7z) using the log-convexity of m, is similar to the 
proof of the analogous result for Gini means, III 5.2.1 Theorem 6(b); both proofs 
are found in [PPT pp.119-120]. 


REMARK (v) Since log-concave functions are concave, see I 4.5.2 Lemma 32, (b) 
implies that if 0 <a< 6b then 

Lia, b) + Ala, b 2 1 

TL) < 3(a,b), and La, b) < 3 O(a, 6) + 3 (a, b) 
a strengthening of the right-hand inequality of 2.1.1 Corollary 4(c), and a proof of 
II 5.5 Remark (v). 


REMARK (vi) The above inequality of Alzer can be regarded as an analogue of 
(M). In the same paper the author has also given analogues of the Cebidev and 
Liapunov inequalities; see also [Alzer 1987c; Czinder & Pdles; Losonczi 2002]. A 
different generalization can be found in [Pdles 1988d]. 

Inequality (18) has been improved by Leach & Sholander, |MPF pp. 44-45], |Alzer 
1989j; Czinder & Péles; Leach & Sholander 1983; Losonczi 2002; Pales 1988d]. 


THEOREM 17 If 71, 51,72, 82 are all of the same sign, with r; ~ s; and s; # 82 
then 
Cert On) Er Gs) 
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for all positive a and b if and only if ry + sy < s, + 82 and &(r1,81) < £(re, 89), 
where 


Waa oo v), ifu>Oandv>0,uF¥v, 


if uw = 0. 


If min{r1, 1,72, 52} < 0 < max{r1, 51,72, $2} the same result holds if €(u,v) = 


(Jul — ful)/(u—v), uA v. 


EXAMPLE (iii) An easy deduction from the analogous theorem for the generaliza- 
tions in Remark (ii) is that (s!/r!)!/°-” increases with both r and s; [Qi 2002a]. 


The following is a generalization of the right-hand side of the Hadamard-Hermite 
inequality, I 4.1(4); [Pearce & Peéarié 1996; Pearce, Peéarié & Simié 1998b). 


THEOREM 18 If the function f is positive and r-mean convex on |a, b] then 
mil (f) < r+" (f(a), F(0)) 
O Assume that p 4 0 then 


mel Cf) -(4f9r)”- (f f?(tb+T=ta) at) 


1 p 1/p 
< (| (sn (f(a), f(b); 1 -¢, i) ) at) , by r-mean convexity, ITI 6.3, 
0 


=€"P*T (f(a), f(b)), by (15) and (16). 


The case p = 0 can be proved in a similar manner. L] 


REMARK (vii) The case p = 2,r = 1 is due to Sandor; [Sdndor 1990c]; and the 
original inequality, the right-hand side of I 4.1(4), is just the case r = p = 1. 


In Example (i) particular extended means were shown to be cases of other means 
introduced. In general deciding if a given family of means includes a particular 
mean, or another family of means, is not easy. An interesting method for doing 
just that has been developed by Gould & Mays; [B? pp.263-266], [Gould & Mays]; 
see also [Ume & Kim]. Note that if St is any homogeneous symmetric two-variable 
mean and if 0 <a <b then M(b, a) = Ma, b) = bM(a/b, 1) = bMt(1 — t, 1) where 
0<t=(b—a)/b<1. 
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THEOREM 19 If p,q,r,s € R andO<t< 1, then 
p-l 


ml —t,1) = 1544 Pole PO ls _ (1) — 3)2p +5) 


4 oe e® 
3 16 384 GEG 


1 a he. GG Diges) 
Vie Hap a t4 
a Mel) a Eg 48 
_ @=1@" = 29-15, @= N+ 3)G—5)Qg" = 49-1 io , . 
32 960 
il r+s—3 r+s—3 
™§({ —t,1) =1— =t+ ———?#? + —_¢° 
evi VM) 2 a 24 = 48 
7 2(r? + r2s +s? + 8°) —5(r+s)? — 70(r+s)+ 225 14 
5760 
2(r3+r2s+rs?+s°) —5(r+s)? — 30(r+s)+105,. E ee 
3840 2903040 


where EF = 16(r°+r4s+r°s*+r7s° +rs*+s°) ~—42(r44 2r3s4 2r7s?24 Irs? 4+ st) — 
1687(r? + s) — 1617(r + s)rs + 4305(r + s)? + 15519(r + s) — 59535. 


CJ See the reference. O 


COROLLARY 20 (a) The only two-variable means that are both power means and 
counter-harmonic means are the arithmetic, geometric and harmonic means. 

(b) The only two-variable means that are both extended means and counter- 
harmonic means are the arithmetic, geometric and harmonic means. 

(c) The only two-variable means that are both power means and generalized log- 


arithmic means are the arithmetic, quadratic and geometric means. 


a (a) Comparing the coefficients of the first four terms in the above expan- 
sions for Nl(1 — t,1) and §!(1 — t,1) shows that we need gq = 2p —1. Sub- 


stituting this in the coefficients of the fifth terms leads to p = —1,0, or1 when 
q= 0,5, 
and q, mr?! (a,b) = 94 (a, b) for all positive a, b; see also III 5.1. 

(b) This follows similarly by comparing the coefficients, up to those of t®, in the 
above expansions for €7°(1 — t, 1) and §'@(1 —t,1), see [Gould & Mays}. 


(c) From the above expansion for €"°(1 —t,1) and Example (i) 


1 respectively. Simple calculations then show that for these values of p 


d: —1 —1 
CI ieee es ese a 
eee) 2 i 24 a 48 
2(q + 2)((q + 1)? +1) — 5(q + 2)? + 70(q +2) + 225 
SS ae HA 
5760 
and the result follows as above by comparing coefficients. LJ 


The extended means of Stolarsky, (14), are special cases of means of n-tuples; 
[Stolarsky 1975]. If t € IR* we write c’(x) = x*, x > 0, then the extended mean of 
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order Tr, s,r # 8, T, 8 € R* , of the n-tuple of distinct positive numbers a is 
r,s (r aes 1)n—1{a; U|n—1 eee 
EP? (a) = | —————————— 
(s age ie i) pied (Gs ha eal 
where (a), = (a+b)!/a!, the so-called Pochammer symbol. The values when either 
some of the entries in a are equal, or r = s, or r = 0, or s = 0 are obtained by 


taking limits; it can be shown that these limits exist. 

EXAMPLE (iv) When n = 2 this definition reduces to (14) 

EXAMPLE (v) €,°°"(a) = Yn(a); Ep *(@) = Gala); Ep” *(@) = Hn (a). 
The following theorem extends Corollary 20; [Alzer & Ruscheweyh 2001}. 


THEOREM 21 The only means that are both extended means and equal weighted 
Gini means are (a) the power means if n = 2, (b) the arithmetic, geometric and 
harmonic means if n > 3. In particular ifn > 3 the only power means that are 


extended means are the arithmetic, geometric, and harmonic means. 


REMARK (viii) The last part of the theorem was conjectured earlier in [Leach 
& Sholander 1983]. See also [Leach & Sholander 1984; Losconzi & Pdles 1998; 
Pearce, Peéarié & Simié 1999; Tobey]. 

2.1.4 HERONIAN, CENTROIDAL AND NEO-PYTHAGOREAN MEANS’ Some particular 
cases of the extended means, 2.1.3 (14), have a long history. In particular we have 


the Heronian mean 


and the the centroidal mean 
2 fa*+adb+ 0? 


REMARK (i) If in I 1.3.1 Figure 1 a line is drawn through the centroid parallel 
to AB its length is €(a,b); [Eves 1983 p.168|. The Heronian mean occurs in an 
Egyptian manuscript dated 1850 B.C., the Moscow papyrus, in a formula of Heron 
for the volume, V, for the frustum of a pyramid of height h, lower base area a, 
and upper base area b: 

V= hHe(a, b); 
see [Eves 1980 pp.11-14, Heath vol.II, pp.332-884}'°. 
An elaboration of proof (77) of IJ 2.2.1 Lemma 3 gives the following simple inequal- 
ity 
10 For the frustum of a rectangular pyramid, with bases of sides c,d and c’,d’ this can be written 


£(cd+c'd’+@G(cd',c’d)). If the geometric mean is replaced by the arithmetic mean we get the volume 
of a rectangular prismoid, a formula also given by Heron; [Legendre pp.124-125],[Bradley]. 
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THEOREM 22 Ifa and b are distinct positive numbers then 
G(a,b) < He(a,b) < A(a, b). 


a From the obvious |Vb — al > 0 we get that b+a > 2Vab. Then b+a+ 
Vab > 3Vab which is the left inequality; and 3(b+ a) > 2(b+ a) + 2/ab which is 
the right inequality. LJ 
A result similar to the theorem of Pittenger, 2.1.1 Theorem 7, has been obtained 


for the Heronian mean; [Alzer & Janous}. 


THEOREM 23 
gytllog 2/ log 3] (a,b) < He(a,b) < gl2/3] (a, b), 


and the values log 2/ log 3, 2/3 are best possible in that the first cannot be increased 


and the second cannot be decreased. 


1 2 
Noting that He(a,b) = 304, b) + 3 Ula, b) it is natural to define the generalized 


Heronian mean, |Janous]. 


He (a,b) = (1 — t)G(a,b) + tA(a,b), O<t<1; 


or as 
atwvab+b_. 
90 (a b) oa AP/erw)l(g b) ae ee ifO<w<o, 
ab, it t=: Co; 


Exampte (i) § (a,b) = G(a,b), 99/7 (a,b) = m/(a,0), HP/l(a,0) = 
He(a,b), H$) (a,b) = A(a, bd). 
EXAMPLE (ii) If 0 <t, <t2 <1,a4b then, using (GA), Hf") (a,b) < 5¥(a, 0). 


THEOREM 24 (a) If1/2<t< 1 then 
gyzl(log 2(/ (log 2—log t)] (a,b) < gl! (a,b) < glt] (a, b); 


if0 <t < 1/2 the exponents in the power means are reversed. In both cases the 
exponents are best possible 


(b) 
HPl(a,b) < £(a,b) < HY/(a,b), (18) 


the value 0 cannot be increased, and the value 1/3 cannot be decreased. 


(c) 
gh/9) (a,b) < (a,b) < gP/el (a, b); 
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again the number 1/3 cannot be increased, nor the value (2/e) decreased. 


REMARK (ii) Inequality (18) should be compared with inequality 2.1.1 (10) in the 


case p = 0. 


REMARK (iii) Another generalization of the Heronian mean is the extended mean 
elit "(a,b), and some of its properties are discussed in [Chen & Wang 1993}; 
see also [Guo & Qi]. 


If 0 <a <b then A(a, b), (a,b), H(a,b) and the contraharmonic mean 9"! (a, b) 
are respectively the solutions, for x of the following proportions, see II 1.1, 1.20, 
III 5.2.1 Footnote 3: c-a:6b—a2::1:1;5 xwx-a:b-—2:: a: @, (oraz: b); 
x-a:b-—-2::a:6; x-a:b—2x:: 6: a. These means are the first four 
of the neo-Pythagorean means, ‘$B(a,b), 1 <i < 10, obtained by Greek math- 
ematicians on considering all possible proportions; [B? pp.255-256]. 1$B(a,b) = 
A(a, b),?3(a, b) = G(a, b),2B(a, b) = H(a, b),498(a, b) = H7! (a,b); and the remain- 


ing six are given below. 


Proportion Solution 
1 
t—a:b—-g:a:a (a,b) =5((b—a) + V(b— a)? + 40”); 
xz-a:b-—2::b:2 °—B(a,b) = 5(—(b-a) + Vb— ay + 4B); 
a2 
b—a:b—2::6:a "sp(a,b) =a+ CO, 
_ 4)2 
C=G7°2—a2 070 ®m(a,b) =—b— = 
9 b? 
b—a:b—«a2::6: : ,b) = —————__-; 
a x i B(a, b) G=o55) 


1 
b—-a:G-—a::4:4 'B(a, 6) = 5 (a+ a* + 4a(b —a)). 


The definitions are completed by: *$B(a,b) = *8(b,a), *B(a,a) = a,1 <i < 10. 


All these means are strictly internal, homogeneous and symmetric. 


REMARK (iv) The means obtained by inverting the proportions on the right- 
hand side are called sub-contrary; so *$8(a,b) is sub-contrary to the harmonic 
mean, °98(a,b), and °$8(a,b) to the geometric mean, the mean 78(a,b), has two 
sub-contrary means. °§B(a,b) and °$B(a, b); [Heath I pp.84-89], | Wassell]. 


2.1.5 SOME MEANS OF HARUKI AND RassIAs__ Let p be a strictly monotonic function 


with continuous second derivatives defined on Ri and write 


r1(0) = v/a? cos? 6 + b? sin? 4, 
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and 


r(0) = asin? 6 + bcos" 6, r9(8) = (sin? 6/a + cos? 6/b)—?, 


where 0 < a < 6 and define the three means !! 


VA; (a, 6; p) = (= [reo de), ba 43. 


It is easily checked that all of these are symmetric, reflexive and internal means. 


They include several well known means as special cases. 


THEOREM 25 (a) Ki(a,b;p) = A(a, b) if and only if for some real a and B, a $ 0, 
p(z) = alogx + B; (b) Ri(a,b;p) = G(a,b) if and only if for some real a and 
B, a #0, p(x) = ax~? + B; (c) Ri (a,b; p) = Q(a, b) if and only if for some real a 
and 3, a £0, p(x) = ax? + B; (d) Ri (a, b; p) = 6 @ A(a, b) if and only if for some 
real a and B,a #40, p(x) = ax! 4 B. 


O See [Haruki]; the mean 6 @ A (a, b) in (d) is the arithmetico-geometric mean 
of Gauss defined below in 3.1. a 


Two other means can be defined by analogy with the equality in II 2.2.1 Remark 
(i), G(a, b) = /A(a, b)H(a, db): 


3(a, b) = Ala, b)G(a, d), R(a, b) = / H(a, b)G(a, bd). 


It is easily checked that these are also symmetric, reflexive and internal means and 
that 6(a, b) = ./J(a, b)R(a, b). 


THEOREM 26 (a) Ho(a, b;p) = A(a, b) if and only if for some real a and B, a £ 0, 
p(x) = ax+ ; (b) Re(a, b; p) = G(a, b) if and only if for some real a and B, a ¥ 0, 
p(x) = ax + B; (c) Re(a,b;p) = lt /2] (a,b) if and only if for some real a and 
B, a #0, p(x) = alogx + GB; (d) Re(a, b; p) = K(a, b) if and only if for some real 
a and 3, a #0, p(x) = axr~* + B. 


THEOREM 27 (a) ¥3(a,b;p) = G(a, b) if and only if for some real a and B, a £ 0, 
p(x) = ax+ B; (b) Rs(a, b; p) = H(a, b) if and only if for some real a and B, a # 0, 
p(x) = ax! + B; (c) R3(a, b; p) = '-/2I (a, b) if and only if for some real a and 
B, a #0, p(x) = alogx+ GB; (d) R3(a, b; p) = F(a, b) if and only if for some real a 
and 3, a #0, p(x) = ax? + B. 

The proofs can be found in [Haruki & Rassias| and use the following lemma of 
some independent interest. 


_ These definitions should be compared with the identity below, 3.2 (8). 
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LEMMA 28 
_— Se = eee 
27 Jo asin* 6+ bcos? 6 G(a, 5)’ 
i 27 1 1 
Rad ao I = SE 
27 Jo (asin* 6 + bcos? 6)? R* (a, b) 
1 27 


5 log(asin® 6 + bcos? 6) dé = log(m!/7I(a, b)). 
0 


REMARK (i) Other references for these means are [Kim Y 1999; Kim & Ume; 
Toader 2002]. 


REMARK (ii) A generalization in which the expression Va? cos? 9 + b? sin? @ is 
replaced by <a" cos? 6+ 6" sin? 6 can be found in [Haruki; Haruki & Rassias; 
Toader 1998; Toader & Rassias]. 


2.2 MEAN-VALUE MEANS 


2.2.1 LAGRANGIAN Means If M: Rt R is a strictly convex, or strictly concave, 
continuously differentiable function then the Lagrangian mean-value theorem of 
differentiation!*, ensures that for all a,b € R,a < b, there is a unique point c with 
a<c<_b, the mean-value point of M on [a, }], such that 


_ Mb) = M(a) 
b-—a 


M'(c) , equivalently c = (M‘)~" (Se) (20) 


—a 
This number c defines a mean called the mean-value mean by M of a and b; 
following Berrone & Morro, |[Berrone & Moro 1998], we will call it the Lagrangian 
mean of a and b by M, written gM (a, b); the definition is completed by defining 


mb, a) = lM! (a,b), and mM) (a,a) =a. 


REMARK (i) These means have most of the properties of means; (Re) and (Sy), 
by the above definition; strict internality, from the mean-value theorem since a < 
c <b; and (Mo) from a basic property of convex functions, I 4.1 Remark (v). As 
for (Ho) see Theorem 30 below. 


EXAMPLE (i) The generalized logarithmic means, girl 2.1.1, are examples of 
Lagrangian means. This is seen by taking M(x) = 2?t', p #4 —-1,0, M(x) = 
logz, p= —1, and M(x) = zlogz, p=0. 


Lagrangian means can be expressed as the quasi-arithmetic mean of a function, 
see 1.2.2; for if M’ = M then clearly from (20) and 1.2.2 (5), 


12 See I 2.1 Footnote 1. 
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(a,b) = +f M) = Ma,e(0) (21) 


The equivalence of these approaches is ak useful as theorems on quasi- 
arithmetic means of functions, see for instance 1.2.2 Theorem 4, can be used to 
obtain results for Lagrangian means; [Berrone & Moro 1998; Mays; Vota]. In 
addition results have been obtained that compare Lagrangian means with quasi- 


arithmetic means; |Flezovié & Peéarié 2000b]. 


THEOREM 29 i l(a, b) is equal to the oN l(a, b) for all a,b, if and only if for 
SOmle Q, B, Yo # 0, 


M(xz)=aN(x4)+6r+y, «ER. (22) 


D From (21) we see that (22) is equivalent to M(z) = aN(ax) + 6, and the 
result is an immediate consequence of the integral analogue of IV 1.2 Theorem 5; 
see [HIP Theorem 248]. O 


REMARK (ii) Because of this theorem we can without loss in generality assume 
that in (20) the function M is convex. 


THEOREM 30 If a Lagrangian mean ol l ig homogeneous then for some finite p, 
and all a and 6, sl!) (a,b) = LI (a, b). 


L This is a consequence of the integral analogue of [V 1.2 Theorem 6; see 
[Jessen 1931]. O 


COROLLARY 31 For no choice of M is gM] the harmonic mean. 


sl Since the harmonic mean is homogeneous we need, by Theorem 30, only 
look at the means £!?!(a,b). However by 2.1.1 Example (iv), or 2.1.3 Corollary 


20(c), the harmonic mean is not a generalized logarithmic mean. O 


The above definition has been generalized using confluent divided differences, see I 
4.7. If M: Rt R is strictly 2n-convex, or strictly 2n- concave, with a continuous 
derivative of order 2n — 1 then for any 2n-tuple a with distinct entries there is a 
unique c, mina < c < maxa such that 
Mn-1 (ce) 
(2n—1)! ’ 
see [Aumann p.274|. This result remains valid for confluent divided differences, 
[Horwitz 1995]. So if a < b write 


(a; MJon—1 = equivalently c= (2n —1)'(M@"™)~ ([a; Mon); 


nterms "terms 


[a,b; M], - [Oi ancy Oy Dy exauage Os AVE lon can 
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and define the nth order Lagrangian mean of a and b by M, oi!) (a,b), as the 
unique c such that 


MEn-l(e — 
aye = eb Ml or gnlMl (a,b) = (2n — 1)\(MOP"-Y)-1([a, b; M]n). 


Using various results from the theory of divided differences it is possible to give a 
generalization of (21); [Horwitz 1995]. Let MC?"-)) = M then 


_ (Qn—1)! |, 


iM! a,b 5 
aa,b) ((n — 1)!) 


(gies [ MO(o-He-a)*ae), 


EXAMPLE (ii) If M(x) = x?"and a is a distinct 2n-tuple, then by I 4.7 Example 
(ii) [a; Mjon—1 = G1 +--+ Gan ; So [a, b; M], = n(a+)), Further M(x) = (2n)!ax so 
we easily get that mM (a, b) = (a, b). 


EXAMPLE (iii) If M(x) = x~' and if a is a distinct 2n-tuple then, again by I 
4.7 Example (ii), [a; Mjan—-1 = (—1)°"~1/(a1a2... aan); so [a,b; M], = —1/a"b". 
Further M(x) = —(2n — 1)!x~?" so in this case oi! (a, b) = G(a, bd). 


EXAMPLE (iv) If M(x) = 2@"-)/” then oi! (a, b) = mt'/?(a,b); see [Horwitz 
1995]. 


REMARK (iii) The idea of mean-value means has been used for various extensions 
of the quasi-arithmetic means, in particular some of the means in III 5; see [Cisbani; 
Galvani; Pearce, Peéarié & Simié 1999; Pizzetti 1939; Zappa 1939]. 


2.2.2 CAUCHY MEANS’ ‘The Lagrangian means can be generalized by the use of the 
Cauchy mean-value theorem!’. Let M,N : Rt> R be two differentiable functions 
with N’ > 0, then if a,b € R with a < b, there is a point c, a < c < b, such that 


M’(c) _ M(b) — M(a) 
N"(c)  N(b)—N(a)_ 


(23) 


If then M, N satisfy conditions that ensure that c is unique, it is called the Cauchy 
mean of a and b by M and N, written sl! iN] (a,b); again the name was suggested 
by Berrone & Moro, [Berrone & Moro 1999]. Conditions for this definition to be 
a proper one have been investigated by various authors; see [Aumann 1936, 1937; 
Dieulefait; Losonczi 2000). 


13 gee I] 2.2.2 Footnote 10. 
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In particular if R = M'/N" has an inverse then 
_,{M(b) — M(a) 
of Nl (a,b) = Rot { Th 
€ (a, ) N(b) = N(a) 


In this case we can write the Cauchy mean in a form that generalizes (21): 


b 
[M,N] — pPp-l i = AS). 
mt Nig b) =R (mae I Raw ) Rao (t; N); (24) 
see [Berrone & Moro 1999}. 


EXAMPLE (i) The extended means, €”°, are examples of Cauchy means. This is 
seen by taking M(x) = x°, N(x) = 2",r 4 s,s £0, M(x) = 2°, N(x) = loga 
ifr 4 0,s = 0, M(x) = 2" logaz, N(x) = «’,r = s £0, M(z) = log* x, N(x) = 
2logzifr=s=0. 

EXAMPLE (ii) Taking R = N = fF, say we see from (23), or (24), that the 
Cauchy mean is an equal weight quasi-arithmetic F-mean: that is gla 7! (a,b) = 
¥2(a, b); [Berron & Moro 1999]. 


REMARK (iv) As with Lagrangian means the Cauchy means can be generalized 
using divided differences, thus defining Cauchy means of n-tuples; see [Leach & 
Sholander 1984; Losonczi 2002}. 


REMARK (v) Another mean defined using integrals has been given in [Porta & 
Stolarsky |. 


2.3 MEANS AND GRAPHS 


2.3.1 ALIGNMENT CHART MEANS Let f : Ri +> Ri, then the Beckenbach-Gini 


mean of the numbers a,b € I is: 


af (a) + bf (0) 
f(a) + f(0) - 


The function f is said to generate, or be the generator of, the mean 8/. The same 


8! (a,b) = 


mean was introduced by Moskovitz and given the name alignment chart f-mean 
of a and b by Mays; see [Matkowski 2001; Mays; Moskovitz]. 

Simple calculations show that B/ (a, b) is the unique c, a < c < b, such that (c, 0) 
is on the line from (a, f(a)) to (b, —f(0)). 


REMARK (i) The domain of f, R%4., can be any interval in R}.. 


EXAMPLE (i) If f(x) = 2", r € R then Bf (a,b) is the counter-harmonic mean 


girth (a,b). Using some identifications made in III 5.1, or by direct computation, 
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we have in particular that: if f is constant then B/ (a,b) = A(a,b), if f(x) = 1/z 
then B/(a,b) = §(a, b) and if f(x) = 1/./z then B/ (a,b) = G(a, b). 


REMARK (ii) The means of Example (i) are the only means of this type that are 


homogeneous; see [Mays]. 


‘THEOREM 32 The two functions f,g : I +> R4_ generate the same Beckenbach-Gini 


mean if and only if for somea > 0, f = ag. 


fe] The one direction is trivial and the other is almost immediate on simplifying 


the identity 
af(a) + bf(o) _ ag(a) + bg(6) 
f(a) + f(®) g(a) + g(d) 
LJ 


The following interesting theorem showing when a Beckenbach-Gini mean is a 


quasi-arithmetic mean is due to Matkowski; [Matkowski 2001]. 


THEOREM 33 If JI is an open interval in IR, and suppose that f,M:I + Ri, 
where M is continuously differentiable, then the Beckenbach-Gini mean BS is the 


quasi-arithmetic M-mean IN if and only if for some a, B,y,A © R,y,A £ 0, 


1 


M =df?, and f(s) = —————. 
/ lax? + Bx+y| 

REMARK (iii) The above definition easily extends to general n-tuples defining 
pl (a); but if n > 3, this mean is a quasi-arithmetic mean if and only if either 
f is constant when 81 (a) = %,(a) or, f(x) = A/(«@ +a), \ ¥ 0, when Bl (a) = 
Hn(a+ a) — a; [Matkowski 2001; Savage]. 


2.3.2 FUNCTIONALLY RELATED MEANS’ Another use of graphs with means has been 
given in [Hantzsche & Wendt]. Consider the graph of the strictly monotonic 
function f, y = f(x), and suppose that (x1, y,) and (x2, y2) both lie on the graph 
with 0 < x1 < %o, Y1, y2 > 0. Suppose further that Dt and MN are two given means 
and that x is the I mean of x; and x2, that is x = M(x,, x2), v1 < © < 2; when 
is it the case that y = f(x) is the 3t mean of y, and yo, that is y = N(y1, yo)? In 


this case clearly the following functional equation must be satisfied: 
f (MU(x1,r2)) = NF (21), f(x2)), 


or (25) 
Maxi, 22)) = f-1(M(F (ar), f(a2))). 
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The last expression, given f and St , can under reasonable restrictions be calculated 
and defines a mean, Ny say, as it is strictly internal and has the properties (Sy), 
(Mo) if the original mean MN has these properties; [B* pp.230-232 |. 

A particular case occurs if we take f to be a power function v?, p € R*, when we 
write Ny as Jt,, sometimes called the p-modification of the mean Nt, | Vamana- 


murthy & Vuorinen]. 


EXAMPLE (i) 2, = ppl. gr ca a eed WO a ee cP) pn Xz -1., 

If we require that Sty be homogeneous then it is not difficult to show that 3t(a, b) = 
o; + (2(4 (a), dt (b))), where (x) = f(tf~1(z)). Using this it can be shown that 
if MN is the arithmetic mean and Ny is homogeneous then it must be an ml?) for 
some p € R*; while if St is the geometric mean then Nt¢ must be an o'?! for some 
p € R; [B* pp.239-230]. 

If Nt and MN are two quasi-arithmetic means on n-tuples the first equality in (25) 


becomes: 


f (tn (a; u)) = Mn (F(a); v), (26) 


and the following result of Pecarié includes the results of Hantzsche & Wendt; see 
also [Aczél 1966 p.79|, [Aczél & Feny6 1948b]. 


THEOREM 34 The functional equation (26) has a solution only if u = v, and then 
the general continuous solution is f(x) = N~'(AM(z) + ps), for some real and 
an 

0 Let Un = Vn = land d6=NofoM"?, uM(a;) = i, and vj¢(z/u;) = 
b;(z), 1 <i <n. Then (26) reduces to the well known Pexeider functional equa- 
tion, o( es ti) = >>\_, ¢i(ti). The general continuous solution of this equation 
1s: 

p(t) =Ac+ oui, gi(e) =ABt+ pi, 1<i<n. 
i=1 

In our case this implies that f(x) = N~! OM (2) wi /v; + ri /vi), 1<i<n, from 
which the result follows. a 


COROLLARY 35 In the case of IN being the r-th power mean, and Xt the s-th 


power mean the function f in (26) is : 


(Aa™ + ps, ifrs ~ 0, 
¥ (a) (Alogr+p)/%, ifr=0,s #40, 
pexp(Az’), fr 0.s=0, 


ux, Tr > s= 0. 
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2.4 ‘TAYLOR REMAINDER MEANS In this section we discuss some very interesting 
ideas found in [Horwitz 1990,1993]. If f : [a,b] + R has n+ 1 derivatives then by 
Taylor’s theorem’, f(x) = Tn4i(f;a;2) + Rn4.(f;a;x) where 


nr ¢(k) x 
JBN Gee) ED FD) ea), Rusa Fiaia) — aaa | (x—t)” f(t) (4) dt. 
k=0 , “eG 


Assume that f("+1) > 0, when in particular f is strictly (n + 1)-convex, I 4.7 
Lemma 45(a). Then [¢(x) = Ry+,(f;a; x), a <x <b, increases strictly from zero 
at_ x =a, while J°(x) = (—1)"*'Rnsi(f;b;2), a <x <b, is strictly decreasing to 
zero at x = b. Further [*(b) = J°(a). Hence there is a unique c, a < c < b, such 
that I@(c) = J®(c) called the Taylor remainder mean of order n by f of a and 
b, written MIF (a, b).‘° The definition is completed in the usual way by defining 
WA (b a) = 8'F" (a,b) and RM" (a, a) =a. The same definition could be made 
if we assume that f("+)) < 0, when f is strictly (n + 1)-concave. 


When n is odd c is the unique root in Ja, b[ of 
Tn4i(f; a; 0) — Tr4i(f; 6; 2) = 0; 


if n is even it is the unique root of 
(F(z) Tail; @; z)) + (F(2) — Tnii(f; 0; x) = 0. 


REMARK (i) Equivalently when n is odd c is the first coordinate of the unique 
point of intersection of the tangents of order n?® to the graph of f at the points 


where x =a and z= b. 


EXAMPLE (i) Ifn =0Oand f = M is strictly monotonic then R!/"l (a, b) = Ma, d), 
a quasi-arithmetic M-mean of a and b, IV 1.1 (2). 


EXAMPLE (ii) Ifm=1 and f is strictly convex, or strictly concave, then 


pt o,5) = LFW = 100) — (oho) - 00) 


ie xf" (x) dx 
J fia) da 


or, if we assume that f’ is absolutely continuous then Rl (a, b) = 
rf See I 2.2 Footnote 2. 


15 We will write c for RIS] (a,b) when it is convenient to do so. 


ze The curve y=Tn+41(f;a;x) is the tangent of order n to the graph of f at the point where x=a; it is 


the graph of a polynomial of degree at most n. 
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EXAMPLE (iii) If f(z) = 2", r © R,r £ 0,1, let us write RY (a,b) = RI (a, d). 


In this case 


x b 
I*(x) = / "1p — 2)" dt, J®(x) = / "leat. (27) 


EXAMPLE (iv) If r 4 0,1, R™4(a,b) = €7-1" (a,b); in particular RP (a,b) = 
2A(a, b). 


EXAMPLE (v) If f(x) = xlogax then ®!/I (a,b) = L(a, db). 


Two other means of order 1 have been defined as follows, [Horwitz, 1990]: 

gl (a,b) = #(REN (F(a), F-?®) ), PHM (a, b) = e(MP4(F-1(a), F-1)), 
where y = £(z) is the line joining (f~*(a), a) to (f~*(b),b), and f has been taken 
to be strictly monotonic. 

EXAMPLE (vi) /l9le*Pl(a,b) = 3(a, b). 


EXAMPLE (vii) If, following the notation of Example (iii), we write [4] 5!"!(a, 6) 
when f(z) = 2” then “I g!"(a,b) = gi-V/"(a,b), r # 0,1. In particular then, 
gla, b) = A(a, b) and [9 !/2I(a, b) = G(a, b). 


EXAMPLE (viii) With a notation analogous to that in the previous example: 


21971 (a,b) = A(a, b); AG"/7I(a, b) = H(a, d). 


THEOREM 36 If f :|0,co[/+ R is both strictly monotone and strictly convex, and 


has a range that contains |0,0o|, and ifa # b then 
lf? 4) (a,b) < Mgt (a,b) < Plg!l(a, db); (28) 


if f is strictly concave then (~28) holds. 


L] The right inequality is an immediate consequence of the basic property of 
convex functions; I 4.1 Remark (iii). The first inequality follows from another 


property of convex functions, I 4.1 Corollary 3(a). L] 


REMARK (ii) Taking f(z) = x we see from Examples (iv), (vii) and (viii) that 
(~28) reduces to (GA), in the equal weight n = 2 case. 

THEOREM 37 (a) The means ®'”"!(a,b) are homogeneous. 

(b) Ifr <s then ®'™"(a,b) < RY" (a,b). 

(c) Timproo Sl (a, b) = b; limp. BR” (a, b) = a. 


Means and Their Inequalities A411 
(d) w"+471 (gb) = A(a,b); RI-b" (a,b) = H(a, b); RI”"/?"! (a, b) = G(a, b). 
(e) limp +so0 F(a, b) = H(a, d). 


O (a) Put ¢ = xu in (27) to get 


1 b/ax 

a= aa “oe ea da J) = “a ga)” duis 29) 
a/x 1 

Then, with c as above’, [2(c) = J®(c), so by (29) I2%(Ac) = J?(Ac). This implies 

that RI"! (Xa, Ab) = AR!" (a, b). 

(b) Now I@(c) = J®(c) and by substituting ¢ = c(v+ 1) in the second integral in 

(27) 


b/c—1 
Bhd Ce oe e | (oa) do: (30) 
0 
Let g(z,r) = ( eae he Lory dv) | (Soya ut "(1 —w)” du), then by (29) 
7 de 0g/Or 
and (30), g(c,r) = 1, so a Gaon 


From above I(x) increases strictly, and J2 (x) is strictly decreasing, so 0g/Ox > 0. 
From the integral representations of I@(x), (29), and J®(x), (30), we see that 
I*(x)/x" is decreasing as a function of r, and J2(x)/x" is increasing. So 0g/Or < 0. 
Hence < > 0. 

(c) From (29), I*(x)/a2" < B(r—n,n+1) — 0, r > oo, B being the Beta function, 
and from (30) J®(x)/a" > (b/a—1)"+1/(n +1) ifr >n+1. Now I%(c) = J?(c) so 
from the previous deductions b/e—1 — 0, r > oo. Similarly 1-a/c — 0, r + —oo. 
(d) Put t = (xy + a)/(y +1) in the first integral in (27) and t = (xy + 6)/(y + 1) 
in the second and use [¢(c) = J2(c) to get 


(c- a)" / "(ey +a)? PHy +177 dy 
=(-9n f ” (oy + 8)? Uy + 1)? ay. (31) 


Now if r=n+1 we have from (30) that c—a=b-—c, orc=(a+6)/2. 

If r = —1 then (31) gives (c — a)/a = (b—c)/b, or c= 2ab/(a + B). 

Now note that putting a = 1/b,c=1 and r= n/2 we have (31) satisfied; that is 
gir/2.nl(p-1 6) = 1. Then by (a) 


sqlr/2n] (qb) = Vabal”/2"l (a/Vab, b/Vab) = VabR'"/2"l (\/a/b, \/b/a) = Vab. 


17 See Footnote 15. 
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(ec) Rewrite (31) as (2 5) = (3) ee where 


K(b) = / ~ (1b ey/b)'-P L(y + 1TH dy. 


It can be shown, [Horwitz 1993 p.407', that ifn >r—1 then 1 < —= 


a)\ 1/(n+1) 
(FH) , 


K(@) 
K(b) = <0 far 


— 1lasn-— oo. Hence c/a+c/b — 2 as n > ov. & 


REMARK (iii) By Remark (i) we have the following interesting geometrical inter- 
pretations of (d). When n is odd the first coordinate of the point of intersection 
of the tangents of order n to the graph of f(x) = 1/ax at the points where x = a 
and x = 6 is the harmonic mean of a and 6; the first coordinate of the point of 


n/2 


intersection of the tangents of order n to the graph of f(x) = x"/* at the points 


where x = a and x = 0 is the geometric mean of a and b. 


REMARK (iv) It follows from (d) that for all n the means #!™7(a,b) include 
the arithmetic, geometric and harmonic means as particular cases, and that (b) 


includes (GA). However we have the following theorem. 


THEOREM 38 Ifn > 1 the only means in common the two families R'"™ (a, b) 


and Rin (a,b) are the arithmetic, geometric and harmonic means 


O The proof is by the method of Gould & Mays, 2.1.3 Theorem 17 ; [Horwitz 
1990 pp.233-235). Oo 


REMARK (v) ‘These means have been extended to weighted means, and to means 
of n-tuples, n > 2; [Horwitz 1993, 1996}. 


2.5 DECOMPOSITION OF MEANS Let Jt(a, b) be any homogeneous internal mean 
and define the index function of the mean IN with respect to the arithmetic mean 
A by Te (t) = M(1+t,1—t), -1<t<1. 

EXAMPLE (i) Zy(t)=1, -l<t<l. 

EXAMPLE (ii) Z7(@)=1-(|t|, 72.,(t)=1+|t|, -l<t<1. 

The justification for this name is in the following theorem that shows that this 


function decomposes IN into the product of 2 and Zs. 


THEOREM 39 (a) If D(a, b) is a homogeneous internal mean then 


Ma, b) = A(a, b) Tox (= =): 
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(b) 1—|t| <Z2(t) <14[t), -1<te<1. (32) 
(c) IN is symmetric if and only if TZ, is even. 


(d) If Nt(a, b) is another homogeneous internal mean then 
M< NT < 7%. 
(e) For all a,, bi, a2, bz we have that 
Mt(ai + a2, b; + be) < Mt(az, 61) + Mt(az, be), 


if and only if Z#, is convex. 


C4 All the proofs are elementary computations. LJ 


There is a converse to (b). 


THEOREM 40 If f :]|—1,1[h R satisfies 1 — |t] < f(t) <<1+|t|, -1<t< 1, then 


Mia, b) = A(a, b))F(= [ *) 


is a homogeneous internal mean with T%, = f. 


L] Let 0<a< b then 


a aft" (3 at) = SFP [9 2)) at" (2) 


I 


2  b+a D) bta 9 bta 
a+b a—b a+b b—a 
cth(14 [tH = -s 
So (1+ oor 2 Gea) ? 
The rest is immediate. L] 


REMARK (i) The arithmetic mean can be replaced in the above by any homoge- 
neous internal mean % by defining 
j= ae 
Bil+t,1—t) Z(t) 
The resulting theory is with suitable modifications similar to the above; [Kahlig 
& Matkowskil. 


3 Compounding of Means 


3.1 COMPOUND MEANS. The process of II 1.3.5 of using the arithmetic and har- 
monic means of two numbers to generate a sequence that converges to their geo- 


metric mean is capable of generalization; [B? pp.243-266]|, [Lehmer]. 
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DEFINITION 1 Let Dt and Nt be two variable means, and if a,b > O, define 
An, on, 2 > 0, by ag = a, bo = 6 and 


an = Wah =45 Uni) on = OU Goa, bn—1), page (1) 


If both the limits limpn_.9 An and limn_.o bn exist and are equal, then the common 
value is called the compound mean of a and b by IN and MN, written MQN(a, b). 


EXAMPLE (i) The result in II 1.3.5 shows that H@2(a, b) = G(a, b). An interesting 


discussion of this iteration is given in [Nowicki 1998]; see also [Mathieu]. 


EXAMPLE (ii) If Dt = max, It = min then MN@N(a, b) does not exist unless a = b. 


However see Corollary 3 below. 


EXAMPLE (iii) If St is any two variable mean then with the above notation for 
An, bn, n > 0, A@Mt(a, b) = ag + 5 >> ,-0(On — Gn). 


REMARK (i) If Dt and NM are symmetric then so is MeN if it exists, and M@QMNt = 
MQM. In general MeN(a, b) = NQM(b, a). 
REMARK (ii) Since I @ (MN QM) = Mt MN, we see that compounding is not 


associative. 


REMARK (iii) Sometimes IN@N(a, b) is called the Gaussian product of the means, 
to distinguish it from the Archimedean product, IN®,N(a, b) defined by the iter- 
ation ag = a, bop = b and an = M(An—1,bn-1), bn = Wan, bn_1), n > 1; see [B? 
p.246], and below 3.2.2(a). 


THEOREM 2 (a) Ifp,q € R then oll o!9! exists; further t!”!@ m4 is a power 
mean SM''! for some s € R if and only ifp+q=0, when s = 0. 
(b) If0 <a<band p< q then 


gy lP! (a,b) < gl ee gla! (a,b) < gla (a, b). 
(c) If0<a<bandp<q<r<s then 
oP aol (a, b) < ml") aol! (a, b). 


O (a) Assume that 0 < a < 6b and p < q, then from (r;s), and using the 
notation of Definition 1, a = ag < a, < ag < ---b2 <b, < bop = b. So the limits 


limp_sco Gk, LIMZ_.¢0 OE exist, a, G say, and: 


an = Pl (an—1,bn—1) <a<B<b, = ol Cit Ds) n> i. 
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Hence by continuity, a = sm? (a, 8), B =a (a, G), either of which implies that 
= 8, by Il 1 Theorem 2 (a). 

Noting that o'?!(a, b)om!-Fl (a,b) = ab, it follows that for the defining sequences 

of Mle mF anb, = ab, n > 0. Then | 


or?! @oml-Fl (a,b) = Jim i= Jim Vanbn = Vab = &(a, b). 


Now from 2.1.3 Theorem 19 91!" (a, 6) = bot!" (1-t,1) = b(1 5 yo 1 Tnt™) where 


a= (1—t)b,0 <t < 1; the first four coefficients are r, = ~5 r= 13 = 
—] —1)(r —3)(2r +5 

Sypese ee, a= (eS) era). Below we will use this with r replaced by 
16 384 

p,q and s 


If an, bn, n > 0, are the terms of the defining sequence of !?! @ sla (a,b) then 


from the above with b,_; = (1 — T)an_1, 
bn — On = bn—1 (OMIM (1 — 7,1) — Pld — 7, 1)) = bn S(Ge — pe) 
k=2 


Hence the convergence of these sequences to a = G = oll g old) is quadratic. 
Assume now that 6 = 1 and that sl?! @ old = ols), then simple calculations 
yield 


p+q-2,.. 

ae ee ee, F | ae 

a7 16 ( + 3) 
_A(p* + 4°) + (p +g)" — 8p + g)* — 56(p + g) + 120 4 


3072 


Since the convergence is quadratic a3 and Im?! @orld(1 — 4,1) = orl — 4,1) 
agree up to the term t’. From the coefficient of t? that (p+q—2)/16 = (s — 1)/8; 
that is p+q = 2s. Using this and comparing the coefficients of t* leads to 
s° = s(p* — pq+q’). Since p # q we find that s = 0. 

(b) and (c) are immediate. 0 


COROLLARY 3 If two strictly internal continuous means are comparable then their 


compounds exist. 


L It suffices to note that the existence part of the proof in Theorem 2 only uses 
the comparability of the strictly internal continuous power means. [B? p.244]. O 


In a similar way can obtain the following theorem for Hamy means, see V 7.118. 


8 In part (c) note that (§a)!!/2]—6; see V 7.1. 
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THEOREM 4 (a) If p,q € R then (Ha)'?!@(Ha)!4 exists; further (Ha)?! @(Ha)! 
is a Hamy mean (§a)!'! for some s € R if and only if p+q = 0,1, or 2 when 
s = 0,1/2 and 1 respectively. 

(b) (a)!"1@(Ha)!4l is a power mean ols] for some s € R if and only if p+q = 0,1, 
or 2 when s = —1,0 and 1 respectively. 

(c) sl?! eo’! is a Hamy mean (Ha)!s! for some s € R if and only if p+q = 0 
when s = 1/2. 

REMARK (iv) Lehmer has considered in some detail the new mean A@(H,)2; 
[Lehmer]. 


A generalization of 9mt'?! @ o!4! to n-tuples, n > 3, has been given; [Gustin 1947]. 
Let t be a real n-tuple then the compound ®);_, gyt!*#l (a; w) is defined as follows: 


a = a= (a,,...,4,) = (ai , ae a), al*) = (al), hus al) k > 1, where 
a\*) = mltl (g’-).w), 1<icn, k>1. (2) 
Then 


QQ) ont) (a; w) = Jim as) 1<i<n. 


t=1 
THEOREM 5 The compound mean @;_, oles (a; w) exists and is strictly internal. 


U It suffices to show that the n limits in (2) exist and are equal. 
Assume, without loss in generality, that t; < --- < t,. Then from (r;s) for all 
k> 1, a\*?) <r < al*) Hence 


al*) < oles I(q*). w) = —_ aot < qr") as gyltn] (a‘*). w) a al®) 


From this we can define a; = limg-+oo a\* <n = limy+o0 a”. Now let d(x) = 
gt, if t; 40, and = logz if t; = 0. Then 


Tm 


lan) = jim, o(0$?) = jim, Gr Dowdle?) = = we” i lim d(a}”). 


Hence by the continuity of ¢, limg—oo al exists with value Q;, say, 2<%*4<n—1. 


From III 1(2), ay =--- = Qp. O 
A different proof of this result is in [Everett & Metropolis}. 


REMARK (v) This procedure can be used for more general means; see [B? pp.266- 


273|, [Borwein & Borwein|. However the general topic of compounding means of 
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more than two numbers leads outside of our main topic, the main interest seems 
to be the determination of the domain of convergence in the complex plane; see 
[Myrberg], and five subsequence papers by the same author in the same journal 


over the next decade. See as well 3.2.2(f) below. 


REMARK (vi) Other papers studying compounding and iteration of means are 
[Andreoli 1957b; Carlson 1971,1972a; Ciordnescu 1936b; Heinrich; Rosenberg; 
Stieltjes; Toader 1991a; Todd; Tonelli; Wimp 1985]. 


3.2 THE ARITHMETICO-GEOMETRIC MEAN AND VARIANTS 


3.2.1 THE GAUSSIAN ITERATION The compound mean 6 @ A(a,b) is called the 
(Gauss) arithmetico-geometric, or just the arithmetic-geometric, mean of a and 
b'9. In this case, with 0 < a < b, the sequences in 3.1(1) become 


= i 
0< a= < bo = |, Gn = VGn—1bn-1, by, = Pt nD (3) 


bn—1 — An— 
Defining c, = ,/b2 —a2,n > 0, then c, = eit ae nm > 1 and these se- 


quences can be extended to all integers as follows. Let n < —1 and define: 


On = Ont + Cn41, An = On41 — Cn41,Cn = Vip aR = Pott — Ont (4) 
LEMMA 6 (a) a, and b,, satisfy (4) for all n € Z. 
(b) Qn < Qn41 < bn < byi1 for all n € Z. 
(Ce) Nitty Sandy = 0, and limi 3-55 by = Go, 
(d) 6@A(a, b) = G@A(an, by) for all n € Z. 
(ce) B6@A(Aa, Ab) = AG@A(a, b) if A > 0. 
(f) a< G(a,b) < G@A(a, b) < Ala, b) < b. 
LI All these are immediate except perhaps (c). An easy induction shows that 
ifn > 1 then c*,, > 4%c%. This using (b) and (4) gives that limy_, 46 bn = 00. 
Another easy induction gives a_n-1/a—n < a_n/n—n, n > 1. This using (b) and 


the limit just established completes the proof of (c). 0 


REMARK (i) It follows from (e) and (f) and the definition that the arithmetico- 
geometric mean is strictly internal and has the properties (Ho) and (Sy). 
LEMMA 7 (a) If0 <a <b then ©@A(a,b) = a]]~, 


An/by, and 0 <6, <7/2,neEN. 
(b) If-1<t<1 then 


where cos6,, = 


1 
JCO0s On, 


Qt ie 2t 
1 +t?’ 1 +t? 


(1+#)6ex(1 ) = G@A(1 — 17,1 + #2). (5) 


+ This is also called the Gaussian mean although it seems to have been first defined by Lagrange. 
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O (a) Note that from (3) an/bn = (Gn/an41)7,n > 0. 
(b) Use Lemma 6(e) and then Lemma 6(d) with n = 1. 0 
Identity (5), which characterizes the arithmetico-geometric mean, [Mohr 1953], 


can be used to obtain the following theorem; see [B’p.6]. 


‘THEOREM 8 


1 — Qn)! \? 

G@U(1—z,l+2) oe (rr) oy Bled (6) 

O Let the left-hand side of (6) be denoted by f(x), when (5) becomes 

1 2t 

el (se) = FO). (7) 
Since f(0) = 1, and f is even suppose that f(z) = 1+ 30°. aonqix?”. Then 
using (7) and identifying coefficients gives the recurrence a; = 1, and if n > 1, 
(2n)*Qan41 = (2n — 1)*a1an_1. This leads to (6). 0 


COROLLARY 9 If0<a<_b then 
1 a as 

GQA(a,b) T I b2 sin? 6 + a2 cos? ¢ : 8) 

O (i) Putting bx = \/b? — a? the integral is just 1/b7 Io 1/(./1 — x? cos? ¢) dd, 

the complete elliptic integral of the first kind. The same change, using Lemma 

6(d) with n = —1, gives the reciprocal of the left-hand side as b 6@A(1—2z?, 1+27). 

The result is now immediate from (6). 

(ic) A proof by van de Riet, [van de Riet 1964], uses the following identity due to 


van der Pol: 


mw /2 1 mw /2 1 
| ———————————————— df = | ————————————— dé, 
0 V(R+r)? —4Rrsin 20 0 6. / (R? — r? cos 26 
both sides being multiples of the potential of a uniform circular ring; see |Kellog 
p.d9; Whittaker € Watson p.399]. From this identity van de Riet proves that 


mw /2 1 m/2 1 
0 sin” @ + a* cos* 0 b? sin* ¢ + a2 cos? ¢ 
which gives the result on letting n — oo. L] 


REMARK (ii) The identity (8) defines the arithmetico-geometric mean and vari- 


ants of the right-hand side have been used to define other means; see above 2.1.5. 


REMARK (iii) The identity (9) is due to Gauss and from (8) we see that it is just 
Lemma 6(d); see [Kellogg pp.58-62; Melzak 1961, pp.68-70; Whittaker & Watson 
p.683|; for a generalization see [Carlson 1975]. 

Relations with the arithmetic, geometric and logarithmic means have been ob- 


tained by Sandor; [Sandor 1995a,1996; Vamanamurthy & Vuorinen]. 
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THEOREM 10 If0<a< _} then 
6(a,b) < L(a,b) < 6@A(a, b) < F(a,b) < A(a, b); 
(G6 @A)? (a,b) < L(a, b),/A(a, b) (A(a, b) + G(a, b))/2 < A(a, b)G(a, b); 


3(a, b) = VW A(a, b)G(a, b) < 6@2A(a, b); 


2 1 1 1 1 12 1 1 

= (Zab ~ Ma,ty) < SawMaH ~ Ma.8) <x Bed ~ Wad) 
A complete and masterful study of the arithmetico-geometric mean can be found 
in [B*] which everyone is urged to read. Various other references for this topic 
are: [Gauss], [Allasia 1983; Almkvist & Berndt; Aumann 1935c; Barna 1934,1939; 
Cioranescu 1936a; Cox 1980,1985; David 1907,1909,1913,1928; Farago; Foster & 
Phillips 1984a; Fricke; Frisby; Geppert 1932,1933; Gosiewski 1909a,b; Hofsommer 
& van de Riet; Lohnsein 1888a,b; Salamin; Stohr; Tietze; Uspensky; van de Riet 
1963; Zuravskii. 


3.2.2 OTHER ITERATIONS Various modifications of the Gauss procedure have been 
studied by several authors. We assume in this section that 0 <a=ao < bp = D. 
(a) [Gauss] Gauss also defined: an = (Qn—1 + bn—1)/2, bn = V/Anbn-1, 
J ho a2 


arccos(a/b) - 
Such algorithms go back to Archimedes as an interesting article by Miel points 


out; [B* p.250], [Heath vol.II pp.60-56|, [Kammerer; Miel]. This iteration is what 
has been called an Archimedean product, see 3.1 Remark (iii), so the above scheme 
gives 2 ®, G(a, b). See also [Foster & Phillips 1984b; Toader1987al. 


n > 1, and Pfaff showed that limp—.o5 Gn = limn—+oo bn = 


REMARK (i) It is of some interest to note that § @,6(2V3,3) = 7; this is a 
particular case of [B* (8.4.2)]. 

(b) [Beke] Beke defined a, = (@n_1 + bn) /2, bn = A Gazd Ont n> 1. The 
limits exist and both equal \/a(b — a)/cos(,/a/b). 

(c) [von BultzingslOven] This author defines a, = (A@n—1 + bn—1)/2, bn = 
Vcr me , n > 1. The limits of these sequences exist and are both equal to 
(a + 2b)/3; see also [Aczél]. 

(d) [Borchardt 1861,1876,1877,1878; Gatteschi; Hettner; Schering] These 
authors were the first to see if the association of the Gauss procedure with elliptic 
functions could be extended to other functions, such as the hyperelliptic functions. 


Starting with four numbers ao, bo, co,do Borchardt defined, for n > 1, 


an = Ay (An—1, Dats Opis dni=1); b, = Wo (y Qn—10n-1, V Cita) 
Cn = As (y Qn—10n—-1) V ey ee dy = A> ( V Op 404 | V Gate: 
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This iteration has been studied in detail in [Veinger]; see in addition [B* p.272], 


[Kuznecov]. 


(e) [Ory] Ory has extended the Heron method of computing square roots, 
II 1.3.5, that is connected with @2 = 6, to the problem of finding higher or- 
der roots. Consider the case of cube roots: if 0 <a@a=ag < b=bo < c= oc 
define for n > 1, Qn = 93(@n—-1, bn—1,Cn-1), Cn = %3(GQn_1,bn_1,Cn—-1), and 
intr = 3 (Gp nai On Given Ones) Let. ling 465 Gy. = Lim pess5 On = 
limn—soo Cn = ©3(a, b,c) = Vabec. 

(f) [Sternberg; Bellman 1956]. Sternberg and Bellman used elementary 
symmetric polynomial means to give a natural extension of 6@2 to n-tuples. Let 
a be a positive strictly decreasing n-tuple and define the sequence of n-tuples 
a) = @ = (a,...,a,) = (as, ..., a), alk) = (as... al), k > 1, by 
a\*) = 6 (ak-D. w), 1<i<n, k > 1. By S(3s) al) > > al®) > 0, 
and by simple properties of the elementary symmetric polynomial means ghk-») > 
a\*) > ae. So we can define A = limgp_so5 ares), and B = limp_+o alk-9). 
furtherA > B. In fact A = B as we now prove by showing that A < B. 
If k > 1 then (a\*))n = Ties a®-)) and so ae a) = iz: Tj=0 al!) = 


Cone al?) ( Ws. ai?) es On simplification this gives 


j=0 “4 
k-1 3 Pn eae G) ; n*r! G) 
Tm va) 
[Tf > (a) [Lai > (os) Te! 
j=l n j=1 " j=0 
Hence 
ae L/k (0). n/k tat ae 
(3) 5) ( 2) ; : 
fim, (Toh?) "> Bm (So) he, (a0?) * tat 
j=1 mT j= 


4 Some General Approaches to Means 
In this section we consider some general approaches to means that differ from the 


more systematic approach in Chapter IV. 


4.1 LEVEL SURFACE MEANS’ A method of proof of the two variable case of (GA) 
can be generalized to give a very simple definition of a mean; see II 2.2.1 Lemma 
3 proof (viii), II 2.2.2 Lemma 4 proof (iii); [de Finetti p.56], [Chisini 1929, 1957; 
de Finetti 1930,1931; Dodd 1936a,b,1940; Jecklin 1948c,1949d; Martinotti 1931]. 
Let F': (R4.)” + R then the F-level mean of the n-tuple a is 4 where 


Pie 22 9) SI Gis eiGy,), 
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provided F' is such that pz is unique; p is the value of t where the level of F' through 


a meets the line x = te. 
EXAMPLE (i) For F(a) = )7;_, wiM(a;) the F-level mean is the quasi-/M-mean. 


EXAMPLE (ii) If F(a) = >>,.![],_, ai, then the F-level mean is the r-th elemen- 


tary symmetric polynomial mean. 


EXAMPLE (iii) Example (i) can be generalized by taking F'(a) = )°;"_, gi(ai) when 


the F-level-mean is the solution of 


Yo gi(H) = >> g(a). (1) 


i=1 j=1 
A particularly interesting case of this has been studied by Landsberg, [Landsberg 
1980al. 

Let ¢ and j,i <2 <n, be positive functions defined for positive real numbers 
and for some given positive a put g;(x) = fox/?, 1<i<n,az> 0. In this case, 
from (1), the F-level mean pp = u(¢) = u(¢, 7) is given by 


i 0 


Putting ®(7) = oy, [ag @ it is easy to deduce that ® is strictly increasing 
1 f/f’ 

and, by (2), ®(u(¢)) = 0. In addition we can deduce that (x) > oe) Si Vi: 
DL) da 
w=1 © 


Hence, again by (2), ®(w(1)) > 0. It follows, from the monotonicity of ® that 
(1) > (4). 

By appropriate choices of ¢ and y this simple result implies both (GA) and (r;s). 
Further details can be found in the paper by Landsberg where there are more 


inequalities; see also [Landsberg & Peéarié]. 


EXAMPLE (iv) In the case n = 2 the equal weight power means are pictured 
as F-level means in Figure 1; where the curves nMN, nRn, nSN, nAN, nGN, 
nHN, nmN are max{z,y} = b, 2% +y% = af +38, 27+ y" = a7 +71 < 
r< s),e+y=at+b, zy = abaxtt+y! =a '!+5"',min{z,y} = a re 
spectively; and the points M, R, S$, A, G , H, m have both coordinates equal 
and equal to 9t!%! (a, b), mt!!! (a, b), Mt!" (a, b), A(a, b), B(a, b), H(a, b), Mtl (a, b) 


respectively. 
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max{x,y} = b 


Figure 1 


Consideration of Figure 1 leads naturally to the consideration of a mean, SNt,s) (a, b) 
that is symmetric to the mean IN(a, b) with respect to the arithmetic mean . 
This is illustrated by the level curves MNn, Mmn, associated with the means 
max{a,b}, min{a,b}, that are symmetric with respect to the line Mn. Simple 
calculations show that 90.) = 22%—9M. The particular means 6;,) = 22 —6 and 
Hs) = 221 —H have been studied by Tricomi; |Tricomi 1965, 1969/70]. The same 
author has also studied the question: for which numbers s and t is it true that 
m= (1—s—t)%+sH +1tG is internal? 


4.2 CORRESPONDING MEANS The simple relations II 1.2(7) and (8) that relate 
the arithmetic mean to the harmonic and geometric means respectively suggest 
the idea of corresponding means; [Andreoli 1957a]. Given a mean It, defined 
for all n-tuples, and a strictly monotonic function f : Ri ++ R4 then the mean 


Mt = My f) is said to correspond to IN by f if for all n-tuples a 
M(a) = f (Mf (a))) 


Obviously then 9Jt corresponds to M, fy) by f = Oe AL mM corresponds IM by f and 
Mt corresponds to M™* by g, then mM corresponds to IN" by fog. 


EXAMPLE (i) If 9 = Y, and (i) f(z) = x? then Myy) = Hn; (i) f(x) = 
(1+ e”)~* and if 0 <a <1, then Mp) (a) = Gn (a) /(Gn(@) + &,(a)), using the 
notation of IV 4.4. 

EXAMPLE (ii) Mf) = G,, if either Mt = H, and f(x) = e!/*, or M= py!) and 
f(a) =e. 
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— Wo 1/(p—q) 
EXAMPLE (iii) If 2 = GP" and f(x) = a7 then Mz) = & 2) , where 
m2, a0! 


= (p—q,p,...,p) and a’ = (0,p,...,p) . 


4.3 A MEAN OF GALVANI Galvani, [Galvani], suggested that m = m(a) be called 
a mean of the n-tuple a if it satisfies one of the following equivalent conditions. If 
Ee ee 7 


k 

(a) St [[( —ai,)) =0; 

k oe 1 

n n= 1) ee Cae” _9 
Ghat - JO am (; ) , am" 7+ 
sede Matte G1)" S lai, ai, = 0; 
k 

(c) iff (2 =I (x — a;) then f‘"-*)(m) = 0. 


If k = 1 then m(a) = 2,,(a), but in general m(a) is not well defined; for if aj,...,an 
are all distinct then f("—*) has k zeros. Uniqueness can be recovered by always 
choosing the largest, or smallest, value. In those cases, as k decreases the mean 
m(a) increases, respectively decreases, from the arithmetic mean to max a, respec- 
tively to mina. 

A similar idea was studied in [Chimenti] as a result of the following problem of 
Jackson, [Jackson]: if aj < --- < dp find the unique m such that: (i) a, <m< 
Ark+1, and (ii) TI. (m — ai) = []jegyi(ai —m). When n = 2, m is just the 


arithmetic mean. 


4.4 ADMISSIBLE MEANS OF BAUER An interval J C R*_ is said to be contractive 
if x € I implies that 2” € J,n = 1,2,.... This means that: either J = Ri, 
I = [a, oo or |a, co[ for some a > 1, or J =]0, a] or |0,a[ for some a < 1. 

If wu: J ++ R4, is continuous and either (a) is decreasing, or (b) u(x)/z is strictly 
increasing, see |DI pp.237-288], then u is said to be admissible; if (a) holds it is 
admissible of type 1 , and if (b) holds it is admissible of type 2. These concepts 
are due to Bauer; [Alzer 1987b; Bauer 1986a,b]. 


LEMMA 1 Ifu is an admissible function, k € N* and v(x) = u(x*)/z , then v is 
strictly decreasing if u is of type 1, and strictly increasing if it is of type 2. 


LJ Elementary. O 
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If wu is an admissible function on the contractive interval J, and if a an n-tuple, 


n > 2, with elements in I write a; = ITs: a;,1<i<n, and define 
jfi 


Si,(a) = Doims UO) (3) 


Tr mi 
q=c1 “4 


THEOREM 2 With the above notation the equation 


u(x”—+) 


x 


= Sy (a) (4) 


has a unique solution c, with mina < c < maxa, and equality if and only if a is 


constant. 


O The case of equality follows from Lemma 1 and (3). 
Assume without loss in generality that ay <---< dn, a, # an. 


(i): wis of type 1. Foralli,i<i<n, 
u(as) > u(ay~t) > u(ayn"), (5) 
Tm 


Hence, since at least one of the inequalities (5) is strict, S,(a) > u(a®—*)/an. 
A similar argument will also give that S,(a) < u(a™—")/ay. 


The result now follows from Lemma | and the continuity of wu. 


(47): u is of type 2. In this case we have that ues) a (an ) l<i<n 
i An 
n—1 
Hence if we put an41 = a; then, u(a;) < ana. 4 1 A 1<i<n, and again, 


at least one of these inequalities is strict. 
So Su(a) < u(a™~1)/an; a similar argument gives S,,(a) > u(a™—*)/a1, and the 


result follows as in Case 1. L] 


The unique c that satisfies (4) is called the admissible u-mean of the n-tuple a, 
n > 2, written BM (a). 


EXAMPLE (i) If J = Ri, u = 1 then Bll (a) = An(a); while if u(x) = «7! then 
piel (a) = Gn (a). 


EXAMPLE (ii) More generally if J = R41, u(x) = x” then u is admissible, of type 1 
6" (a?) ie 


eee ee -if0<p<l 
LU, (a) Hn (aP) Soe 


if p <0, of type 2 if p> 1 and pl4l (a) = ( 
then u(x) = x? is not admissible. 


REMARK (i) No admissible mean is the harmonic mean; [Bauer 1986al. 
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THEOREM 3 If u is a convex function that is admissible of type 1, or a concave 


function that is admissible of type 2, then 
BI (a) < An(a), (6) 


Further if u is strictly convex, respectively strictly concave, (6) is strict unless a 


is a constant. 


LJ As the two cases are similar assume that u is convex and admissible of type 


1. By S(z;s) with r = 1,s =n —1, and the convexity of u, 


Tr Tm 


u(ar-*(a)) < u(— > %) < — Sula) 
u(r") <5 @y — Mer @) 


= a) = 
A, (a) gl4l (a) 
The case of equality is easily considered. (J 


Hence . This, by Lemma 1, implies (6). 


An extension to the concept of admissible means can be found in |[Dubeau 1991al. 


4.5 SEGRE FUNCTIONS In this section a general approach to mean inequalities 
due to Segre will be discussed; [Segre]. 


DEFINITION 4 Let n > 2, I =]m,M[, M,m e€R. A function f : I" + R that is 


differentiable and zero on constant a, a € I”, is called a Segre function on I. 


REMARK (i) A Segre function is not a mean, for if @ is constant, a, a # 0, say, 


the value of a mean of a is a. 


EXAMPLE (i) If J = R4 the function f(a) = D?*(a; w) = mll(a; w) — a"! (a; w), 
r,s € R, see III 4, is a Segre function; in fact this is a homogeneous almost 


symmetric Segre function, symmetric in the case of equal weights. 


EXAMPLE (ii) A homogeneous function f : J” + R is a Segre function if and only 
if f(e) = 0. 


The following notations will be useful in what follows: 


D = {a; a € I”and a is increasing}; D’ = {a;a € Dand a is not constant}; 
given 7,2<j <n, and as usual a = (a,,...,@n), 


D; = {a;a € Danda; = ay}; pi 221 Gp axiylig) ae D and ay ay): 


The basic result of Segre is the following. 
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THEOREM 5 A Segre function on I, f say, is non-negative on D, more precisely 
f(a) > 0 for alla € D’, if there exist functions p;: I" + R,, 1<i<n, such that 


fi(a) <pi(a)f(a), a€ D, this inequality being strict if a € D», (7) 
f(a) =p; (a) fi(a), aE Dj, 2<j <n. (8) 
O Ifa € D define k = k(a) = max{j; a, = --- = a,;}. If k = n then a is 


constant and so by the definition f(a) = 0. 

So assume the result holds for all points with 7 < k <n, and let a € D’, k(a)= 
7. Assume further that the result is false at this point. That is assume: a = 
(@,...,@,@;41,---An), @ < aj4, and w(a) = f(a) < 0. Since a is not constant we 
have, from (7) and (8), that ~’(a) < pi(1+ po +---+ pn)w(a) < 0. Hence wy is 
strictly decreasing on |a, a;+1]. 

So t(aj41) < 0, that is f(aj41,...,@;41,@j42,---,Gn) <0, which contradicts the 
induction hypothesis. LJ 


REMARK (ii) The above result only needs f,p;, 1 <7 <n, defined on D. 


If we now assume that f has some symmetry and homogeneity properties the same 


result will hold under weaker assumptions. 


COROLLARY 6 A symmetric Segre function on I is positive on D? if there is a 
pi = 0 such that (7) holds for all a € Di) ee 


O The symmetry of the function f gives (8) with pj = 1,2 <i<n. CJ 


COROLLARY 7 A homogeneous symmetric Segre function on R% is positive on D? 
if there is a p, > 0 such that (7) holds for all a = (1,a2,...,an) € Di 2 en: 


Similar arguments extend these corollaries to almost symmetric Segre functions. 


COROLLARY 8 If f is an almost symmetric Segre function on I then f(a) > 0 
for all a € D’, if there exist p; : I" > R,, 1 <i <n, such that (7) holds for all 
a € Di, and (8) hold for alla € Dj, 2<j<n. 

If I = Ri, and f is also homogeneous the same result holds if we only assume the 


above hypotheses for those a with a, = 1. 


EXAMPLE (iii) If f(a) is taken to be D®'(a,w), see Example (i), then fi(a) = 
wi(1 — Gr—1(a4; wi )2-1/ Wn) < 0, with equality if and only if ag = --- = Gn; so 
(7) holds with p, = 0. If further 1 = a, = a; then (8) holds with p; — w,;/w1 > 0. 
Applying Corollary 8 we get that f(a) > 0 with equality if and only if @ is constant, 
which is (GA). 
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EXAMPLE (iv) Take J = R* and f(a) = W,((am!! (a; w))*—Wn */" gpl] (a; w))") 


where r < 8, r,s € R{_, then an argument similar to the previous one leads to (r;s). 
Bxamps (v) Take I =]0,1/2] and f(a) = (TP,(2— a)/((X, 0 —a))") - 


ces a; 7 (( oy ai)"), then f is a symmetric Segre function . 
Putting pi(a) = >>, (a; — a1) /(1 — a1) >>, (1 — ai), we get 


/ Doi (Gy a1) []j_ ~ ms 

fi(a) ~ pila) f(a) = Ser (la oa ai) — (a1 > a) 
ope 1 ai)" $1 

If then 0 < aj <a;,2 <j <1, we have )*\_ (a; —a1) >0,1-aj>a,>0,1< 

1 <n, and so p; > 0, and (5) holds. Hence by Corollary 2 f(a) > 0 with equality 

if and only if a is constant. This is just Ky Fan’s inequality, IV 4.4 (26). 


EXAMPLE (vi) By considering f(a) = An(a) — An,» (a@) we can apply Corollary 7 
with p; = 0 to get the right-hand inequality of V 6 (5). The left-hand side of this 
inequality is obtained using f(a) = %n,a(a) — Gn(a), and taking pi = |a|/n. 


Further details and results can be found in the paper of Segre. 

4.6 ENTROPIC MEANS Let a and w be two n-tuples with W,, = 1; further let 
F = {¢; ¢:R;, /% R4, strictly convex, differentiable with g(1) = ¢’(1) = O}. If 
b € F define dg(u, v) = vd(u/v), (u,v) € R4. 


LEMMA 9 If @€ F then, with the above notation: 


Yn a> Cor lay oe <a => dg(y,a) > dg(e;a); 
bala > 0 orl <b <6. 0 = > d4a,0) > d5(axa). 


In particular if z,a > 0 then dg(x,a) > 0 with equality if and only if x = a 


L] These results are easy consequences of the properties of the functions in 7; 
for instance since ¢’ is strictly increasing ¢’(u) > 0 if u > 1 and hence ¢(u) is 
strictly increasing if u > 1. Noting that if y > 2 >a> 0 then y/a > z/a> 1 


gives the first result and the others are similar. LJ 


REMARK (i) The differentiability assumption can be relaxed using the fact that a 
strictly convex function has strictly increasing left and right derivatives; see I 4.1 
Theorem 4(b). 


REMARK (ii) As a result of this lemma we see that dg(x,a) has some of the 


properties of a metric although it is not symmetric and does not satisfy (T). 
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The entropic*® mean of a with weight w, W, = 1. by ¢, d6€ Ff, is x = gl? (a, w) 
where x > 0 minimizes )~y"_, widg(a, ai). 
REMARK (iii) By Remark (ii) dg(z,a;) can be regarded as a measure of the dis- 


tance of x from a;, and then the sum is an average of these distances over all the 
entries in a; [Ben-Tal, Charnes & Teboulle}. 


THEOREM 10 If ¢€ F then aid (a, w) is unique and 
mina < el? (a,w) < maxa. (10) 


In particular if a is constant, a say, then ag (a,w) =a. Inequalities (10) are strict 


unless a is constant. 


L Assume, without loss in generality, that @ is increasing and consider the func- 
tion i(zZ) = >, 4 widg(aya;).. "Then f(z) = 3), 4 wid (z/a;) < > 4 wo) = 
0, if x < a,. Similarly if x > a, then h'(x) > 0. Hence by continuity there is an 
L,a, <£ < Gy where h’(x) = 0, and by the strict convexity this x is unique. This 


is the required unique minimum of h. The rest of the theorem is immediate. OU 


REMARK (iv) If we only assume ¢ to be convex then the results of Theorem 10 


may fail so we then need to require that mina < x < maxa. 


REMARK (v) Wesee from the above that the mean is given by the unique z, x > 0, 


that solves the equation 


> wid (a/a%) = 0. (11) 


REMARK (vi) The above result shows that the means defined by (9) are strictly 
internal and reflexive. It is easily checked that these means are also homogeneous, 


monotone and almost symmetric; [Ben-Tal, Charnes & Teboulle}. 


EXAMPLE (ii) If ¢(u) = 1 —u+ ulogu then €%!(a, w) = 6,(a; w). 


1l—-r __ 
EXAMPLE (iii) If d(u) =u+ ———, r>0,r41 then €9!(a,w) =9m'"l(a; w). 
T— 
u(l—r)—ul* 
EXAMPLE (iv) If ¢@(u) = 1+ an ae ee oe 1,r # 0 then again we have 
that cia (Gap) = oy”! (a; w). In this case taking r = —1 gives the harmonic mean. 


20 The reason for the name is not clear; see the comments by Aczél in his review, [Zbl: 675.26007}. 
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THEOREM 11 If ¢€ F andw €F and if for some K >0, Kd’ < y’ then 
e€l(a,w) > eM (a,w). (12) 


O Let x denote the left-hand side of (12) and y the right-hand side, and suppose 
that x < y. From (11), 7, wid'(x/a;) = 0 and D7), wid’ (y/ai) = 0. 

From the hypothesis and w’ being strictly increasing we have for 1 < i < n that 
K¢!(e/ai) < '(a/ai) < W'(y/ai). 

So0= KYCy_, wid(a/ai) < 0, wi(y/ai) = 0. This is a contradiction and so 
oy, C] 


REMARK (vii) By looking at the Examples (i), (ii) and (iii) we can use this theo- 
rem to deduce (GA) and (r;s). 


Finally these entropic means have a means on the move property, see III 6.1 . 


THEOREM 12 Assume that ¢ € F , and also that ¢’"(x) exists and is continuous 


in a neighbourhood of x = 1 then 
dim ella + te, w) = An (a; w) 


O By Remark (vi) entropic means are homogeneous, and internal and it can be 
shown that d€!?!(a, w)/Oay = we, 1 < k <n; see [Ben-Tal, Charnes & Taboulle 
p.550|. The theorem then follows from the r esult of Brenner & Carlson, IV 4.5 
Theorem 19. O 


5 Mean Inequalities for Matrices?° 
If A,B © He and 0 <t <1, then the arithmetic, geometric and harmonic means 
of A and B with weights 1—t, t are defined by, 

A(A,B;t)=(1-t)A+tB, G(A,B;t) = AV2(A7 VA BAVA) A? 


1 


H(A, B;t)=((1-t)A 7 +tB")~. 


While the definitions of the arithmetic and harmonic means are obtained by an 
obvious analogy with the definitions in IJ 1.1, 1.2, the reason for definition of 
the geometric mean is not so clear, although if the matrices commute we have 
6(A,B;t)= A*-*B*. A lucid exposition of the reasons behind the definition can 
be found in [Lawson & Lim]; also refer to [Ando 1979,1983; Pusz & Woronowicz]. 


REMARK (i) As usual if the weights are equal, t = 1/2, we just write 2(A, B), 
REMARK (ii) The means 2(A, B),6(A, B), H(A, B). are often written AAB,| or 
AV B], A#B and A!B respectively. 


20 The notations used in this section are defined in Notations 7. 
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LEMMA 1 The arithmetic, harmonic and geometric means are also positive definite 
Hermitian matrices, are almost symmetric, as means, and if A = B have the value 


A. 


L] All of the lemma is immediate except the almost symmetry of the geometric 
mean. The following proof is due to Furuta; see also [Lawson & Lim p.800; Ando 
1979 Corollary 2.1 (i)]. 


6(A,B;t) =Al?(A 1? BAN) AN? 
= B'/?(Bt/2 4-1 Bt/2)t-1 Bl/? by | Furuta p.129 Lemma Al 
SB (BAB Ay Bi = 6B A= 7) 
CO 
THEOREM 2 (a) [GEOMETRIC MEAN-ARITHMETIC MEAN INEQUALITY] If A,B € Ht and 
O<t< 1 then 
H(A, B;t) < G(A, B;t) < A(A, B;t), 

with equality if and only if A = B. 
(b) [Converse Inequauities] If A,B € Ht ,0<t < 1, w = max{\j,A7'}, where 
Ay > ++: > An are the eigenvalues of B~'/2 AB-1/2 then, 


— 1)y)/(-2) 
a(A, B;t) < BOVE 64, 8:8), (1) 
e log ps 
= 1/(u—1) 
6(4,B;1) < MODE 604, B:8), (2) 
e log 
(A, B;t)—G(A, B;t) (3) 
L7/Gie tcp 
git _ t) (¥ Zz 1) /(u .)' *B'2(B-1/2(4 = B)B-'2)2 Bl/2 
2 e log uu 


(c [NANJUNDIAH’s InEQuaLITy] If A,B € Hi then , 


6(A, 2A(A, B)) >2(A, 6(A, B)); (4) 
6(A, 9(A, B)) <H(A, G(A, B)). (5) 
O (a) For any positive number x and t € [0,1] we have 


gitar Sie aia, 


with equality if and only if either t = 0,¢ = 1 or x = 1. The left inequality is 
a form of (B), see I 4.1 Example (iii); the right inequality follows from the left 
inequality by replacing x with z~! and taking reciprocals of both sides. By the 
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standard operational calculus applied to these inequalities, we have for X € Ht 
and t € 0, 1] that 
tX ELS KS EX Pel a 


Putting X = A~!/2BA7—/2 in these inequalities and multiplying by A!/? on both 
sides we get the desired result??; see [Ando 1983; Furuta & Yanagida; Sagae & 


Tanabe}. 
(b) Apply II 4.2 Theorem 4 in the case n = 2, w; = 1-t, wo =t, a1 = A, AQ = 1 to 
ig Di ee max{j, 1} e 
t (1—t)A; +t < +——_——__);, °, wh ;= = pane ae 


Using the final remark in the proof of II 4.2 Theorem 4 we get, with pu as above, 
4), 2/4 - 2) = 4 tf G1) 
(Mi — 1) uy Z (u —1)u So 
e log py e log u 


— 1)y)/@-1) 
ee ys L<i<n. (6) 


Now if C € Ht then C = UD(A)U~', where U is unitary. From (6) we have that 
— 1) yw) — 1)yi/H-)) 
a—yp+tp < #ODE* p1-+ andso(i-po+rtie < MODE ort. 
e log ps e log 
Finally taking C = B~1/?AB~1/? gives inequality (1). 
Inequality (2) follows by applying (1) to A~! and B~1 


that 


(Det) gts 


Inequality (3) is a special case of a more general inequality and the proof is in the 
reference below. 


(c) The square-root function is operator convex, I 4.9, and so 


1 1/2 
(=U + A-BA-1/2)) > = (I+ (A-V2 BA-1/2)1/2)_ 


From this we get that 


Meee SA ae = age BEAR AS yan) 

— 9) ? 
which is just (4). 
Now, in (4), substitute A~' and B~' for A and B respectively; then take the 


inverse of both sides of the resulting inequality and we get (5). = 
REMARK (iii) Inequality (1) is the analogue of Doéev’s inequality IT 4.2(3). 


REMARK (iv) The first converse inequality for the matrix form of (GA) is in 
[Mond & Peéarié 1995a]; the results in (b) are in [Alié, Bullen, Peéarié & Volenec 
1995]; see also [Alié, Mond, Peéarié & Volenec 1997a,b]. 


20 The author thanks Professor Furuta for this succinct proof. 
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REMARK (v) ‘The extension of Nanjundiah’s inequality, II 3.4 (31), to matrices is 
due to Mond & Peéarié, [Mond & Peéaric 1996d]. See also [Ando 1979, 1983]. 


The arithmetic and harmonic means for sets of m matrices are readily defined but 
the extension for the geometric mean is less obvious. The following definition has 
been given by Sagae & Tanabe: given A; € Ht, 1 <i<™m, anda positive m-tuple 
w with W,, = 1 then 
OA Asie Aniw) =A" (Aga, - 
Be Siar ba acy We ar i Pa i _ 
Vy ae aa 
* An) Ant, 


W; 

where vu; = W “.1<i<m-—1;if m= 2 this reduces to the previous definition 
a+1 

with A = A;, B = Ag, and w; = 1—t, wo = t**. Then the general form of (GA) 


can be proved. 


THEOREM 3 If A; © Ht, 1<i<™m, and w a positive m-tuple with W,, = 1 then 
Hm(A1, rr ,Amj Ww) < Gm(A1, oe sy Ami w) < Amn (Ax, ae Am} W). 


with equality if and only if Ay =--:= Am. 
ial The case m = 2 is just Theorem 2(a) The case for general m is obtained by 
induction; see [Sagae & Tanabe]. O 


Other results can be generalized; for further details see [Pecarié & Mond] and the 
items in the bibliography of that paper. Using the obvious notation we can state 
the following analogue of (J); [Mond & Peéarié 1993]. 


THEOREM 4 If I is a interval in R, f : J + R a a convex matrix function of 
order n and A; € H*, 1 <%i<™m, with all of the eigenvalues in I and w a positive 
m-tuple with W,,, = 1 then 


f (Am(As, ae) Am; w)) S Wm (f(A1), cy f (Am); w). 
L The case m = 2 is just the definition of matrix convexity, I 4.9 ((29), and 


the proof then follows the induction in the proof of (J), I 4.2 Theorem 12 proof(7). 
O 


To give an extension of Nanjundiah’s inequality we need the the following results 
due to Kedlaya and Anderson & Duffin; [Anderson & Duffin; Kedlaya 1994,1999; 
Matsuda]. 


21 This definition, which is obtained by recurrence from the n=2 case, gives, if n>2, a geometric mean 


oe | 2 0 Ld 

that is not almost symmetric. Let n=3 and A,B,C= ( ; ') , (; " ) , respectively. Then 
1 2 

6(A,B,C)46(C,B,A); see [Feng & Tonge]. 
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LEMMA 5 (a) ([Kepiaya] If wierd) 1<it,j<n,1<k</n, are defined by 


(" —~ 7 ( - * 7 
iG) at eee a (n —i)!'(n —97)'(¢ — I)! — 1)! 
: n—1 (n—1)'(kK-1)!"(n-i-jt+k)!i-—k)lGG—k) 
es 
they have the following properties: 
(i) they are non-negative; 7 - (ii) if k > min{i, 7} then wie j = 0; 
(iii) for alli, j,k we have wi) = wi. (iv) for alli, 7 we have that wee zat i 
(v) 
 (s ifk<y, 
y a a J 
0 ifk>j. 
(b) [ANDERSON & Durrin] If Aj; © Ht, 1 <i,7 <m, then 
Poi y-1y-1 Poy dl -ay-i\7! 
eee) = es DAG) ) : 
j=1 i=1 =i Yes 
O (a), (i), (ii) and (iii) are immediate. 


Note that the numerator of wes ) can be considered as the number of 7-element 
subsets of {1,2,...,n} with k-th element i. 

Summing this over k counts the subsets of {1,2,...,n} containing 1, gives (" 7 4 
which proves (iv). : 
Summing this over i counts all the j-element subsets of {1,2,...,n} for k < J, 
that is (") which proves (v). 


(b) A proof of this matrix inequality can be found in the reference. O 


THEOREM 6 If Ay € Ht,1<k <m, then 


Hm (A1,..- Amjw) My (Aijeen Amy); (7) 
BA AI GAs 2 Bi Aide) (8) 
>A (A, (A AO ea Aas: Am)). 


O (a) Inequality (7), a matrix analogue of (HA), follows from Theorem 4 just 
as (r;3s), r = —1,s = 1, follows using convexity, III 3.1.1 Theorem 1 proof (viit). 


All that is needed is to note that f(z) = z~+ is matrix convex; I 4.9 Example (ii). 
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(b) Using the notation of Lemma 5 (a), 


1S i, . 
Mj(Ar,...,4;)=— SI And wy”, by Lemma 5(a) (ii), (9) 
k=1 [1 
ly (4,3) 
=— ) Am (Ars---> Ami w J’). by Lemma 5(a) (v), 
t=1 


eee -_ 
eee Sl AbrccinAeewee)y. “Byel7): 10 
2m ( 1 ‘Ww a y (7) ( ) 


Now the left-hand side of (8) is obtained by taking the harmonic means of the left- 
hand sides of (9), so by the above is greater than the harmonic mean of the right- 
1 m 
' 1 1 Pe eae 
hand sides of (10); that is, than (— d (— dSm(Ar Stes Am; w! 4))) ‘) So, 
j= = 


the left-handside of (8) 


1 m 1 m we “a —1l 
= (Se Gh Plt Ania) 


j=l 


= : e s 5 (A A , wid) ))~* by Lemma 4(b) 
<m & Tit m Loe e+9 44m, YW » DY ) 
_! 3 = 3 3 wird) arty? _ i s (= 7 4p So wi) 
n — mm + Re ORE m —~\m k Lak 
i=1 g==1 k=] t=1 k=1 4-1 


i=1 " h=1 
= the right-hand side of (8). 
L 


Other ways of generalizing inequalities to the matrix situation have been explored. 


There is the following analogue of (J). 


THEOREM 7 If f is convex on an interval I and A, € H*,1<k<™m, all having 


eigenvalues in I, and if w is a complex m-tuple with 3°", (wz, we) = 1 then 


m m 


f(D (Anwe, we)) S >> (F(Ak)we, we). 
k 


k=1 =1 
Using this approach the power means can be defined as follows. 
Let A = (Ai,...,Am) where A; € Hit, 1 <i <™m, and w be a complex m-tuple 
with >>." (wi, wi) = 1, then: 
(dry, (Abu, wi))!", if r € R*, 
mil (A; w) = 
exp(>-j", ((log Aj)wi, wi)), ifr =0. 
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Analogues of (r;s), (H), (M), Cebigev’s inequality and of the converse inequality 
III 4.1 Theorem 3 have been given; see [Mond 1965a,b,1996; Mond & Peéarié 1993, 
1995a,c,d, 1996e}. 

Of particular note is the inequality due to Kantorovié, see III 4.1 (11): 


= (Ar + An)? 
(Az,xz)(A7*a,2) < se ae. 
where A;,A, denote the maximum and minimum eigenvalues of A respectively; 
see [Furuta pp. 188-1898], [Greub & Rheinboldt; Householder; Mond 1996; Mond 
& Peéarié 1995c]. 
The methods of proof are based on the representation of matrix functions given 
in at the end of Notations 7. 


Another approach is to use the Hadamard product **AoB = (ai3 0:5 )1<i,j<n Of two 

real n X n matrices A = (aij)1<i,j<n, B = (bij)1<i,j<n- The set of such matrices 

is then ordered by A< B, meaning ||AoC|| < ||BoC]| for all real n x n matrices 

C, where ||A|| = ( De a2.) *. Then the arithmetic, geometric, and harmonic 
1<t,j<n 

means of a positive n-tuple a are defined as the following n x n matrices: 


Ay + Qj 


AP (a) = ( 9 G° (a) = (VWaidj)1<i,j<n, 9° (@) = (7) sciscn 


) hee = —I 
1<t,j<n a, +4; 


THEOREM 8 With the above notation, 
H" (a) <6" (a) << 2A" (a) 


O The reader is referred to the original paper for a proof; [Mathias]. O 


The concept of arithmetic mean and other elementary means can be extended to 
more general operators than matrices, to means of ellipsoids, to semi-groups and 
there is even a fuzzy arithmetic mean; |Furuta], [Bhagwat & Subramanian; Fujii, 
Kubo & Kubo; Gao L; Kubo & Ando; Mond & Peéarié 1996b; Peéarié 1991c; 
Ralph; Thompson]. The idea of means on more general spaces is mentioned in the 


next section. 


6 Axiomatization of Means 
The extreme generality and variety of means leads naturally to the questions of 
what is a mean, what conditions on a function imply that it is a mean, or under 


what conditions is a function a particular mean? ‘These questions quickly lead 


22 Sometimes called the Schur product. 
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to problems in functional equations and functional inequalities, see |Pompeiu; 
Schweitzer A]. These topics are beyond the scope of this book and are discussed 
fully elsewhere; [Aczél 1966], [Hille]. 

Means can be considered in the following way. There is an interval J C R, and 
sequence of functions mz : JF + R, k € N*, or just {m,}. We then say that {m;} 
has a property when every function in the sequence has that property, and we 
are interested in the properties introduced in I 1.1 Theorem 2: (Ad), additivity; 
(As), Mm-associativity; (Co), continuity; (Ho), homogeneity; (In), internality; 
(Mo), monotonicity; (Re), reflexivity; (Sy), symmetry. 

CONVENTION We will always assume (Co), and even that 
the functions are differentiable if necessary. 

The property (In) is so basic as often to be taken as the only requirement for a 
function to be a mean; it holds if (Mo) and (Re) hold; [B? pp.230-2382]. 
Schiaparelli was probably the first to give a system of axioms sufficient for the 
arithmetic mean; his result was given another proof by Broggi, and Beetle proved 
the independence of the axioms; [Beetle; Broggi; Schiaparelli 1907]. Other au- 
thors to give such systems of axioms have been [Aczél & Wagner; Huntington; 
Matsumura; Nakahara; Narumi; Schimmak; Suté 1913,1914; Teodoriu]. The fol- 


lowing result of Teodoriu is particularly easy. 


THEOREM 1 If the sequence of functions {m,} has the properties (Ad), (Re) and 
(Sy) then mz = Ay, k € N*. 


O 


my (a) = = dma), by (Sy), = mg (x(a) €), by (Ad), = Ax (a), by (Re). 


a 


Obviously these conditions, (Ad), (Re) and (Sy), are both necessary and sufficient 
for {m;,} = {2}. These conditions are independent as is shown by the following 


examples. 


EXAMPLE (i) m (a) = ; 2A;,(a), k € N*, satisfies (Ad), (Sy), but not (Re). 


+1 
EXAMPLE (ii) m(a) = %,(a;w), k € N*, satisfies (Ad), (Re), but not (Sy). 
EXAMPLE (iii) m g(a) = ml" (a), r #1, k EN’, satisfies (Re), (Sy), but not (Ad). 


Huntington, in the above reference, gave seven sets of axioms for the geometric 


mean, the following result is one of these. 
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THEOREM 2 If the sequence of functions {m,} has the properties (As)2, (Re), 
(Sy) and if : mg(a1,a2) = @o(a;, a2); then m, = 6, k € N*. 


L The case k = 1 is trivial and k = 2 is the hypothesis, so assume that k > 3. 
g(M2(a1, a2), M2(a4, a2), Case chi), by (As)o, 


( 
i een a a by hypothesis, 
ma ( 

(1, ( 


my (M2(1, a1a2), me(1, a1a2), Ga cay), by hypothesis, 


)=m 
=Mk Lact a1a2) Asgavi gap) by (As)o = m,((a1a2),43,---,@%, 1), by (Sy). 


On repeating the argument we get that 


Wig (G) = ME (aise GR) doses) (1) 
Let a, = --- = a, = a then from (Re) and (1) that a = m,(a*,1,1...,1); so, 
again using (1), m,(a@) = 6;(@). U 


Huntington also gives seven sets of axioms for the harmonic and quadratic means; 


the following is an example of his results. 


THEOREM 3 If the sequence of functions {m;,} has the properties (As)2, (Re), 
(Sy) and if: (a) m2(a1,a2) = 92(a1,a2), (b) me(a1,a2) = Qe(a1,a2); then 
(a) me = Hx, k € N*, (b) me = Og, k € N*. 


Axiomatic definitions of the quasi-arithmetic means were originally given by 
|Chisini 1929,1930; Fuchs 1950,1953; Kolmogorov; Nagumo 1930,1931,1933; Ver- 


ess|. For instance there is the following result of Kolmogorov. 


THEOREM 4 If the sequence of functions {m;} has the properties (As)m,m > 1, 
(Mo), (Re) and (Sy), then for some function M: I++ R, m,(a) = N,(a), k € N*. 


C Let my4n(ka, nb) denote mzin(a) for an a@ with k terms equal to a and n 
terms equal to b; by (Sy) we can assume a = (a,...,a,b,...,5). By (Re) and 
So Ses Na ee 


kterms nterms 
(As)m,m > 1, Mykin)(pka, pnb) = mMein(ka,nb). Hence if kn’ = k’n, then 
Mrin(ka, nb) = Mg 4n/(k’a, n’b). 
Now if x is rational number, 0 < x = p/q < 1, define F(x) = mq(pM, (q — p)m). 
It is easy to check that F' is strictly increasing and continuous on the rationals and 
so can be extended to function with the same properties at all points. If then x; be 
rational and a; = F'(2;),1<i<k, it can be shown that m;(a) = F(2,(F*(a))), 
so taking M = F!, gives the result. CJ 
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A considerable amount of work has been done on axiomatizing means and quasi- 
arithmetic means in particular; see [Aczél 1947,1948a,b,c,1949a; Allasia 1980; Au- 
mann 1933a,b,1934,1935a, 1976; Bajraktarevic 1951,1953; Barone & Moscatelli; 
Bertillon, de Finetti 1930, 1931; Dodd 1934,1936a,1937,1941a; Fenyé 1947,1948, 
1949a,b; Girotto & Holzer; Horvath 1947,1948a,b; Hosszu; Howroyd; Jessen 1931a, 
1933a,b; Kitagawa 1934,1935; Marichal; Mikusitiski; Ostasiewicz & Ostasiewicz; 
Pizzetti 1950; Ryll-Nardzewski; Thielman; Toader, S; Ulam]. 

Bos has considered a sequence of functions {m,} with the properties (Re) and (Sy), 
and such that each mz41 has the property (A),, and u(x) = mz(a1,...,@%—-1, 2), 
k € N*, is an injection defined on a fairly general topological space X. They are 
then said to define a mean space structure on X. For details the reader is referred 
to the interesting papers [Bos 1971,1972a,b,c,1973]. 

Extensions of the mean concept to general structures have also been given by Kubo; 
see [Kubo & Ando], and the references in the bibliography of that paper. He has 
defined arithmetic, geometric and harmonic means of operators on Hilbert spaces, 


and, in this context, proves an extension of (GA). See also [Antoine], [Antoine]. 
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Metcalf, Frederic T. (1935) 67, 164, 
188, 193, 194, 195, 221, 222, 235, 241, 
378 

Metropolis, Nicholas Constantine 416 

Miel, George J. 419 

Mijalkovié, Zivojn M. 34, 108, 123, 364 

Mikolas, Mikldés (1923) 200 

Mikusinski, Jan G. 49, 50, 277, 438 

Milne-Thomson, L. M. (1892-—) 54, 55, 
342 

Milosevic, Dragoljub M. 48, 202 

Milovanovic, Gradomir 2, 188, 237, 
306, 321, 383 

Milovanovié, Igor Z. 16, 71, 171,188, 
237, 306, 383 
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Minassian, Donald P. 114 

Minc, Henryk (1919) 262 

Mineur, Adolph 483 

Minkowski, Hermann (1864-1909) 175 

Mirsky, Leonid 165 

Mitrinovi¢é, Dragomir S. (1908-1998) 
xill, XV, XVli, xvill, 2, 5, 8, 30, 33, 36, 
44, 46, 48, 71, 86, 97, 98, 104, 120, 
122; 123,127, 129; 130; 131. 132, 133: 
145, 151, 152, 157, 161, 162, 188, 195, 
202.-216,218, 219, 222.935, 247, 255; 
260, 269, 275, 281, 321, 331, 332, 336, 
337, 364, 369, 383, 387, 483, 484 

Mitrovié, Zarko M 121, 122, 161, 198, 
231, 364, 484 

Mohr, Ernst(1910) 99, 100, 418 

Moldenhauer, Wolfgang 119 

Mon Don Lin 67, 195 

Mond, Bertram (1931) 48, 141, 154, 
195, 200, 202, 228, 235, 236, 237, 241, 
278, 371 , 378, 380, 431, 432, 435 

Monsky, Paul 119 

Moro, Julio 403, 404, 405, 406 

Moroney, Michael Joseph (1918-1989) 
67 

Moscatelli, Vincenze Bruno 438 

Moskovitz, David S. 406 

Motzkin, Theodore S. 88, 145 

Mudholkar, Govind 8. 199 

Muhhopadhyay, S. N. 56 

Muirhead, Robert Franklin 
(1860-1941) 84, 88, 89, 321, 325, 330, 
359 

Mulholland, H. P. (1906) 306 

Mullin, Albert A. 77 

Myers, Donald E. 105, 106 

Myrberg, P. J. 417 


N 


Nagell, Trygve (1895-1988) 91 

Nagumo Mitio 273, 437 

Nakahara Isamu 436 

Nakamura Yoshihiro 151, 261 

Nanjundiah, T. S. 30, 94, 95, 126, 140, 
141, 162, 167, 216, 228 

Nanson, Edward John 171 


Narumi Seimatsu 436 

Neagu, Mihai 240 

Needham, Tristan 48 

Nehari, Zeev 380 

Nelson, Stuart A. 253, 356 

Ness, Wilhelm 119, 326, 364 

Netto, Eugen 210 

Neuman Edward 298, 343, 386, 392 

Newman, Donald J. (1930) 98 

Newman, James R. 67 

Newman, Maxwell H. A.( 1897-1984) 
326 

Newman, Morris A. P. (1924) 235, 261 

Newton, Sir Isaac (1642-1727) 2, 71, 
321, 326 

Niculescu, Constantin P. 65 

Nikolaev, A. N.?° 69 

Nishi Akihiro 48 

Niven, Ivan (1915-1999) 119, 256 

Norris, Nilan 67, 207, 210, 214 

Nowicki, Tomasz 3, 323, 325, 414 


O 


Oberschelp, Walter 88 

Ogiwara Toshiko 48 

Olkin, Ingram (1924) xvii, 22 , 211, 235 

Oppenheim, Alexander (1903) 288, 
290, 292 

Orr, Richard 246, 251, 257 

Orts Aracil, José Ma 204 

Ory, Herbert 69, 420 

O’Shea, Siobhan 102, 103 

Ostasiewicz, Stanistawa 438 

Ostasiewicz, Walenty 438 

Ostaszewski, Krzysztof M. 369 

Ostle, B. 387 

Ostrowski, Alexander M. (1893-1986) 
57, 198, 383 

Ozeki Nobou (1915-1985) 161, 256, 
261 


P—Q 


Paasche, Ivan (1918) 176, 205 


29 A.H.Huxnonaes. 
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Pales, Zsolt 187, 203, 248, 251, 256, 
298, 306, 316, 317, 318, 320, 393, 396, 
399 

Paley, Raymond E. A. C. (1907-1933) 
207 

Pappus of Alexandria (f1.300) 73 

Pasche, A. 68 

Pearce, Charles Edward Miller 30,124, 
153,162, 200, 215, 251, 376, 380, 387, 
389, 407, 392, 395, 397, 399, 405 

Pearson, Karl (1857-1936) 202 

Peéari¢é, Josip E. xv, xvii, xviii, 5, 8, 
16, 31, 35, 36, 43, 44, 46, 48, 116, 122, 
123, 140,141, 145,151,152,153, 162, 
165, 171, 178, 187, 188, 189, 194, 195, 
197, 199, 200, 201, 202, 210, 228, 235, 
237, 238, 240, 243, 250, 251, 256, 259, 
261, 262, 278, 279, 290, 294, 295, 298, 
307, 343, 371, 376, 377, 378, 380, 383, 
384, 388, 389, 392, 395, 397, 399, 404, 
405, 408, 421, 431, 432, 435, 504 

Petczynski, Aleksander 119 

Peetre, Jaak 492 

Perel’dik, A. L.2° 326, 328 

Pérez Marco, Ricardo 169 

Perez, P. 168 

Persson, Lars-Erik 35, 202, 230, 257, 
299, 492 

Peterson, Allan C. 369 

Petrovi¢, Mihailo(1868—1943) 48 

Pfaff, Johann Friederich (1765-1825) 
419 

Phillips, George M. 419 

Pietra, Gaetano 322, 350 

Pittenger, Arthur O. 48, 386, 388, 389, 
390, 391, 400 

Pizzetti, Ernesto 70, 269, 276, 350, 405, 
438 

Plotkin, Boris I. 74 

Pélya, George (1887-1985) xiii, xiv, 
xvi, xvii, 18, 20, 23, 27, 67, 83, 86, 88, 
89, 91, 92, 169, 236, 241, 307, 376 

Pompeiu, Dimitrie (1873-1954) 436 

Pompilj, Giuseppe 248 


30 A. JI. Wepenbank. 


Name Index 


Pop, Florian 33 

Popovic, V. 88 

Popoviciu, Tiberiu (1906-1975) 25, 54, 
56 127, 161, 162, 170, 199, 210, 286, 
298, 342 380 

Porta, Horacio 406 

Post, Karel Albertus 72 

Poveda Ramos, Gabriel 273 

Pranesh, K. 158 

Pratelli, Aldo M. 270 

Prékopa, Andras 384 

Pringsheim, Alfred (1850-1941) 203 

Proschan, Frank (1921) xvii, 48, 211, 
298 

Ptak, Vlastimil F. 236 

Pusz, Wiestaw 449 

Qi Feng xv, xvi, 7, 29, 207, 262, 375, 
386, 388, 393, 395, 396, 397, 401 


R 


Rado, Richard(1906-1989) 23,127, 364 

Radon, Johann (1887-1956) 182 

Rahmail, R. T.3! 210, 237 

Ralph, William J. 435 

Rasa, Ioan 28, 156, 161, 171, 261, 389 

Rassias, ‘Themistocles M. 2, 71, 228, 
278, 321, 377, 383, 401, 402, 403 

Ratz, Jiirg 65, 179, 190 

Redheffer, Raymond M. (1921) 126, 
145, 183 

Rennie, Basil Cameron (1920-1996) 
234, 269, 378 

Rényi, Alfréd (1921-1970) 68 

Reznick, Bruce A. 187, 189 

Rheinboldt, Werner(1927) 240, 435 

Ribari¢é, Marjan 44 

Ricci, U. 269 

Riesz, Frigyes®*(1880-1956) 191 

Rimer, David 207 

Roberts, A. Wayne xvii 

Robbins, David P 8&4 

Robinson, G. 68, 70 

Robertson, Jack M. 343 


31 P. T. Paxmann. 


32 Also written as Frédéric Riesz. 
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Rockafellar, Ralph Tyrrell 52, 53 

Rodenberg, O. 101 

Rogers, Leonard James (1862-1933) 
182 

Roghi, Gino 68 

Romanovskii, Vsevolod Ivanovich?* 
(1879-1954) 496 

Rooin, J. 36, 117, 118, 120, 153 

Roselli, Paolo 369, 371 

Rosenberg, Lloyd 417 

Rosenbloom, Paul C. 235, 237 

Rosset, Shmuel 326 

Rudin, Walter 369, 372, 377 

Ruscheweyh, Stephan 243, 298, 399 

Rusinov, F. V. 34 48 

Russell, Dennis C. 260 

Ruthing, Dieter 6, 86, 112, 126 

Ryff, John V.(1932) 380, 381 

Ryll-Nardzewski, Czestaw(1926) 438 


S 


Saari, Donald G. 70 

Sagae Masahiko 431, 432 

Salamin, Eugene 419 

Saleme, B. M. 496 

Salinas, Luis 298 

Sandor, Jézsef 116, 154, 169, 179, 262, 
296, 297, 376, 387, 388, 389, 390, 392, 
397, 418 

Sapelli, Onorina 250 

Sarkany, G. xvi 

Sasser, D. W.(1928) 162 

Sathre, Leroy 262 

Savage Jr., Richard P. 407 

Savic, B. 376, 383 

Sbordone, C. 380 

Scardina, A.V. 497 

Schapira, H. 497 

Schaumberger, Norman T. 48, 107, 
109, 112, 114, 115, 117, 119, 123, 209 

Scheibner, W. 498 

Schering, K. 419 

Schiaparelli, G. 68, 436 


33 
34 


Bcesonogz Mspanosuu Pomanoscrui. 


®. B. Pycitnos. 


Schild, A. I. 74 

Schimmak, R. 68, 436 

Schlesinger, L. 498 

Schlomilch, O. (1823-1901) 119, 203, 
207, 214, 326, 330 

Schmeichel, Edward F. 123 

Schonwald, Hans G. 364 

Schreiber, Peter Paul 183 

Schur, Issai (1875-1941) 57, 102, 150, 
343, 358, 360 

Schwarz, Karl Hermann Amandus 
(1843-1921) 183 

Schweitzer, A. R. 436 

Schweitzer, P.( -1941) 235 

Scott, J. A. 153 

Segalman, Daniel 298 

Segre, Beniamino 105, 207, 296, 360, 
425, 427 

Seiffert, Heinz-Jiurgen 384, 390 

Shannon, Claude Elwood (1916-2001) 
278 

Sheu Bor Chieu 67, 195 

Shi Shi Chang 331 

Shisha, Ovid (1932) xviii, 84, 154, 234, 
235, 237, 240, 241, 272, 274 

Shniad, Harold 177, 210 

Sholander, M. C. 386, 393,396, 399, 406 

Shon Kwang Ho 376 

Sibiriani, F. 499 

Sidhu, S. S. 109, 206 

Siegel, Carl Ludwig (1896-1981) 149 

Sierpinski, Waclav(1882-1969) 151 

Sikié, Hrvoje 198 

Sikié, Tomislav 198 

Simic, Slobodan K 161 

Simié, V. 392, 395, 397, 399, 405 

Simon, H. 203, 214 

Simonart, Fernand 127 

Simons, S. 119 

Simga, Jaromir 4, 23, 81, 109, 120, 162, 
204 

Sinnadurai, J. St.-C. L. 120, 122, 183 

Sirotkina, A. A. 3° 48 

Sivakumar, N. 161 


i A. A. Cuporkuaa. 


022 


Sjostrand, Sigrid 250, 257, 299 

Slater, Morton L(1921) 47, 162 

Smirnov, P. S.°° 7 

Smith, C.A. 364 

Smoliak, S.A.°"7 316 

Sochacki, James 369 

Sofo, Anthony 388 

Solberg, N. 91 

Soloviov, V. N.28 52, 53, 113, 179, 190, 
206, 214, 339, 341 

Souto 451 

Specht, Wilhelm (1907-1985) 234 

Stankovic, Ljubomir R. 48, 161, 259, 
290, 293 

Steffensen, J. F. (1873-1961) 37, 40, 
41, 90, 91, 92, 383 

Steiger, William L. 195 

Steiner, Jacob 500 

Steinig, J. 171 

Steinitz, E. (1851) 205 

Sternberg, W. 420 

Stieltjes, Thomas Jan (1856-1894) 327, 
A417 

Stohr, Alfred (1916-1953) 419 

Stojanovic, Nebojsa M. 16 

Stolarsky, Kenneth B. 140, 250, 386, 
389, 391, 393, 398, 406 

Stomfai, R. xvi 

Stubben, J. O. 127 

Sturm, Rudolf (1830-— 1903) 88 

Subbaiah, Perla 199 

Subramanian, Ramaswamy 435 

Sulaiman, W. 'T. 28, 48, 182 

Sullivan, J. 70, 74 

Sun Ming Bao 395 

Sun Xie Hua 165 

Sunde, Jadranka 162 

Suto, O. 436 

Swartz, Blair K. 327 

Sylvester, James Joseph (1814-1897) 2, 
326 

Szabé, V. E. S. 116, 179 


ao II. C. CmupxHos. 
37 C. A. Cmonmak. 
38 B. H .Conosuos. 


Name Index 


Szego, Gabor(1895-1985) xvi, 27, 86, 
169, 247, 236, 241, 376 

Székely, J. G. 389 

Szilard, Andras 192 


T 


Tait, Peter Guthrie (1831-1901) 119 

Takahashi, Tatsuo 248 

‘Takahashi Yasuji 260 

Takahasi®? Sin-Ei 48, 260, 364 

Talbot, R. F. 204, 209, 269 

Tanabe Kunio 431, 432 

Tanahashi Kotar6 48 

Tarnavas, Christos D. 228 

Tarnavas, Dimitrios D. 228 

Teboulle, Marc 115, 207, 428 

Teng Kai Yu*? 380 

Teng Tien Hsu 113, 114 

Teodoriu, Luca 436 

Terwilliger, H .L. 386 

Tettamanti, Karoly xvi 

Thacker, A . 87 

Thielman, Henry P. 65, 438 

Thompson, Anthony C. 435 

Tietze, Heinrich Franz Friederich 
(1880-1964) 419 

Tikhomirov, Vladimir Mikhailovié*! 27 

Tisserand, F. 68 

Toader, Gheorghe 48, 65, 161, 162, 165, 
171, 214, 376, 390, 391, 403, 417 

Toader, Silvia 438 

Tobey, Malcolm D. 367, 399 

Toda Kiyoshi 170 

Todd, John (1911) 198, 417 

Tomié, Miodrag (1913) 30 

Tominaga Masaru 243 

Tomkins, R. James 173, 200 

Tonelli, L. 417 

Tong, Yung Liang xvii 

Tonge, Andrew 432 

Toth, Laszlé 243 

Toyama Hiraku 243 


39 Also written Takahashi. 


a Also transliterated as Téng K’ai Yii. 
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Transon, Abel 72 

Trapp Jr., George E. 61 

‘Tricomi, Francesco Giacomo 
(1897-1978) 422 

Trif, Tiberiui 392 

Troup, G. J. 109 

Tsukuda Makoto 48 

Tung, S. H. 154 

Tweedie, Charles 89 


U—V 


Ubolsri, Patchara 235 

Uchiyama Mitsuru 364 

Uhrin, Béla 243, 260 

Ulam, Juliusz 438 

Ume Jeong Sheok 397 

Unferdinger, F. 119 

Ursell, H. D. 187 

Usai, Giuseppe 65, 84 

Usakov, R. P.42 116, 179 

Uspensky, J. V. 321, 419 

Vallée Poussin: see de la Vallée 
Poussin 

Vamanamurthy, Mavina K. 408, 418 

van de Riet, R. P. 418, 419 

van der Hoek, John 111 

van der Pol, Balthazar 418 

Varberg, Dale E. xvii 

Varosonec, Sonja 116 

Vasi¢, Petar M. (1934-1997) xiii, xv, 
xvii, 30, 34, 43, 44, 46, 47, 48, 86, 
97,104, 120, 123, 127, 129, 130, 132, 
133, 151, 157, 161, 162, 165, 183, 187, 
189, 194, 209, 217, 219, 222, 235, 237, 
240, 248, 259, 261, 269, 275, 279, 281, 
290, 291, 293, 294, 298, 307, 336, 337, 
368, 483, 504 

Veinger, N. I.4° 420 

Venere, A. 68 

Veress, Paul 437 

Vince, Andrew 23 

Vincze, Endre 68 

Vincze, Istvan 48 


42 
43 


P.II.Ymaxos. 
H. WU. Bausrep 


Voigt, Alexander 126 

Volenec, Vladimir (1943) 8, 123, 431 
von Bultzingsloven, W. 419 

Vota, Laura. 404 

Vuorinen, Matti 390, 408, 418 
Vyborny, Rudolf 369 

Vythoulkas, Dennis 69 


W 


Wada Shuhei 260 

Wagner, Carl G. 2, 436 

Wagner, S. 8S. 196 

Wahlund, A. 204 

Walsh, C. E. 93, 94 

Walker, W.H. xvi 

Walter, Wolfgang L. (1927) xviii 

Wang Chung-Lie 7, 8, 67, 102, 97, 120, 
132, 151, 152, 173, 183, 195, 198, 199, 
200, 207, 257, 296, 297, 298 

Wang Chung Shin** 235, 297 

Wang Peng Fei 248, 297 

Wang Wan Lan 154, 248, 297, 389 

Wang Zhen 297, 388, 401 

Wassell, Stephen R. 60, 65, 402 

Watanabe Yosikatu 274 

Watson, Geoffrey Stuart (1921-1998) 
240, 418 

Weber, Heinrich (1842-1913) 89 

Weiler, H. 237 

Weisstein, Hric W. xvili 

Wellstein, Hartmut 34, 112 

Wendroff, Burton 327 

Wendt, H. 407, 408 

Wertheimer, Albert 68 

Wetzel, John E. 89 

Whiteley, J. N.(1932) 3, 18, 321, 345, 
346, 348, 349, 351, 356 

Whittaker, Edmund Taylor 
(1873-1956) 68, 70, 418 

Wigert, 5. 88 

Wilf, Herbert S. (1931) 67 

Wilkins, J. E. (1923) 202 

Willem, Michel 368, 369 

Wilson, L. J. 208 


- Also transliterated as Wang Chung Hsin. 


524 Name Index 


Wimp, Jet 385, 417 Zuravskii, A. M.*9 419 
Winckler, A. 376, 383 Zwick, Daniel S. 298 
Woronowicz, Stanistav L. 429 

Wu Chang Jiu 298 


X—Y 


Xia Da Feng 206, 375 

Xu Sen Lin 207, 395 

Yan Zi Jun 389 

Yanagida Masahiro 431 
Yang Gou Sheng* 235, 298, 380 
Yang R. 393 

Yang Xianjing 202 

Yang Yi Song 169, 298, 387 
Yang Zhen Hang 386 
Yosida Yoita*® 86 

You Guang Rong 183 

You Zhaoyong 337 

Young, H. Peyton 70 

Yu Jian 114 

Yuan Chaowei 338 
Yuzakov, A. P.4” 104, 105 


Z, 


Zaciu, Radu 123 

Zagier, Don Bernard 243 

Zaiming Z. 168 

Zajta, Aurel 33 

Zappa, G. 248, 350, 362, 366, 405 
Zemgalis, E. 109 

Zgraja, ‘lomasz 65 

Zhang Shi Qin 395 

Zhang Xin Min 248, 251, 298, 364, 365 
Zhang Yu Feng 48, 183 

Zhang Zhi Hua 235 

Zhang Zhi Lan 298 

Zhang Zhao Sheng 48 

Zhuang Yadong 158, 198, 297, 378, 380 
Zndm, Stéfan4’ (1936) 360, 363 

Zoch, Richmond T. 68 

Zorio, B. 183, 192 


45 
46 


Also transliterated asYang Kuo Shéng. 

Also occurs as YGita. 

47 ow am ae ee TE ee 
A.J], FOmaxos. 49 A. M. ?Kypascxui; also transliterated as 


48 Also occurs as Istvan. Zhuravskii. 


INDEX 


A 


a-log-convex sequence 17-21 

(Ad): see Additive mean 

(As)m: see m-associative mean 

Absolute moment 383 

Absolute value 191 

Absolutely continuous function 410 

Absolutely convergent series 12 

Actuarial mathematics 230 

Aczél inequalities 199 

Aczél-Lorentz inequality 43, 173, 198- 
199 

Additive inequality 300-305 

Additive mean 62, 136, 374, 436 

Additivity of a mean: see Additive 
mean 

Admissible function 423, 424 

Admissible mean 423-425 

Affine function 25, 26, 27, 37, 49 

Alignment chart mean 406—407 

Almost symmetric function xxii, 426 

Almost symmetric mean 63, 66, 175, 
268, 287, 428, 430, 432 

Analytic function 377 

Archimedean product 414, 419 

Arithmetic mean xxii, xxvi, 60-64, 65, 
67, 68, 69, 71, 72, 75, 77, 94, 120, 
128, 136, 138, 143, 145, 148, 149, 150, 
153, 160, 161, 166, 172, 174, 175, 202, 
205, 245, 257, 259, 321, 323, 335, 398, 
399, 408, 412, 413, 418, 423, 435, 436 
418, 421, 422, 434, 435; see also Fuzzy 
arithmetic mean, Weighted arith- 
metic mean 


020 


Arithmetic mean of a function 368, 374 
—376, 377, 384 

Arithmetic mean of a matrix 429-435 

Arithmetic mean sequence 136 

Arithmetic mean with equal weights 
xxii, 60, 63 

Arithmetic mean-geometric mean in- 
equality: see (GA) 

Arithmetic proportion 60 

Arithmetic progression xxi, 171 

Arithmetic-geometric mean: see 
Arithmetico-geometric mean 

Arithmetico-geometric mean 390, 402, 
417-420 

Associative 414 

Average 21—22, 60, 67, 68, 358, 428 

Average of a function 368 

Axiomatization of means 160, 367, 
435-438 

B 

(B) xix, 4-6, 8, 28, 76, 80, 87, 94,112, 
126, 137, 204, 213, 218, 430 

Backward induction 81, 297 

Bajraktarevic means 310-316, 373 

Basis-exponential mean 269 

Basis-radical mean 269 

Beckenbach-Gini mean 406-407 

Beckenbach-Lorentz inequality 199, 
378-380 

Beckenbach’s inequality 196-198, 247, 
378-380 

Bernoulli’s inequality: see (B) 
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Best possible inequality 381 382 

Beta function 411 

Binomial function 8 

Biplanar mean 350, 366 

Bonferroni mean 251 

Borel measure 382 

Bounded function, at a point xxiii, 48 

Bounded k-variation sequence 12 -16, 
161 

Bounded metric space 272 

Bounded variation sequence 12- 16 

Brahmagupta’s formula 83 


C 


(C) xix, xxvii, 183-185, 192, 194, 196, 
198, 201, 202, 204, 207, 213, 231, 240, 
243, 244 

(C)-f xx, 21, 348, 371, 376 

(Co): see Continuous mean 

Cakalov’s inequality 285-288 

Callebaut’s inequality 195, 200 

Cantor function 27 

Carleman’s inequality 140-141, 147, 
289 

Cassel’s inequality 241 

Cauchy mean 405-406 

Cauchy mean-value theorem 79, 405 

Cauchy principle of mathematical in- 
duction; see Backward induction 

Cauchy-Schwarz inequality 183; see 
also (C) 

Cauchy-Schwarz-Bunyakovskii in- 
equality 183; see also (C) 

Cauchy’s inequality 175, 183, 192, 
240, 370, 371; see also (C), (C)-f 

Cebigev’s inequality xxvii, 60, 63,115, 
161-165,170, 209, 215-216, 382, 396, 
435 

Centre of mass 68 

Centroid 44, 45, 61, 157, 399 

Centroid method 44, 157 

Centroid with weights 44 

Centroidal mean 399 

Cesaro mean 69-70 

Characteristic function: see Indicator 
function 


Index 


Chord 26, 44, 75, 79, 93 

Circular function 9 

Combinatorics 67 

Comparable functions 277 278 
Jomparable means 266, 273-280, 299, 
312-313, 323, 358, 364, 415 

Complementary inequality xxiii 
somplete elliptic integral of the first 
kind 418 

Complete symmetric function 341 

Complete symmetric polynomial 321, 
341 

Complete symmetric polynomial mean 
340-342, 344, 348 

Complex conjugate 250 

Compound mean 69, 413-417 

Concave: see appropriate convex en- 
tries 

Concyclic n-gon: see Concyclic quadri- 
lateral 

Concyclic quadrilateral 83, 84 

Cone 51-53 , 113 

Confluent divided difference 55, 405 

Conjugate index xx, 78, 80, 159, 178, 
343, 370 

Conjugate mean 320 

Conjugate transpose matrix xxli 

Conservation of energy 109 

Constant n-tuple xxi 

Continuity of a mean: see Continuous 
mean 

Continuous mean 62, 66, 136, 175, 246, 
268, 320, 357, 415, 436 

Contractive interval 423 

Contraharmonic mean 249 , 401 

Conventions 1, 11, 61, 65, 248, 267, 
321, 357, 369, 374, 436 

Converse inequality xxili, 43-48, 60, 
145, 154-160, 198, 209, 219, 229-245, 
298, 307-310, 320, 380, 430, 435 

Converse Jensen Inequality 45-48 

Convex combination 50, 319, 382 

Convex function, of one variable 7, 12, 
25-48, 52, 55, 75, 79, 92, 110, 152, 
155, 157, 167, 168, 170,179, 219, 228, 
240, 245, 250, 260, 266, 275, 276, 278, 
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284, 284, 288, 290, 304, 306, 315, 320, 
370, 380, 381, 382, 384, 386, 396, 403, 
404, 410, 413, 425, 427, 428, 434; see 
also Geometrically convex, J-convex, 
Log- convex function, Mid-point con- 
vex, n-convex function, n-convex (J), 
Operator convex, p-mean convex, p-th 
mean convex 

Convex function, of several variables 
50-53, 113, 179, 181, 190, 206, 214, 
300, 302, 303, 304, 312, 339, 340, 360; 
see also Schur convex 

Convex graph 26,77 

Convex hull 22, 50 

Convex matrix function of order n 58, 
432, 433 

Convex n-tuple 12, 171, 237; see also 
a-log-convex sequence, k-convex se- 
quence, Strongly log-concave, Weakly 
log-convex sequence 

Convex relative to the geometric mean; 
see Geometrically convex 

Convex sequence: 12-16; see also Con- 
vex n-tuple 

Convex set 50, 51, 52 

Convex set function 259 

Convex surface 349 

Convex with respect to another func- 
tion 49-50, 274, 276, 280, 307, 313, 
320, 373 

Convexity: see appropriate convex en- 
tries 

Convolution function 260 

Convolution of sequences 16, 19, 21 

Corresponding means 422-423 

Counter-harmonic mean 245-248, 398, 
406 

Cube 65, 330; see also n-cube 

Cube root extraction 420 


D 


d-fine partition 369 

D-mean 316 

Decomposition of means 412-413 

Decreasing in the mean: see Increasing 
in the mean 


Decreasing matrix function of order n: 
see Increasing matrix function of or- 
der n | 

Decreasing set function: see Increasing 
set function 

Decreasing sequence 12 

Dense set 27 

Descartes’ Rule of Signs 1 

Deviation function 316 

Deviation mean 316-317 

Diagonal matrix xxil 

Difference mean 393 

Digamma function: see Multigamma 
function 

Directional derivative 51 

Distance of a mean from a power mean 
389 

Divergent series 69 

Divided difference 54—55, 287; see also 
Confluent divided difference 

Djokovic’s inequality 260 

Doéev’s inequality 46, 157, 431 

Doubly stochastic matrix 21, 34, 111, 
361 

Dresher’s inequality 250 

Dynamic programming 97 

Dynamics 68 


EK 


e 7, 167 

Figenvalues xxii, 58, 102, 430, 432, 434 

Elementary function inequalities 6-11 

Elementary symmetric function 32 1 

Elementary symmetric polynomial 
321-341, 343 

Elementary symmetric polynomial 
mean 321-341, 345, 356, 357, 420; see 
also Weighted elementary symmetric 
polynomial mean 

Elementary symmetric polynomial 
mean inequality 327; see also S(r;s) 

Ellipse 185 

Ellipsoid 435 

Elliptic function 419 

Find-positive measure 371 

Entropic mean 427—429 
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Entropy 109, 278 

Epigraph 50, 52 

Equal weighted arithmetic mean: see 
Arithmetic mean with equal weights 

Equivalence class 372 

Equivalence relation 301 

Equivalent inequalities 80, 183, 212- 
213, 301 

Equivalent means 266, 270-273 

Error 67; see also Relative error 

Essential elements 37, 148, 268 

Essential inequalities 317-320 

Essential upper bound: see p-essential 
upper bound 

Essential upper bound: see p-essential 
upper bound 

Essentially bounded: see p-essentially 
bounded 

Essentially constant 37, 46, 148, 268 

Essentially equal weights 268 

Essentially internal mean 148, 268 

Essentially reflexive mean 268 

Euler’s theorem 51, 299, 346, 347, 355 

Everitt’s Limit Theorem 133-136, 224 

Expected value 124 

Exponential function 6-7, 28, 56, 75, 
77, 92, 168, 176, 245 , 266 

Exponential mean 270 

Extended mean 385, 393-399 

Extended mean-value mean 393 

Extended mean-value theorem: see 
Cauchy mean-value theorem 

Extended quasi-arithmetic mean 395 


F 


F-level mean 420 

Factorial function xxii, 7, 28, 48, 263— 
264, 372 

Fourier series 69 

Frequency 65 

Functions: see Admissible function, 
Affine function, Almost symmetric 
function, Analytic function, Beta 
function, Binomial function, Bounded 
function at a point, Cantor function, 
Circular function, Comparable func- 
tions, Complete symmetric function, 
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Complete symmetric polynomial, 
Convex function, Convolution 
function, Deviation function, Elemen- 
tary symmetric function, Elementary 
symmetric polynomial, Elliptic func- 
tion, Exponential function, Factorial 
function, Function of degree k , Gen- 
erating function of a mean, Geomet- 
rically convex, Hyperbolic function, 
Hyperelliptic function, Hypergeomet- 
ric R-function, Index function of a 
mean, Increasing matrix function of 
order n, Indicator function, Integer 
part function, J-convex, Left-con- 
tinuous function, Lipschitz function, 
Logarithmic function, Log-convex 
function, Matrix function of order n, 
Maximum function, Mid-point convex 
function, Multigamma function, n- 
convex function, n-convex (J), Opera- 
tor convex function, Operator mono- 
tone function, Polynomial, Quasi- 
deviation function, Rational function, 
Schur convex , Segre function, Set 
function, s-th function of degree k, 
Sub-additive function, Symmetric 
function, Tangent function, Weight 
function 
Function of degree k 349-356 
Functional equation 266, 273, 368, 408, 
436; see also Functional inequality, 
Pexeider functional equation 
Functional inequality 266, 368,436 
Fuzzy arithmetic mean 435 


G 

(GA) xix, xxvi, xxvii, 18, 125, 71, 72, 
76, 80-122, 127, 129, 130, 132, 137, 
138, 142, 143, 145, 152, 153, 154,155, 
158, 159, 160, 169, 170, 172, 173,182, 
192, 203, 206, 207, 208, 213, 214, 215, 
216, 222, 224, 236, 237, 240, 257, 273, 
278, 280, 287, 296, 324, 327, 330, 334, 
359, 360, 366, 372, 380, 388, 400, 410, 
412, 420, 421, 426, 429, 431, 438 
(GA)-f xx, 374 

Galvani mean 423 
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Gamma, function: see Factorial func- 
tion 

Gauss-Lucas Theorem 71 

Gauss’s inequality 383 

Gaussian iteration 417-419 

Gaussian mean 417 

Gaussian product 414 

Gautschi’s inequality 264 

Generalized Heronian mean 400-401 

Generalized logarithmic mean 385-391, 
395, 398, 403 

Generalized power mean 251-253 

Generating function of a mean 266, 
310, 313, 405 

Generator of a mean 266, 310, 406 

Geometric mean xxvi, 60, 64-66, 70, 
71,75, 77, 118, 120, 129, 136, 149, 150, 
153, 166, 172, 174, 175, 188, 237, 245, 
264, 272, 273, 275, 290, 321, 323, 335, 
363, 366, 376, 398, 399, 401, 408, 411, 
412, 418, 421, 435 

Geometric mean of a function 374, 376 

Geometric mean of a matrix 429, 432 

Geometric mean-arithmetic mean in- 
equality 60, 67, 71-122, 148-149, 321, 
430; see also (GA) 

Geometrically convex 65 

Gerber’s inequality 8 

Gini mean 232, 248-251, 311, 314-315, 
366, 394, 396, 399 

Gothic alphabet xxv 

Graph 7, 26, 44, 45, 49, 75, 79, 157, 
168, 277, 406, 407, 409 

Graph theory 67 

Greek alphabet xxv 


H 

(H) xix, xxvii, 178-183, 189, 190,192, 
193, 195, 196, 197, 198, 199, 201, 202, 
208, 212, 217, 218, 220, 223, 240, 242, 
243, 244, 299, 305, 340, 361, 362, 368, 
378, 379, 435 

(H)-f xx, 371, 372, 377, 378, 379 

H-positive 259 

(HA) xix, 72, 93, 124, 129, 151, 185, 
188, 330, 433 


(Ho): see Homogeneous mean 

Hadamard-Hermite inequality 29-30, 
37, 168, 384, 386, 397 

Hadamard product 435 

Hadamard’s inequality: see 
Hadamard-Hermite inequality 

Hahn-Banach-Minkowski separation 
theorem 318 

Hamy mean 364-365, 416 

Hardy space 377 

Hardy’s inequality 228-229 

Harmonic mean 60, 64-66, 67, 68, 70, 
72, 128, 153,166, 175, 237, 245, 264, 
398, 399, 401, 404, 412, 424, 429, 435, 
437 

Harmonic mean of a function 374 

Harmonic mean of a matrix 429, 432, 
A434 

Harmonic mean-arithmetic mean 
inequality: see (HA) 

Hayashi mean 365-366 

Heat capacity 109, 206 

Heat flow 170 

Henrici’s inequality 275, 284, 296 

Hermite-Hadamard inequality: see 
Hadamard-Hermite inequality 

Hermitian matrix xxii, 58-59, 429-435 

Heron’s formula 83, 399 

Heron’s method 68-69, 420 

Heronian mean 399-401; see also Gen- 
eralized Heronian mean 

Hessian matrix 52 

Higher order convex function 54-57; 
see also n-convex function 

Higher order convex sequence: see k- 
convex sequence 

Higher order roots 69, 420 

Hlawka’s inequality 259, 260 

Holder mean 175 

Holder-Lorentz inequality 199, 379 

Holder-Riesz inequality 191 

Holder’s inequality 66, 175, 178, 189, 
191, 192, 211-2138, 214, 240-245, 299- 
306, 371, 380; see also (H), (H)-f 

Homeomorphic 272 
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Homogeneity of a mean: see Homoge- 
neous mean 

Homogeneous function 51, 52, 53, 73, 
179, 190, 206, 299, 346, 347, 355, 360, 
425, 426 

Homogeneous inequality 73 

Homogeneous mean xxvi, 62, 66, 136, 
169, 175, 246, 272, 324, 357, 362, 367, 
374, 385, 393, 397, 401, 404, 407, 411, 
412, 413, 417, 428, 436 

Homogeneous of degree a 51, 359 

Homogeneous polynomial 181, 360 

House of Representatives 70 

Hyperbolic function 9 

Hyperelliptic function 419 

Hypergeometric mean 366-367 

Hypergeometric R-function 366 


I 


(In): see Internal mean 

Identric mean 60, 167, 168, 383, 386, 
388, 392 

Image of a set xx 

Increasing in the mean 165 

Increasing matrix function of order n 
58 

Increasing set function xx, 132 

Index function of a mean 411 

Index set xx, xxi, 34-35, 132, 154, 164, 
175, 193-194, 220-225, 242, 243, 259, 
266, 280-285, 307, 308 

Index set extension: see Index set 

Indicator function xxiii 

Induction 32, 151; see also Backward 
induction 

Inequalities: see Aczél inequalities, 
Aczél-Lorentz inequality, Additive in- 
equality, Beckenbach-Lorentz inequal- 
ity, Beckenbach’s inequality, 
Bernoulli’s inequality, Bessel’s in- 
equality, Best possible inequalities, 
Cakalov’s inequality, Callebaut’s in- 
equality, Carleman’s inequality, Cas- 
sel’s inequality, Cauchy’s inequality, 
Cebigev’s inequality, Complementary 


Index 


inequality, Converse inequality, Con- 
verse Jensen inequality, Djokovic’s in- 
equality, Docev’s inequality, Dresher’s 
inequality, Elementary function in- 
equalities, Elementary symmetric 
polynomial mean inequality, Essential 
inequalities, Gauss’s inequality, 
Gautschi’s inequality, Geometric 
mean-arithmetic mean inequality, 
Gerber’s inequality, Hadamard- 
Hermite inequality, Hardy’s inequal- 
ity, Harmonic mean-arithmetic mean 
inequality, Henrici’s inequality, 
Hlawka’s inequality, Holder’s inequal- 
ity, Holder-Lorentz inequality, Homo- 
geneous inequality, Jensen-Steffensen 
inequality, Jensen’s inequality, 
Jessen’s inequality, Kantorovic’s in- 
equality, Knopp’s inequality, Kober- 
Diananda inequalities, Ky Fan in- 
equality, Ky Fan-Wang-Wang in- 
equality, Levinson’s inequality, 
Liapunov’s inequality, Lorentz in- 
equality, Marcus & Lopes inequality, 
Minc-Sarthre inequality, Minkowski- 
Lorentz inequality, Minkowski’s in- 
equality, Multiplicative inequality, 
Nanjundiah’s inequalities, Nanson’s 
inequality, Newton’s inequality, 
Ostrowski’s inequality, Pélya-Szego 
inequality, Popoviciu’s inequality, 
Power mean inequality, Prékopa’s in- 
equality, Rado’s inequality, Radon’s 
inequality, Recurrent inequalities, Re- 
cursible inequality. Redheffer’s in- 
equalities, Reverse Jensen inequality, 
Reverse Jensen- Steffensen inequality, 
Ryff’s inequality, Schweitzer’s in- 
equality, Shannon’s inequality, 
Sierpinski’s inequality, Steffensen’s in- 
equality, Support inequality, ‘Triangle 
inequality, Young’s inequality 

Inner product xxi 

Integer part xxlll 

Integrable: see p-integrable 

Integral: see p-integral, Lebesgue inte- 
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gral,, Perron integral, Riemann inte- 
gral, Stieltjes integral 

Integral means xiv, 368-384 

Integral part: see Integer part 

Intercalated means 166-170 

Intermediate value theorem 1 

Internal mean xxvi, 62, 66, 76, 88, 99, 
161, 169, 172, 175, 177, 203, 246, 266, 
320, 324, 331, 345, 357, 374, 375, 386, 
391, 401, 403 , 408, 413, 415, 417, 428, 
436 

Internality of a mean: see Internal 
mean 

Invariance property of means 160-161, 
330-331, 374-375 

Invariants 88 

Inverse arithmetic mean 136, 162 

Inverse geometric mean 136, 214 

Inverse inequality xxiii 

Inverse power mean 226 

Isoperimetric property 119 

Isotone mean 62 

Italian school of statistics 68, 269 

Iteration of means 69, 377, 414, 417, 
419 

J—kK 

(J) xix, 31-48, 63, 75, 79, 92,121, 148, 
152,155, 173, 179, 203, 216, 228, 240, 
264, 278, 280, 296, 368, 370, 432, 434 

(J)-{ xx, 370-371, 380, 382 

J-convex 48, 57 

Jensen-Steffensen inequality 33, 37-43, 
92, 148, 216, 371, 382; see also Re- 
verse Jensen-Steffensen Inequality 

Jensen’s inequality 30-37, 40, 63, 203, 
370, 382; see also Converse Jensen In- 
equality, (J), (J)-/, Reverse Jensen In- 
equality 

Jessen’s inequality 214 

k-convex in the mean 165 

k-convex sequence 12-16, 161, 237, 
287, 294—295 

Kantorovic’s Inequality 235-236, 241, 
378, 435 

Knopp’s inequality 289 


Kober-Diananda inequalities 141-145, 
194 

Ky Fan’s inequality 294-298, 427 

Ky Fan type inequality 377, 390, 392 

Ky Fan-Wang-Wang inequality 297 


L 


Lagrange identity 183 

Lagrange mean-value theorem 6, 403 

Lagrange multipliers 100, 152, 347, 354 

Lagrangian mean 403-405 

Lagrangian mean of nth order 405 

Lebesgue integral 369 

Lebesgue measure 369, 374, 392 

Lebesgue-Stieltjes integral: see 
Lebesgue integral 

Lebesgue-Stieltjes measure: 
see Lebesgue measure 

Left derivative 427 

Left-continuous function 369 

Lehmer mean 249, 394 

Less log-convex than another function 
277-278 

Level curve 39, 40, 75, 77, 173, 422 

Level surface: see Level curve 

Level surface mean 420-422 

Levinson’s inequality 294-295 

L’Hopital’s rule 176, 249 

Liapunov’s inequality 181, 182, 251, 
319, 396 

Linear programming 152 

Line of support 27 

Lipschitz constant 27, 382 

Lipschitz function 27, 51, 382 

Loewner order xxii 

Log-concave: see approriate log-convex 
entries 

Log-convex function 48-49, 65, 186, 
195, 210, 246, 250, 3498, 351, 360, 
374, 384, 395, 396; see also Less log- 
convex than another function 

Log-convex sequence 17-21, 349, 351, 
353; see also a-log-convex sequence, 
Strongly log-concave sequence, n-con- 
vex (J), Weakly log-convex sequence 

Log function: see Logarithmic function 
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Log-sub additive set function xx, 132, 
282 

Log-super additive set function: see 
Log-sub additive set function 

Logarithmic function 7-8, 28, 34, 50, 
56, 58, 92, 110, 167, 219, 240, 245, 
250, 266, 308, 360, 396 

Logarithmic mean xxvi, 60, 110, 155, 
167-170, 385, 389, 390, 391, 418; see 
also Generalized logarithmic mean, 
Weighted logarithmic mean 

Lorentz inequality 198; see also Aczél- 
Lorentz inequality, Beckenbach- 
Lorentz inequality, Holder-Lorentz in- 
equality, Minkowski-Lorentz inequal- 
ity 

Lorentz norm 198, 199 

Lorentz triangle inequality 199 


M 

(M) xix, xxvii, 189-196, 199, 200, 213, 
226, 240, 242, 243, 244, 247, 249, 259, 
299, 302, 349, 368, 372, 395, 435 
(M)-f 349, 371, 377 

(Mo): see Monotonic mean 

m-associative mean 62, 65, 265, 436- 
438 

m-associativity of a mean: see m- as- 
sociative mean 

M-mean see: Quasi-arithmetic mean 

p-essential lower bound: see p- essen- 
tial upper bound 

pi-essential upper bound 369-369, 370, 
374, 375 

p-essentially bounded 370 

p-integral, y-integrable 369 

Marcus & Lopes inequality 338-341 

Mass 68 

Mathematical induction see: Backward 
induction, Induction 

Matrix xxii, 21-22, 37, 58-59, 102, 237, 
256, 356, 359, 368, 429-435; see also 
Conjugate transpose matrix, Convex 
matrix function of order n, Diagonal 
matrix, Doubly stochastic matrix, 
Hermitian matrix, Hessian matrix, In- 
creasing matrix function of order n, 
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Matrix function of order n, Order re- 
lation for matrices, Permutation ma- 
trix, Positive definite matrix, Sym- 
metric matrix, Transpose, Unit ma- 
trix, Unitary matrix, Zero matrix 

Matrix function of order n xxii, 432; 
see also Increasing matrix function of 
order n, Convex matrix function of or- 
der n 

Matrix means xiv. 429-435 

Maximum function xxi, xxiii, 9, 175, 
245, 385, 414 

Maximum modulus theorem 377 

Mean convex see: p-mean convex, p-th 
mean convex 

Mean properties: see Additive mean, 
Almost symmetric mean, Comparable 
means, Continuous mean, Equivalent 
means, Essentially internal mean, Es- 
sentially reflexive mean, Homo- 
geneous mean, Internal mean, Invari- 
ance property of means, Isotone 
mean, m-associative mean, Mean 
symmetric with respect to the arith- 
metic mean, Monotonic mean, Reflex- 
ive mean, Sensitivity of a mean, Sub- 
stitution property, Symmetric mean 

Mean space structure 4388 

Mean symmetric with respect to the 
arithmetic mean 422 

Mean value of a random variable 124 

Mean-value mean 403-406; see also Ex- 
tended mean-value mean 

Mean-value point 6, 32, 41, 46, 380, 403 

Mean-value theorem of differentiation 
6, 28, 79,147,168, 403; see also Cauchy 
mean-value theorem 

Mean-value theorem of Mercer 156— 
157, 262 

Means: see Admissible mean, Align- 
ment chart mean, Arithmetic mean, 
Arithmetico-geometric mean, Bajrak- 
tarevic means, Basis-exponential 
mean, Basis-radical mean, 
Beckenbach-Gini mean, Biplanar 
mean, Bonferroni mean, Cauchy 
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mean, Centroidal mean, Ceséro mean, 
Complete symmetric polynomial 
mean, Compound mean, Conjugate 
means, Contraharmonic mean, 
mean, Corresponding means, 
Counter-harmonic mean, Deviation 
mean, Difference mean, D-mean, Ele- 
mentary symmetric polynomial mean, 
Entropic mean, Exponential mean, 
Extended mean, Extended mean- 
value mean, Extended quasi- 
arithmetic mean, F-level mean, Fuzzy 
arithmetic mean, Galvani mean, 
Gaussian mean, Generalized Heronian 
mean, Generalized logarithmic mean, 
Generalized power, Geometric mean, 
Gini mean, Hamy mean, Harmonic 
mean, Hayashi mean, Heronian mean, 
Holder mean, Hypergeometric mean, 
Identric mean, Intercalated means, 
Integral mean, Inverse arithmetic 
mean, Inverse geometric mean, 
Inverse power mean, Lagrangian 
mean, Lehmer mean, Level surface 
mean, Logarithmic mean, Mean-value 
mean, Mixed means, Muirhead mean, 
Nanjundiah means, Neo-Pythagorean 
mean, Newton mean, Power means, 
Pseudo-arithmetic mean, Pseudo- 
geometric mean, Quadratic mean, 
Quasi-arithmetic mean, Quasi- 
deviation mean, Radical mean, Seif- 
fert mean, Stl arsky mean, Sub- 
contrary mean, Symmetric mean of 
Dardéczy, Taylor remainder mean, 
Trigonometric mean, ‘I'wo variable 
means, Whiteley mean 

Means on the move 256-257, 298-299, 
317, 429 

Measure 369; see also Borel measure, 
Eind-positive measure, Lebesgue mea- 
sure, Probability measure, 

Measure space 373 

Method of least squares 70 

Metric 191, 271, 427 

Metric space 271 


Metron 68 

Mid-point convex 48; see also J-convex 

Minc-Sarthre inequality 263 

Minimum function: see Maximum 
function 

Minkowski-Lorentz inequality 199 

Minkowski-Riesz inequality 191 

Minkowski’s inequality 175, 189-192, 
213, 240, 299, 370, 371; see also (M), 
(M)-/ 

Mitrinovic & Vasic method 130 

Mixed means 141, 145, 254-256, 260, 
356-357 

Moment: see Absolute moment 

Monotone matrix function of order n: 
see Increasing matrix function of or- 
der n 

Monotone mean 62 

Monotonic in the mean 165 

Monotonicity of a mean: see Mono- 
tonic mean 

Monotonic mean xxvi, 62, 66, 94, 169, 
175, 246, 268, 324, 356, 374, 375, 407, 
428, 436, 437 

Moscow papyrus 399 

Muirhead mean 321, 357-364, 390 

Muirhead’s lemma 22, 358 

Muirhead’s theorem 357-358, 380 

Multigamma function 159 

Multiplicative inequality 300-305 

Multiplicatively convex: see Log- 
convex entries 


N 


n-convex function 54-57, 261, 294-295, 
342, 404, 409 

n-convex (J) 57 

n-cube 82, 240 

n-gon 84 

n-parallelepiped 82 

n-tuples xxi; see also a-log-convex se- 
quence, Arithmetic mean sequence, 
Bounded k-variation sequence, 
Bounded variation sequence, Cons- 
tant n-tuple, Convex n-tuple, De- 
creasing sequence, Divergent series, 
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Essentially constant, Increasing in the 
mean, k-convex in the mean, k-convex 
sequence, Log-convex sequence, 
Monotonic in the mean, Positive n- 
tuple, Proportional n-tuples, Repro- 
ducing sequence, Strongly log-concave 
sequence, Weakly log-convex sequence 

Nanjundiah’s inequalities 60, 136-141, 
225-229, 377, 430, 432 

Nanjundiah means 226; see also Inverse 
arithmetic mean, Inverse geometric 
mean, Inverse power means 

Nanson’s inequality 170 171 

Natural weight of a measure 392 

Negative definite matrix: see Positive 
definite matrix 

Neighbourhood of a point xx 

Neo-Pythagorean mean 60, 249, 399, 
401 

Newton mean 322, 327 

Newton’s inequality 3 

Non-negative n-tuple: see Positive n- 
tuple 

Norm 191, 198, 199, 372; see also 
Lorentz norm 

Normal at a point 185 

Normal distribution 68 


O 


Octave 65 

Operator 435 

Operator convex function 58, 59, 431 

Operator decreasing, increasing, func- 
tion: see Operator monotone function 

Operator monotone function 58, 59 

Oppenheim’s Problem 290-294 

Opposite inequality xxiii 

Oppositely ordered: see Similarly or- 
dered 

Order relation for functions 381 

Order relation for matrices 435; see 
also Loewner order 

Order relation for sequences 21-25, 30, 
57, 105, 243, 251, 358, 381; see also 
Precedes, Pre-order, Rearrangements, 
Similarly ordered 


Index 


Ostrowski’s inequality 198, 381 
P 


CP) 125-120. TOT 132.08. iro. 21 t 
218, 219, 263, 281, 283, 288, 334, 336 

p-mean convex 260, 397 

p-mean log-convex 260 

p-modification of a mean 408 

p-th mean convex 260 

Parallelepiped 52, 330; see also n- 
parallele piped 

Partition 82-83; see also 6-fine parti- 
tion 

Permutation 22—24, 57, 62, 63, 187, 
360, 363 

Permutation matrix 21—22, 358 

Perron integral 368 

Perron-Stieltjes integral: see Perron in- 
tegral 

Pexeider functional equation 408 

Pochammer symbol 399 

Pélya-Szego inequality 241 

Polygamma function: see Multi- 
gamma function 

Polynomials 1-4, 17, 56, 119, 181, 321; 
see also Completely symmetric poly- 
nomial, Elementary 
symmetric polynomial, Special poly- 
nomials, Symmetric polynomial, Tay- 
lor polynomial, Zeros of a polynomial 

Popoviciu’s inequality 125, 127; see 
also (P) 

Popoviciu type extension, inequality: 
see Rado type extension, inequality 

Popoviciu-like extension, inequality: 
see Rado type extension, inequality 

Population mathematics 120 

Positive definite matrix xxii, 52, 312 

Positive n-tuple xxi 

Power mean inequality 202-216; see 
also (r;s), (r;s)-f 

Power mean of a function 374, 375, 377 

Power mean of a matrix 434 

Power means 68, 175, 178, 202, 202— 
211, 229, 245, 256, 257, 265, 266, 272, 
273, 275, 297, 299, 318, 320, 331, 338, 
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362, 382, 385, 388, 389, 398, 399, 400, 
409, 414, 415, 416, 421; see also Gen- 
eralized power mean 

Power sums 178, 185-189, 279 

Precedes 22, 30, 57; see also Weakly 
precedes 

Prékopa’s inequality 384 

Pre-order 22 

Prismoid 399 

Probability xiv, 67-68,124, 389 

Probability measure 369, 392 

Proportion 60, 64, 249, 401 

Proportional n-tuples xxi 

Pseudo-arithmetic mean 43, 171-173, 
298 

Pseudo-geometric mean: see Pseudo- 
arithmetic mean 

Psi function: see Multigamma function 

Pyramid 399 

Pythagorean school 60, 64 


Q 


qg-binomial coefficient 350-351 

Quadratic convergence 415 

Quadratic form 303, 312 

Quadratic mean 169, 175, 398, 437 

Quadratic mean of a function 374 

Quasi-arithmetic M-mean: see Quasi- 
arithmetic mean 

Quasi-arithmetic mean 266-285, 290, 
298, 300, 307, 310, 317, 318, 320, 338, 
368, 385, 406, 407, 408, 421, 437; see 
also Extended quasi-arithmetic mean 

Quasi-arithmetic mean of function 373, 
403 

Quasi-deviation function 317 

Quasi-deviation mean 317 

Quasi-linearization 182, 190, 214 

R 

(R) 125-127, 131, 132, 137, 148, 173, 
217, 219 226, 263, 281, 283, 286, 334, 
336 

(Re): see Reflexive mean 

(73s) xix, xxvi,xxvii, 177, 203-213, 216, 
219, 229, 232, 246, 252, 255, 264, 266, 


273, 276, 287, 299, 319, 334, 361, 362, 
363, 365, 375, 382, 427, 429, 435 

(r;s)-f 375, 377, 383, 387, 395 

rth Nanjundiah mean 226; see also 
Nanjundiah’s inverse power means 

Radius of gyration 68 

Radical mean 268 

Rado type extension, inequality xxvii, 
60, 128, 129, 139, 162, 173, 192-193, 
214, 217-220, 226, 266, 268, 280—285, 
297, 334-338 

Rado-like extension, inequality: see 
Rado type extension, inequality 

Rado-Popoviciu type extension, in- 
equality: see Rado type extension, in- 
equality 

Rado’s inequality 125-127; see also (R) 

Radon’s inequality 181, 247, 250 

Random variable 124 

Rational function 9 

Rearrangements 23, 105, 158, 193, 200, 
293, 381 

Recurrent inequalities 145-147 

Recursible inequality: see Recurrent 
inequalities 

Redheffer’s inequalities 145-147 

Reflexive mean xxvi, 62, 66, 136, 175, 
324, 357, 374, 402, 403, 428, 436, 437, 
438 

Reflexivity of a mean: see Reflexive 
mean 

Relative error 67; see also Error 

Re-orderings: see Rearrangements 

Reproducing sequence 316 

Reverse inequality xxiii, 43, 199 

Reverse Jensen inequality 43 

Reverse Jensen-Steffensen Inequality 
44 

Riemann integral 369 

Riemann sums 368, 371 

Riemann-Stieltjes integral: see 
Riemann integral 

Right derivative 427 

Rogers’ inequality: see Rogers-Holder 
inequality 

Rogers-Holder inequality 182 
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Rolle’s theorem 1 

Root approximation 210-211 

Ryff’s inequality 380-381 

S 

S(r;s) xix, 323, 327-330, 331, 334, 335, 
336, 342, 346, 356, 364, 420, 425 

s-th function of degree k 344 

(Sy): see Symmetric mean 

Schur convex 57-58, 384, 388 

Schur product 435 

Schur’s lemma 102 

Schur-Ostrowski ‘Theorem 57 

Schweitzer’s inequality 236, 241, 320, 
378 

Segre function 425-427 

Seiffert mean 390-391 

Semi-definite matrix: see Positive defi- 
nite matrix 

Semi-group 435 

Sensitivity of a mean 320 

Sequences: see n-tuples 

Set function xx; see also H-positive, In- 
creasing set function, Sub-additive set 
function, Log sub-additive set 
function 

Shannon’s inequality 278 

Sierpinski’s inequality 150-152, 262, 
330 

Similarly ordered 23, 151, 161, 162, 
163, 215, 216, 262, 330, 382 

Simplex 391 

Space of means 318 

Special polynomials 3-4, 95, 101 

Square root extraction 68-69 

Standard deviation 68 

Statics 68 

Statistics xiv, 68, 202, 350 

Steffensen’s inequality 200, 383 

Stieltjes integral 369 

Stirling’s Formula 92 

Stolarsky mean 393 

Strictly convex, strictly internal 
mean, strictly n-convex: see under the 
basic reference 

Strongly log-concave sequence 17-21, 
352, 353 
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Sub-additive function 303 

Sub-additive set function xx, 35, 132, 
164, 193, 258, 280, 282, 284 

Sub-contrary mean 65, 401 

Substitution property 62, 66, 246 

Summability of series xiv, 69 

Sums of powers: see Power sums 

Super-additive function: see Sub- 
additive function 

Super-additive set function: see Sub- 
additive set function 

Support inequality 53, 113, 179, 206 

Support of a function 27, 370 

Symmetric function xxii, 57, 328, 360, 
425, 426 

Symmetric matrix xxii 

Symmetric mean xxvi, 62, 66, 175, 265, 
268, 320, 321, 324, 385, 393, 397, 401, 
402, 408, 413, 414, 417, 436-437; see 
also Complete symmetric polynomial 
mean, Elementary symmetric polyno- 
mial mean, Mean symmetric with re- 
spect to an other mean 

Symmetric mean of Daréczy 316 

Symmetric polynomial 360; see also 
Complete symmetric polynomial, EI- 
ementary symmetric polynomial 

Symmetric polynomial mean: see Com- 
plete symmetric polynomial 
mean, Elementary symmetric polyno- 
mial mean, Weighted elementary sym- 
metric polynomial mean 

Symmetry of a mean: see Symmetric 
mean 


T 


(T) xx, xxvii, 191, 199, 209, 213, 427 

(T)-f xx, 372 

(Tn) xx,191, 199 

Tangent function 322; see also Circular 
functions 

Tangent of order n 409, 412 

Tangent to a graph 26 

Taylor expansion 7, 176 

Taylor polynomial 7 

Taylor remainder 7 


Means and Their Inequalities 


Taylor remainder mean 409--412 

Taylor’s theorem 7, 36, 256, 298, 408 

Thermodynamic proof 109, 206 

Thermodynamics, First law of 109 

Thermodynamic, Second law of 109 

Time scale 369 

Totally bounded metric space 272 

‘Transitive relation 21—22 

‘Transpose xxii 

Trapezium 66 

Triangle inequality 191, 372; see also 
(PC )ef 

Trigonometric mean 270 

Two variable means 368, 384—413 

U—Z 

Unit matrix xxii, 111, 359 

Unitary matrix xxii, 431 

Variance 68 

Voting 70 

Weakly log-convex sequence 17-21, 
352, 353 

Weakly n-convex function: see n- con- 
vex (J) 

Weakly precedes 23, 30 

Weight function 367 

Weighted arithmetic mean xxii, 22, 31, 
63, 77; see also Arithmetic mean 

Weighted elementary symmetric poly- 
nomial mean 323, 330 

Weighted logarithmic mean 391-393 

Weight 31, 60, 63 

Whiteley form 349-356 

Whiteley mean 321, 341, 343-349, 367 

Young’s inequality 78 

Zero matrix xxii 

Zeros of a polynomial 1-4 , 70-71, 119, 
170 
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